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l. INTRODUCTION
“Recently, Sedghi, Shobe, and Aliouche [2] have defined the concept of a S-metric space as a generalization of
a metric space as follows:”

Definition 01:  [1] “LetY # ¢, and S: Y3 —[0, c0)be a function meeting the criteria below:
forallfy,g0,hg,a€eY

1. 5(fy,90,h0) = Oifand onlyif fy = go = hy

2. 5(fo.90h0 ) = S(fo, fo, @) + S(go, 9o, @) + S(ho, ho, @).

Then, S is called an S-metric on Y and the pair (Y, S) is called an S-metric space.”

Example01: LetY # ¢ and define the function S: Y3 — [0, o) as
_ (0, iffo=go=ho
$(fo:9or ho) = {1, otherwise
Then it’s simple to verified thatS is an S-metric and (Y, S)is an S-metric space on Y.
This S-metric is called the trivial S-metricon Y.

Notation:
The terms "R" and "N" refer, respectively, to the set of real numbers and the set of positive integers.
Now we introduce the notion of B,-metricspaces follows:

Definition 02:  LetY # ¢ and B,: Y*— R be a function meeting the criteria below:

forall fy,90,h0, tg,a € Y

(1) B4(fo, 9o, ho, to) = Oifand onlyif fo = go = hy = ¢,

(i) B4(fo, 9o, ho, to) < Bi(fo, fo, fo, @) + Ba(9o, 9o, 9o, @) + Ba(ho, ho, ho, @) + By(to, to, to, @)
Then, B, is called B,-metric on Y and the pair (Y, B,) is called a B,-metric space.

The following two examples give an insight into the concept of B,-metric spaces.

Example02: Let R = Y and define the function B,: Y*— R by
By(fo, 9o ho, to) = Ifo —hol + 190 —ho | + Ifo + go + ho — 3¢, for allfy, go, ho, ty € R.
Then, B, isa B, -metricon Y.

Example03: Let Y # ¢ and define the function B,: Y* >R as
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0, iffy=go=ho =t
By (fo, 9o, ho, to) 2{1 fo= o othgrwisg

Then, B, is a B,-metricon Y.
Now we introduce the notions oflimits, convergence, Cauchy sequence and completeness in a B,-metric space.

Definition03: Let(Y, B,) be a B,-metric spaceand A c Y.

1.Convergence: A sequence {f, }inY Convergesto f, if By(fo,.fo,.fo,fo)— 0 asn—w. Thatis given
& > 0 there exists ny, € N such that for all n > ng, By(f,,, fr, fr, fo) < €.

We denote this bylim,, .. o, = fo-

2.CauchySequence: A sequence {f; , } inY is called a Cauchy Sequence if

By(fo .+ fo , fo o ,,)— 0 as n,m—, That is, given & > 0 there exists n, € N such that for all n,m > n,,

B4(fn'fnﬁfn'fm) <e&.

3.Completeness: AB,-metric space (Y, B,)is called Complete if every Cauchy Sequence in Y is convergent to a
point f, €Y.

We now prove a few lemmas, which we use in our further development.

Lemma 01: Let (Y, B,)be a B,-metricspace. ThenB, (fy, fo, fo» 90) = Bs(go, 90, 9o, fo), for all fy, go €
Y.
Proof: Suppose(Y, B,) is a B,-metric space.
By definition 2, replacing a by f, we get,
B4 (fo, fo, fo, 90) < Ba(fo, fo, fo, @) + Ba(fo, fo, fo, @) + Ba(fo, fo, fo, @) + B4(go, 9o, 9o, @)
By (fo, fo, f0,90) < Ba(fo, fo,fo,fo) + Ba(fo, fo,fo.fo) + Ba(fo.fo.fo,fo) + Ba(go, 90,90, fo)
=B, (f0, fo, f0,90) < 0+ 0+ 0+ B4(go, 9o, 9o, fo)
=B,(fo, fo, fo, 90) < Ba(go, 9o, 9o, fo)
(1.1)
Similarly,
B4(90, 90, 9o, fo) < Ba(fo, fo, fo, 90)
(1.2)
From(1.1) and (1.2), B4(fo, fo, fo, 90) = Ba(go, 9o, 9o fo)-

Lemma 02: fo,, —~fo ifand only if B(fo, fo, fo, fo,) =0 as n —co.

Proof: Suppose(Y, B,) is a B,-metric space, {fon}is asequenceinY and f, €Y.
By definition 3(i), fo,, = fo

‘:’34(f0 wfofo n:fo)—) 0

And B4(f0 Jo foofo n)—)O (by lemma 1)
The following Lemma shows that a convergent sequence has unique limit.

Lemma 03: fo,=for fo,~290 = fo = 9o-

Proof: Suppose(Y, B,) is a B,- metric space.

By (fo, for for 90) < Bu(fos for for fo n) + By(fo, for for fo n) + By (fo. for for fo n) + B4(90, o, 9or Gn)
— 0+ 0+ 0 + 0 (by hypothesis and lemma1)

Therefore B, (fo, fo,f0,90) <0

=B, (fo, fo, fo, 9o) = 0

=fo=9o-

Lemma 04: fo,,—fo = {fv,}isa Cauchy Sequence.
Proof: Supposee > 0.Then there exist ny € N such that, for all n > n,

B4(f0 wfo . fo n,fo) <e&.

We have, for m,n > n,.
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By (fo s fo o fo o fo 1)
< By(fo , fo o fo o f0) + Balfo ,» fo o fo o f0) + Balfo ,» fo 0 fo 0 f0)
+ By (fo s fo s fo s fo0)

<eget+t e+ e+ e =4c¢

Hence {f, , }is a Cauchy Sequence.

In the following Lemma we show that an S-metric gives rise to a B,-metric.

Lemma 05: Let(Y, S) be an S-metric space and define the function Bs: Y*— R by
Bs(fo, 9o, ho, to) = S(go, ho, to) + S(fo, ho, to) + SUfo, go, to) + S(fo, 9o, ho) for all fo, go, ho, to € Y.
Then B is a B,-metricon Y.
Proof: Suppose (Y, S) is an S-metric space,
Then B, (fo, 9o, ho, to) = 0
< S(9o, ho, to) + S(fo, ho to) +S(fo, go, to) + S(Ufo, 9o, ho) =0
& 5(90, ho, to) = 0,5(fo, ho, to) = 0,50, 9o, to) = 0,S(fo, go, ho) =0
& go =ho =1y, fo=ho = to, fo= g0 =to fo= 90 =ho
< fo= go=ho =tp.
Now we show that, for allf;, go, ho, tg,a € Y,
By (fo, 9o, ho, to) < Bs(fo, fo, fo,a) + Bs(go, 9o, 90, a) + Bs(hg, ho, ho, @) + Bs(to, to, to,a)  (5.1)
Now Bs(fO 'fO 'fO ’ a) + Bs(gO » 90,90, Cl) + Bs(hOf hO' h(). a) + Bs(tOJ to, Lo, a)
= 3(S(f0'f0'a) + S(gO'gO’a) + S(ho,ho,a) + S(tO!tOIa))
(5.2)
Also By (fo, 9o, ho, to) = S (9o, ho, to) + S (fo, ho, to) + S (fo, 9o, to) + S(fo, Gos ho)
< (5 (90,90,a) + S(ho, hg,a) + S(to,t0,a) + S(fo, fo,a) + S (ho, ho,a) + S(to, b, a)
+ S(fo, fo,a) + S(go,go,a) + S(hy, ke, a) + S(fo, fo,a) + S(go, g0, a) + S(ty, to,a))
:3(S(f0'f0'a) + S(go,go,a) + S(ho,ho,a)+ S(to,to,a)) (53)
Therefore from(5.2) and (5.3), (5.1) holds.
Therefore (Y, By) is a B,-metricon Y.
We call B as the B,-metric generated by S.

Definition04:  LetY # ¢, and 1 > 1.Suppose S: Y3 — R be a function meeting the criteria below:
for allfy,go,hg,a € Y

1.5 (f0,90,h0) = Oifand only if f, = go=hy

2.5(f0,90,h0) = A(S(fo Jfo,a) + S(go,g0,a) + S(hy, hy, a)).

Then, S is called a S -metric on Y and the pair (Y, S) is called a S - metric space with index A.

Note: If A = 1 we get the usual S - metric space (by definition 1)

Lemma 06: Let (Y, B,) be any B,-metric space. Define S,: Y3 — R as follows:

Sy (o, 9o, ho) = Ba(fo, for 9o, ho) + B (fo, 9o, 9o, ho) + Bs(fo. 9o, ho, ho), for all fo, go, ho € Y.
Then (Y,S,) is a S-metricspace with index 2. (S, is called S,-metricspace with index 2)

Proof: Suppose (Y, B,)is a B,-metric space

NowsS (fo, go, ko) = 0

< By (fo, fo, 9o, o) + Ba(fo, 90, 9o, ho) + Ba(fo, go, ho, ho) =0

< By(fo, fo, 9o, ho) = 0, B4(fo, 90, 9o, ho) = 0, B4(fo, 9o, ho, ho) =0
< fo = go =hy.
(6.1)

Now we show that S, (f, 9o, ho) < 2(S(fo, fo,a) + S(go,go,a) + S(hy, hy,a)) for allfy, go, ho,a €Y.
Sy (for 9o» ho) = Ba(fo, fo, 9o, ho) + Ba(fo, o, Gor ho) + Ba(fo, 9o, ho, ho)
< By(fo. fo. fo,@) + By(fo.fo,fo,a) + Bs(go, o, 9o, @) + By(ho, ho, ho, @) + By(fo, fo, fo, @)
+ B4(90, 90, 9o, @) + Ba(go, 9o, 9o, @) + B4(hg, ho, ho, a) + By(fo, fo, fo,a)
+ B4(9o, 9o, 9o, @) + By (ho, ho, hy, @) + Bi(hg, ho, hy, @)
< 4(B4(fo, fo,fo,a) + B4(go, 9o, 9o, @) + Bs(hg, hy, by, ) (6.2)
It can be easily shown that Sy, (fy, fo, @) +S, (9o, 9o, @) +Sy, (hg, hg, @)

2(B;(fo, fo,fo,a) + Bs(go, 9o, 9o, @) + By(hg, ho, hg,a) + Bs(fo, fo, fo,a) +
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B4(g0, 9o, 9o, @) + B4 (hg, ho, hy, a))
(6.3)
From(6.2) and (6.3) we get,
Sy (fo, 9or ho) = 4(Ba(fo, fo, fo, @) + Bs(go, o, 9o, @) + Bs(hg, ho, ho, @)
< 4(By(fo, fo,fo,a) + Bi(go, go, 9o, @) + B4 (hg, ho, ho, @))
<2 Bs(fo - fo o fo, @) + Bu(go» 9o, 9o, @) + Ba(ho, ho, ho, @) + By (fy, fo, @, @) +
B4(g0' 90,4, a) + B4-(h0' hO’ a, a))
=2((2( By(fo.fo,fo,a) + Bs(fo, fo,fo,a)) + (234(90190190'0) + B4(go, 9o, @, a)) +

B0 h0h0 @ F Ba10, 10 @))

=2(Sy (fo, fo, @) *+S, (9o, 9o, A)*+Sp (ho, ho, @))
Hence S, is a S-metric on Y with index 2.

Definition05: Suppose Y # ¢ and 2 > 1. Suppose d: Y2 — R satisfies

(i) d(fy, go) = 0ifand only if f, = g

(“) d(fo, g0) = d(go, fo)

(iii) d(fo,90) < A(d(fo, ho) + d(ho, go), for allfy, go, ho € Y.

Then (Y, d) is called an d-metric space index 1 > 1.

Lemma 07: Let (Y, S) be any S-metric space. Defined,: Y2 — R as follows:
ds(f0, 90) = S(fo, fo, 90) + S(fo, 9o, 9o), for all fo, go € Y.

Then d,(fo, 9o) < ;(ds (f0,90) + ds(go'ho))' forall fy,go, ho € Y.

Thus (Y, dy) is a d-metricspace with index 3/2.

Example 04:  Let R =Y and define the function S: Y3 — R by

S(fogoho) = Ifo—hol? +1fo+ho— 290 |?, for allfy,go,hg € R
Then, (Y, S) is a S-metricspacewith index 4.
Now we introduce the notion of B,-metric space with indexA.

Definition 06:  LetY # ¢, 1> 1and let B,: Y*— R be a function meeting the criteria below:
for allfy,go,ho, tg,a € Y

(1) B4(fo, 9o, ho, to) = Oifandonly if fo = go = hy = to,

(i) By (fo, 9o, ho, to) < By(fo, fo, fo, @) + B4(go, Go, 9o, @) + By(ho, ho, ho, @) + By (to, to, to, @)).
Then,B, is called B,-metricon X and the pair (Y, B,) is called a B,-metric space with index A.

Note: If 1 = 1, clearly (Y, B,) is a B,-metric space on Y.

Example 05: LetY # ¢, u >0 and define the function B,: Y* >R as

N if fo= go=ho =1t
B, (fo, 9o, ho, to) = {M, otherwise

Then (Y, B,) is a B,-metric space with index 3.

Definition 07:  Supposeu > 0, and (Y,d) is metricspace. Amap T: Y — Y is said to be a contraction,
if d(T(f6), T(90)) < 1 d(fo,90), forallfy,go € Y.

TheoremO1: ([2], Proposition 1)Suppose(Y,d)is metric space and a mapT: Y — Y. If d is a contraction
with constant contraction g, that is d(T(f,), T(g0)) < & d(fo,90),
then S, (generated S - metric) is a contraction with constant contractiong.

Definition 08:  Let (Y, $)be a S-metricspace, d,(fy, g9o) = d(fo, 90) = S(fo, fo, 90) + S(90, 9o, fo)-
SupposeT: Y — Y. Then T is called a contraction with constant contractiony,

if S(T(fo), T(90), T(ho)) < 1 S(fo,g0,h0), for allfy,go.hg € Y.

Theorem02: Suppose (Y, S) is a S-metric space and a mapT: Y — Y is a contraction with constant
contractiong.
Then T is a contraction with respect to d, (the metric induced by S)with constant contractionpu.
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Proof: d.(Tf,,Tgo) = S(Tfo,Tfo,Tgo) + S(Tgo,Tgo, Tf)
< u (S(fo, f0,90) + S(g0, 9o, f0))

= ud;(fo, 90)
Therefore T is a contraction with respect to d with constant contractiong.

Definition 09:  Suppose . >0 and (Y, B,) isa B,-metric space. T: Y — Y is called a contraction with constant
ContraCtlonu, if B4(Tf0, Tgo, Tho, Tto) < U B4(f0, 90, ho, to), for allf(), 90, h(), t() ey.

Theorem03: Suppose T is a contraction with contraction constant yu on (Y, B,).AmapT:Y — Y.

Then T is aS,-contraction on Y with constant contractionu.

Proof: S, (Tfo,Tgo, Tho) = By(T fo,Tfo,Tgo, Tho) + B4(Tfo, Tgo,Tgo, Tho) + B4(T fo, Tgo, Tho, Tho)
< w1 (Bs(fo, for 9o, ho) + Ba(fo, 9o, 9o, o) + Ba(fo, Go, ho, ho))

= 1 Sy (fo, 9o, ho)
Therefore T is a contraction with respect to S, with constant contractionu.

TheoremO04: ([2], Proposition 1) “Suppose (Y, d) is a metric space and a mapT: Y — Y. Define
S:Y3 > Rby
S(fo, 9o, ho) = d(fo, hy) + d(hg, go) for all fy, go, hy € Y. That is S is the S-metric on Y induced by d.
_Sl_‘;ppose d(Tfo, Tgo) < max{d(fo, go), d(fo, Tfo),d(go, T go), d(fo, Tgo), d(go, Tfo)} for all fo, g0 € Y.
en
S(Tfo, Tfo, Tgo) < max{S(fo, fo, 90), S(Tfo, T fo, f0), ST fo. T fo, 90), S(T o, T 9o, £0), S(T 9o, T G0, 9o) 3,
forall fy,go € Y.”

Theorem05: ([2], Proposition 2) “Suppose (Y, S) is a S-metric spaceand a mapT: Y — Y.

Define d : Y2 R byd(fy, g0) = S(fo, fo, 90) + S(go, 9o, fo) for all £, go € Y (that is d is the induced
metric).

SuppogeS(Tfo,Tfo,Tgo) <

max{S(fo, fo, 90), S(Tfo, T fo, f0), S(T fo, T fo, 90, S(T 9o, T Go, f0), S(T go, T o, o)}

forall fy,g0 € Y.

Then d(T fo, Tgo) < max{ d(fy, 9o, d(fo, T fo), (o, T go), A(f0, Tgo), d(go, Tfo)}, for all fo, go €Y.

Now we prove the following theorem, which is more general than Theorem 5.”

Theorem06: Suppose (Y, S) is a S-metric spaceand a mapT:Y — Y. Defined : Y2 —> R by

d(fo, 90) = S(fo, fo, 9o) + S(go, 9o, fo), for all fo, go € Y.
Suppose

forall fy,go,hy €Y.
Then d(Tfy, Tgo) < maxi@id(fy, 90), A(Tfo, f0), d(Tgo, go)}for all fy, go € Y, where d is the induced metric.
Proof: S(Tfo, Tgo, Tho) < max{S(fy, go, ho), S(T fo, T fo, f0), S(T o, T Go» o), S(Tho, Thy, ho)},
forallfy, go, hg EY.
S(Tfo, Tfo, Tgo) < max {S(fo, fo, 90) S(Tfo, T fo, £0), S(T fo, Tfo, £0), S(T o, T g0, 9o)}
Now we show that d(T fy, Tgo) < max{ d(fy, 90), d(Tfo, fo), d(Tgo, go)}, forallfy, g, € Y,
where d is the induced metric.
LHS: d(Tf_of 7:90) =5S5(Tfo,Tfo,Tgo) + SCTGo,Tgo,Tfo) = 25(Tfo, T fo, Tgo)
RHS: maxi{fifid (fo, 90), d(T fo, f0), (T 9o, 90)}
i :(fo'f():90)'5(90:go:fo):S(Tfo'Tfo'fo)'S(fo'Tfo'Tfo)'S(Tgo'Tgo'go)'S(go'Tgo'Tgo)}

FES (fo, f0,90), S(Tfo, T fo, f0), S(T G0, TG0, 90)}
Therefore d(T £y, T go) = 2S(Tfy, Tfy, Tgo)

< Zmaﬁ_}ﬁ‘s(fo'foi90)'5(Tf0'Tf0:f0)'5(Tfo'Tfo'fo)'S(Tgo'Tgo'go)}

= maxif2S(fo, fo, 9o), 2S(T fo. T fo, f0), 25(T go, T o, 90)}

= max{id(fy, go), A(T fo, f0), d(T o, 9o)}
Henced (T f,, Tgo) < max { d(fy, 90), A(Tfo, fo), A(T 9o, go)}, for allfyy, go € Y, where d is the induced metric.
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Relation between B, contractions and S contractions
In this section we establish some relations between B, contractions and S contractions

TheoremOQ7: Let(Y, B,)be a B,-metric spaceand a mapT:Y — Y. Define S: Y3 —R by
S(for o, ho) = Ba(fo, fo, 9o, ho) + Ba(fo, 9o, 9o, o) + Ba(fo, 9o, ho, ho), for all fo, go, ho € Y.
Suppose
By (T fo, T go, Tho, Tto)
< max {By(Tfo, Tfo, T fo, f0), B«(T g0, TG0, T 9o, 9o)» Ba(Tho, Tho, Tho, ho), B4 (Tto, Tto, Tto, to)},
forall fy, go, ho, ty €Y.
Further suppose B4 (T fo, T fo, Tfo, fo) < Bi(Tfo,Tfo, fo. fo), forall fy €Y.
Then S(T £y, Tgo, Thy) < maxifiS(T fo, T fo, f0), SCTgo, Tgo, 9o ), S(Thy, Thy, hy)}, for all f,, 9o, ho €Y.
Proof: Suppose
By (T fo, Tgo, Tho, Tto)
<max {By(Tfo, Tfo, T fo, f0), B«(T g0, TGo, T 9o, 9o)» Ba(Tho, Tho, Tho, ho), B4 (Tto, Tto, Tto, to)},
for allfy, go, ho, to E Y.
Then we show that
S(Tfo,Tgo, Tho) < max@S(T fo, Tfo, f0), S(Tgo, T go, 9o), S(Tho, Thy, ho)}, for allfy, go, ho € Y.
kl-H-SZS(TfO' Tgo,Tho) = Bu(Tfo, Tfo,Tgo, Tho) + Bu(T fo,Tgo, Tgo, Tho) + Ba(T fo, Tgo, Tho, Thy)
ow
By(Tfo, Tfo, T 9o, Tho)
<max {By(Tfo, T fo, T fo, f0), Ba(T fo, T fo, T fo, f0), Ba(T G0, T G0, T Go» 9o), Ba(Tho, Tho, Tho, ho)}
=B4(Tfo, Tfo. T fo, fo) (say)
B4(Tfo,Tgo, Tgo, Tho)
<max {By(Tfo, T fo, T fo, f0), B+(T 9o, T 9o, T 9o, 90)» B4 (T 9o, T go, T 9o, o), Ba(Tho, Tho, Thy, ho)}
=B4(Tfo, Tfo, T fo, fo) (say)
By (T fo, Tgo, Tho, Tho)
<max {By(Tfo, Tfo, Tfo, fo), Ba(T g0, TGo, T 9o, 9o)» Ba(Tho, Tho, Tho, ho), B4 (Tho, Tho, Tho, ho)}
=B4(Tfo, Tfo, T fo, fo) (say)
Also (1) S(Tfo, Tfo, fo) = Ba(T fo, Tfo, Tfo, fo) + Ba(Tfo, Tfo, Tfo, fo) + Ba(Tfo, T fo, fo, fo)
(i1) (T g0, T g0, 90) = Ba (TG0, TG0, TG0, 9o) + Ba(T 90, T g0, T 9o, 9o) + Ba(T g0, T g0, 9o, 9o)
(iii) S(Thy, Thy, hy) = B4(Thy, Thy, Thy, hy) + By(Thy, Thy, Thy, hy) + B,(Thy, Thy, hy, hy)
And By (T fo, T fo, Tfo, fo) < SCTfo, Tfo, fo)
L.H.S: S(Tfo, Tgo, Tho) < Bo(T fo, Tfo, Tho, fo) + Bu(Tfo, T fo, Tfo. fo) + Ba(Tfo, T fo, T fo, fo)
< By(Tfo, Tfo, Tfo. fo) + Ba(Tfo, Tfo, Tfo, fo) + Ba(T fo, T fo, fo, fo)
= S(Tfo, Tfo fo)
< max{{ S(Tfo, T fo, f0), S(T go, T Go, go), S(Thy, Thy, hy) } = R.H.S
Therefore S(T £y, T gy, Thy) < maxifHS(Tfo, T fo, fo), S(Tgo, TGo, 9o), S(Thy, Thy, hy)}

Theorem08: Let (Y, B,)be a B,-metric spaceand a mapT: ¥ — Y. Define S: Y3 >R by

S(fo, 9o, ho) = Ba(fo, fo, 9o» ho) + Ba(fo, o, 9o, ho) + Ba(fo, o, ho, ho), for all fy, go, ho € Y.

Suppose B, (fo, fo, 90, ho) = Ba(fo, 9o, 9o, ho) = Ba(fo, 9o, ho, ho) = (C) (say), for all fy,go,ho € Y.

SupposeT: Y — Y satisfies at

B4(T fo, Tgo, Tho, Tty)

< max {By(Tfo, T fo, T fo. f0), Bs(T g0, T g0, T G0, Go)» B« (Thy, Tho, Thy, hy), B4 (Tty, Tto, Tty, o)},
forall fy,go, ho, tg EY.

Further suppose B4 (T fo, T fo, T fo, fo) < Ba(Tfo,Tfo, fo, fo), forall fo €Y.

Then
S(Tfo,Tgo, Thy) < max{S(fo, 9o, ho), S(T fo, Tfo, f0), S(T g0, T go, o), S(Tho, Thy, ho)}, for all fy, go, ho E Y.
Proof: LH.S: S(Tfo, Tgo, Tho) = Bs(Tfo, Tfor Tgo» Tho) + Ba(Tfo, T 9o, Tgo, Tho) +

B4(Tfo, T go, Tho, Thy)

Now (©) S(fo, 9o, ho) = Ba(fo, fo, 9o, o) + Ba(fo, Gor Gor ho) + Ba(fo, go, ho, ho) = 3(C)

@) S(Tfo, Tfo, fo) = Ba(Tfo, Tfo, Tfo, fo) + Ba(Tfo, Tfo, T fo, fo) + + Ba(T fo, T fo, fo, fo)

> 3 By(Tfo, Tfo, T fo, fo)

(iii) S(T g0, T g0, 9o) = Ba(T 90, T 90, Tgo, 9o) + Ba(T g0, T go, T go, go) + Ba(T go, TG0, 9o, 9o)
> 3B4(Tgo,Tgo, T 9o, 9o)
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(iv) S(Thy, Thy, hg) = B4(Thy, Thy, Thy, hy) + B4(Thy, Thy, Thy, hy) + By(Thy, Thy, hg, hy)
> 3By (Thy, Thy, Thy, hy)
Also
By(Tfo, Tfo, T go, Tho)
<max{B4(Tfo, Tfo. T fo, f0), Ba(T fo, T fo, T fo, f0), Ba(T g0, T Go» 9o, 9o)» Ba(Tho, Thy, ko, ho)}
By(Tfo,Tgo, Tgo, Tho)
< max {B4(Tfo, T fo, T fo, f0), B+(T g0, T o, 9o» 90)» Ba(T g0, T G0, 9o, 9o)» Ba(Tho, Thy, ho, ho)}
B4(T fo, Tgo, Tho, Thy)
<max {B4(Tfo, T fo, T fo, o), B+(T g0, T Go, Gor 9o)» Ba(Thg, Thy, ho, ho), B4 (Thg, Thg, ho, ho)}
By hypothesis B, (fy, fo, 9o, ho) = Ba(fo, 9o, 9o» ho) = Ba(fo, o, hos ho)-
Without losing generality, we may imagine that
maf {B4(T fo, Tfo, T fo, f0), Bs(T 9o, T o, To» Go)» Ba(Tho, Tho, Tho, ho)} = Bu(T fo, Tfo, T fo, fo)
Then B,(Tfo, Tfo, Tgo, Tho) < max { (C), B4(T fo, T fo, T fo, fo)}
B4(T fo, Tfo, T go, The) < max{ (C), B(T go, T go, TG0, o)}
B4 (Tfy,Tgo, Thy, Thy) < max { (C), B4(Thy, Thy, Thy, ho)}
L.H.S = S(Tfo,Tgo,Tho) = B4(Tfo, Tfo, Tfo, fo) + Ba(T G0, TG0, Go» 9o) + Bs(Thy, Thy, Thy, hy)
< 3max { (C), B4(T fo, Tfo, Tfo, fo) }
= max { 3(C),3B4(T fo, Tfo, Tfo, fo) }
< FZ”SXS{ S(fo, 90, 1o)y S(T1o, T fo, f0), S(T 90, T 9o, 9o), S(Tho, Thy, ho)}
Therefore S(T fo, Tgo, Tho) < max{S(fo, go, ho), S(Tfo, T fo, f0), S(T g0, T o, Go)» S(Tho, Thy, ho)},
forall fy,go, hg EY.

TheoremQ9: Let (Y, B,)be a B,-metric space and a mapT: Y — Y. Define S:Y3— R by
S(fo, 90, ho) = Ba(fo, fo, 9o, ho) + Ba(fo, 9o, 9o, ho) + Ba(fo, gos ho, ho), for all fy, go, ho € Y.
Suppose B, (T fo, T fo, fo, fo) < Ba(Tfo, Tfo, Tfo, fo) forall fy € Y. 9.1)
and

By (Tfo,Tgo, Thy, Tty) <

max {B4(Tfo, T fo, fo, f0), B«(T o, TG0, 9o, 9o)» Ba(Tho, Tho, ho, ho), B4(Tto, Tto, to, to)},
forall fy, 9o, ho, tg EY.

Then
S(Tf0,Tgo, Thy) < maxifS(Tfo, Tfo, f0), S(Tgo,Tgo,9o), S(Thy,Thy, ho)}, for all fo,go,hg €Y. (9.2)
Proof: L.H.S:

S(Tfo,Tgo, Tho) = B4(Tfo, Tfo, Tgo, Tho) + Bs(Tfo, Tgo, Tgo, Tho) + Bu(T fo, Tgo, Tho, The) (9.3)
@) S(Tfo, Tfo, fo) = Ba(Tfo, Tfo, Tfo, fo) + Ba(T fo, Tfo, Tfo, fo) + Ba(T fo, T fo, fo, fo)
< 3B4(T fo, Tfo, fo. fo) (9.4)

(i) S(T'go, Tgo, 9o) = Ba(Tgo, Tgo, Tgo, 90) + Bs(T go, T 9o, TG0, 90) + Ba(T go, T 9o, 9o, o)
(iid) S(Thg, Tho, ho) = By(Tho, The, Tho, ho) + By(Tho, Tho, Tho, h) + By(Tho, Tho, ho, hy)
Also
By(Tfo,Tfo, Tgo, Tho)

< max {B4(Tfo, T fo, fo, fo)» B+ (T fo, T fo, fo, f0), Ba(T 9o, T 9o, 9o 9o)» Ba(Tho, Thy, ho, ho)}
= By(Tfo, T fo, fo, fo) (say)
By (Tfo,Tgo, Tgo, Tho)

< max {B4(Tfo, T fo, fo, f0) Ba(T 9o, T 9o, 9o, 90), Ba(T 9o, T 9o, 9o, Go)» Ba(Tho, Thy, ho, ho)}

= B4(T fo, T fo, fo, fo) (say)

B4(Tfo, Tgo, Tho, Thy)

< max {B4(Tfo, T fo, fo, f0) Bs(T 9o, T 9o, 9o, o), Ba(Tho, Tho, ho, hg), B4(Tho, Thg, ho, ho)}

= By(Tfo, T fo, fo, fo) (say)
Therefore B4 (T fo, T fo, Tgo, Tho) < B4(Tfo, T fo, Tfo, fo)
B4(T f0,Tgo, Tgo, Tho) < Bu(T fo, T fo, T fo, fo)
B4(T fo,Tgo, Tho, Tho) < B4(T fo, T fo, Tfo, fo)
3B4(Tfo, Tfo, fo, fo) < S(Tfo, Tfo, fo)
Therefore from (10.3) we have S(Tf,, T go, Tho) < 3B4(Tfo, Tfo, Tfo, fo)(from (9.4))
< S(Tfo,Tfo, fo)
< maxi{5(Tfo, T fo, fo)» S(Tgo,Tgo, 9o)» S(Tho, Tho, ho)}
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Thus (9.2) is established.

REFERENCES

[1]. Sedghi, S., Shobe, N., Aliouche, A.: A
generalization of fixed-point theorems in S-
metric spaces. Mat. Vesnik 64(3), 258-266
(2012)

[2]. Nihal Yilmaz Ozgur, Nihal Tas.: Some new
contractive mappings on S-metric Spaces
and their relationships with the mapping
(S25). Springer (2017),11:7 —

Www.ijera.com DOI: 10.9790/9622-13014350 50|Page




