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I. INTRODUCTION AND 

PRELIMINARIES 
Fixed point theory play a very important role 

Functional Analysis and general topology. Digital 

topology is the tool to study of digital images which 

studies features of 2D and 3D digital images. 

The Banach Contraction Principle is one of most 

theorem  in fixed point theory. In1976, Jungck 

proved the existence of common fixed points for 

compatibility and weakly compatibility maps. 

Jungck [14 ] proved common fixed point  results.  

In 1973, [14] Geraghty extended Banach 

contraction theorem by replacing the contraction 

constant by a function with specific properties. 

S = {β : [0, ∞) → [0, 1)/ β(tn) → 1 ⇒ tn→ 0}. 

Definition1.1   [15] Let (X, d) be a metric space. A 

selfmap f : X → X  is said to be a Geraghty 

contraction if there exists β ∈ S such that    d(f(x), 

f(y)) ≤ β(d(x, y))d(x, y)    for all x, y ∈X. 

Theorem 1.2[15] Let (X, d) be a complete metric 

space. Let f : X → X be a Geraghty contraction. 

Then for any choice of initial point x0ϵ X,   the 

iteration {xn} defined by xn= f(xn-1) for n = 1, 2, 3, ... 

converges to the unique fixed point z of f in X. 

Let X be a subset of Z
n 

  for a positive integer n 

where Z
n
 is the set of lattice points in the 

 n- Dimensional Euclidean Space and ƙ be represent 

an adjacency relation for the members of X.  

A digital image consists (X, ƙ).  

 

Definition 1.3. [5] Let l, m be positive integers, 

1≤ 𝑙 ≤ 𝑚  and two distinct points    

 (𝑝 = 𝑝1,𝑝2, 𝑝3, …𝑝𝑚  ) ,   (𝑞 = 𝑞1,𝑞2, 𝑞, …𝑞𝑚  ) 

∈ 𝑍𝑛  

𝑝 and 𝑞are 𝑘𝑙- adjacent if there are at most 

𝑙   indices  𝑖such that  𝑝𝑖 − 𝑞𝑖 = 1,     and for all 

other indices j such that   𝑝𝑗 − 𝑞𝑗   ≠ 1,   𝑝𝑗  =  𝑞𝑗 . 

The following are the consequences   above 

definition.  

Two points p and q in Z are 2- adjacent if | 𝑝- 𝑞| =1.  

 

 
Fig: 1:2 - adjacent 

 

 

Two points 𝑝and 𝑞 in Z
2
 are 8- adjacent if 

they are if they are distinct and differ by at most 1 

in each coordinate. 

Two points 𝑝 and 𝑞 in Z
2
 are 4- adjacent if they are 

if they are 8- adjacent and differ in exactly one 

coordinate. 
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Fig:1.3 

 

Two points 𝑝 and 𝑞 in Z
3
 are 26- adjacent if they 

are if they are distinct and differ by at most 1 in 

each coordinate. 

Two points 𝑝 and 𝑞in Z
2
 are 18- adjacent if they are 

if they are 26- adjacent and differ at most two 

coordinates. 

Two points 𝑝 and 𝑞in Z
2
 are 6- adjacent if they are 

if they are 18- adjacent and differ at most two 

coordinates. 

Definition 1.4 [5] A k – neighbor    of    p ∈ 𝑍𝑛   is a 

point of   𝑍𝑛    that is k – adjacent to p  where   

 k  ∈ {2,4,6,8,18,26}  and n ∈  1,2,3.   

The set  𝑁𝑘 𝑝 =  𝑞 𝑞 𝑖𝑠 𝑘 − 𝑎𝑑𝑗𝑒𝑐𝑒𝑛𝑡 𝑡𝑜 𝑝}     is 

called the k- neighborhood of p.    

A digital interval is defined by [a, b]Z = { z  

∈   𝑍  𝑎 ≤ 𝑧 ≤ 𝑏 ,   where a, b ∈ 𝑍  𝑎𝑛𝑑  𝑎 < 𝑏. 
 Definition 1.5  [5] A digital image X ∁𝑍𝑛 is k- 

connected    if and only if for every pair of different 

points 

𝑥, 𝑦 ∈ 𝑋,  there is a set {𝑥0 , 𝑥1 ,𝑥2 ,…𝑥𝑟}  of points 

of a digital image X   such that   𝑥= 𝑥0, 𝑦 = 𝑥𝑟   and    

𝑥𝑖   and  𝑥𝑖+1    are   k- neighbors where i= 

0,1,2,… 𝑟-1. 

 

Definition  1.6 [7]. Let(𝑋, 𝑘0)  ∁ 𝑍𝑛0 ,   (𝑌, 𝑘1) ∁ 𝑍𝑛1 

be digital images and    𝑓:𝑋 → 𝑌  be  

 a function.  

If for every 𝑘0 −   connected subset U of X,  𝑓 𝑈   
is a  𝑘1 − 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑  subset of Y, then 𝑓  is said to 

be  𝑘0, 𝑘1 − 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. 
𝑓 is 𝑘0, 𝑘1 − 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠  if and only if  for every 

𝑘0 − 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡   points {𝑥0, 𝑥1}  𝑜𝑓 𝑋,    either  

𝑓 𝑥0 =  𝑓 𝑥1   or 𝑓 𝑥0   𝑎𝑛𝑑   𝑓 𝑥1   are a 𝑘1 −  

adjacent in Y. 

𝑓 is 𝑘0, 𝑘1 − 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 ,  bijective and𝑓−1  is  

 𝑘1, 𝑘0 - continuous, then  𝑓  is called 𝑘0, 𝑘1 −
𝑖𝑠𝑜𝑚𝑜𝑟𝑝𝑖𝑠𝑚   and denoted by 𝑋 ≅  𝑘0, 𝑘1 

𝑌 . 
A (2- 𝑘) – continuous  function   𝑓: [0,𝑚]𝑍 → 𝑋 

such that 𝑓 0 = 𝑥,   and  𝑓 𝑚 = 𝑦is called a 

digital k- path   from x to y in a digital image X.   In 

a digital image (X, k) , for every two points, if there 

is a k-path, then X is called  k-path connected.    

A simple closed k-curve of m≥ 4 points in a digital 

image X is a sequence 

 { 𝑓 0 , 𝑓 1  , 𝑓 2 ,,, 𝑓 𝑚 − 1 }  of images of the 

k-path 𝑓:  0,𝑚 − 1 𝑍 → 𝑋  such that  𝑓 𝑖   and  

𝑓 𝑗   are k-adjacent if and only if  𝑗 = 𝑖 ± 𝑚𝑜𝑑 𝑚. 
A point 𝑥 ∈ 𝑋  is called k-corner   if 𝑥 is k- adjacent 

to two and only two points 𝑦,z ∈ 𝑋.    
 Such that y and z are k-adjacent to each other.  

If 𝑦, z are not k-corners and if x is the only point k-

adjacent to both 𝑦,z then we say that the k- corner is 

simple. 

X is called a generalized simple closed k-curve if 

what is obtained by removing all simple k-corners 

of X is a simple closed k-curve.  

For a k-connected digital image (X, k) in Z
n
, there is 

a following statement   

 𝑋 𝑥 = 𝑁3𝑛−1 𝑥 ∩ 𝑋 

𝑘 ∈ {2𝑛 𝑛 ≥ 1 , 3𝑛 − 1 𝑛 ≥ 2 , 3𝑛

−   𝐶𝑡
𝑛2𝑛−𝑡 − 1(2 ≤ 𝑟

𝑟−2

𝑡=0

≤ 𝑛 − 1,   𝑛 ≥ 3)},  

𝑤𝑒𝑟𝑒   𝐶𝑡
𝑛 =  

𝑛 !

 𝑛−𝑡 !𝑡!
. 

 

Definition :1.7 [19] Let (X, k) be a digital image in 

Z
n
, n≥ 3  and 𝑋 = 𝑍𝑛 - X.    Then X is called a closed 

k- surface if it satisfies the following. 

If (k, 𝑘 ) ∈   𝑘, 2𝑛 ,  2𝑛, 3𝑛 − 1  , where the ƙ- 

adjacency is taken from (2.1)   with 

𝑘 ≠ 3𝑛 − 2𝑛 − 1   and   𝑘   is the adjacency on   

𝑋,  then  

 

a) For each point 𝑥 ∈ 𝑋, |𝑋|𝑥    has exactly 

one k-component k-adjacent to 𝑥; 
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b) |𝑋 |𝑥    has exactly two 𝑘 - adjacent to 𝑥𝑥; 

we denote by 𝐶𝑥𝑥   and   𝐷𝑥𝑥   these two 

components; and  

c) For any point 𝑦 ∈ 𝑁𝑘 𝑥 ∩ 𝑋,    𝑁𝑘  𝑦  ∩
𝐶𝑥𝑥 ≠ 0   and   𝑁𝑘  𝑦  ∩ 𝐷𝑥𝑥 ≠ 0,   where  𝑁𝑘 𝑥   
means the k- neighbors of 𝑥. 

Further, if a closed k –surface X does not have a 

simple k-point, then X is called simple.  

If (k, 𝑘 ) =  3𝑛 − 2𝑛 − 1, 2𝑛  then X is connected, 

for each point  𝑥 ∈ 𝑋, |𝑋|𝑥   is a generalized simple 

closed k- curve. If the image |𝑋|𝑥   is a simple 

closed k-curve and the closed k-surface X is called 

simple. 

Let (X, k) bea digital image and its subset be (A,k).  

(X, A) is called a digital image pair with k-

adjacency and when   A is a singleton set {𝑥0} , then 

(X,𝑥0) 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎 𝑝𝑜𝑖𝑛𝑡 𝑑𝑖𝑔𝑖𝑡𝑎𝑙 𝑖𝑚𝑎𝑔𝑒 . 
Definition: 1.8 [26] Let (X, k) be a digital image   

and  𝑓:  𝑋, 𝑘  →  𝑋, 𝑘   be any   𝑘, 𝑘  – continuous 

function.  We say the digital image (X, k) has the 

fixed point property. 

            If for every (ƙ, ƙ) – continuous map 

: 𝑓 𝑋 → 𝑋    there exists  𝑥 ∈ 𝑋  such that  𝑓 𝑥 =
𝑥. 
The fixed point property is preserved by any digital 

isomorphism. It is a topological invariant.  

Let  𝑋,𝑑, 𝑘  be denote the digital metric space with 

k-adjacency where d is usual Euclidean metric for 

Z
n
.  

Definition:1.9   A sequence  𝑥𝑛    of points of 

digital metric space  𝑋,𝑑, 𝑘    is said to be a  

Cauchy sequence if for all  𝜖>0,   there exists 

𝛼 ∈ 𝑁   such that for all 𝑛,𝑚 > 0  then   

𝑑 𝑥𝑛 , 𝑥𝑚  <𝜖.   
Definition: 1.10 A sequence  𝑥𝑛    of points of 

digital metric space  𝑋,𝑑, 𝑘   converges to a limit 

𝑎 ∈ 𝑋   if for all  𝜖>0,  there exists 𝛼 ∈ 𝑁   such that 

for all 𝑛 > 𝛼  then  𝑑 𝑥𝑛 , 𝑎 <𝜖.   
Definition: 1.11 A digital metric space  𝑋,𝑑, 𝑘    is 

said be a complete digital metric space if any 

Cauchy sequence  𝑥𝑛    of points   𝑋,𝑑, 𝑘  
converges to a point  𝑎   of 𝑋,𝑑, 𝑘 . 
Definition: 1.12  Let    𝑋, 𝑘  be any digital image.  

A function 𝑓:  𝑋, 𝑘 →  𝑋, 𝑘   is called right- 

continuous if  𝑓 𝑎 =  𝑓(𝑥)𝑥→𝑎+
𝑙𝑖𝑚     where   𝑎 ∈ 𝑋. 

Definition: 1.13 [12] Let   𝑋,𝑑, 𝑘  be any digital 

metric space and   𝑓:  𝑋,𝑑, 𝑘 →   𝑋,𝑑, 𝑘     be a 

self digital map.  If there exists 𝜆 ∈  0,1    such that 

for all 𝑥, 𝑦 ∈ 𝑋 ,  

   𝑑 𝑓 𝑥 , 𝑓 𝑦  ≤ 𝜆 𝑑 𝑥, 𝑦 , then 𝑓  is called a 

digital contraction map. 

 

Proposition: 1.14     Every digital contraction map 

is digitally continuous. 

Theorem 1.15 [12]Let 𝑋,𝑑, 𝑘   be a complete 

digital metric space which has a usual Euclidean 

metric in Z
n
.  Let 𝑓: 𝑋 → 𝑋be a digital contraction 

map. Then 𝑓   has a unique fixed point, i.e., there 

exists a unique 𝑢 ∈ 𝑋  such that  𝑓 𝑢 = 𝑢. 
In 2015  OzgurEge, IsmetKaraca generalized 

Banach contraction Principle as follows. 

Theorem:1.16 [12] Let  𝑋,𝑑, 𝑘   be a complete 

digital metric space which has a usual Euclidean 

metric d in Z
n
  and let 𝑓: 𝑋 → 𝑋  be a digital self 

map.  Assume that there exists a right- continuous 

real function  𝛾:  0,𝑢 → [0,𝑢]   where  𝑢  is 

sufficiently large real number such that   𝛾 𝑎 < 𝑎  

if a>0, and let   𝑓   satisfies     

𝑑  𝑓 𝑥1) ,𝑓(𝑥2  ≤ 𝛾  𝑑 𝑥1,, 𝑥2    forall  𝑥1,, 𝑥2  ∈

 𝑋,𝑑, 𝑘 . 
Then   𝑓   has a unique fixed point u ∈
 𝑋,𝑑, 𝑘     𝑎nd the sequence 𝑓𝑛(𝑥)converges to𝑢   
for every  𝑥 ∈ 𝑋 . 

In 2019 [27 ] P. H. Krishna and D A Tatajee  

defined   digital Geraghty contraction map                                       

and proved  the existence of fixed points of 

Geraghty contraction theorem in digital metric 

spaces. 

Definition :1.17  [27] Let   𝑋,𝑑, 𝑘  be any digital 

metric space and   𝑓:  𝑋,𝑑, 𝑘 →   𝑋,𝑑, 𝑘     be a 

self digital map is said to be a digital Geraghty 

contraction map if there exists 𝛽 ∈ 𝑆   such 

that ,   𝑑 𝑓 𝑥 , 𝑓 𝑦  ≤ 𝛽  𝑑 𝑥, 𝑦  𝑑 𝑥, 𝑦    forall 

𝑥, 𝑦 ∈ 𝑋. 

Here we observe that every digital contraction map 

is a digital Geraghty contraction map but its 

converse need not be true.  

Theorem [:1.18 ] [27 ] Let   𝑋,𝑑, 𝑘    be a 

complete digital metric space with Euclidean metric 

d in Z
n
and let 𝑓: 𝑋 → 𝑋  be a digital Geraghty 

contraction map. Then   𝑓   has a unique fixed point 

u∈  𝑋,𝑑, 𝑘 . 
Definition 1.19  [25 ] : Suppose that  (X, d , k)  be a 

complete digital metric spaces and  

 S, T: 𝑋 → 𝑋 be  a map defined on X. Then S and T 

are said to be commutative if  

S(T(x))= T(S(x)) for all x in X. 

Proposition 1.20 [ 25]:  Let T be a selfmap. Then T 

has a fixed point if and only if there is a constant 

selfmap S which commutes with T.  

Theorem 1.21  [ 25] Let T be a continuous  selfmap  

of a complete digital metric space  𝑋,𝑑, 𝑘  . Then T 

has a fixed point in X if and only if there exists an 𝛼 

∈   (0,1) and a mapping  S: 𝑋 → 𝑋 which commutes 

with T and satisfies  

S(X) ⊂   𝑇 𝑋  and  

𝑑 𝑆 𝑥 , 𝑆 𝑦  ≤ 𝛼𝑑 𝑇 𝑥 ,𝑇 𝑦   for all x,y  in X . 

Then T and S have a unique common fixed point.  

 

Definition: 1.22  [ 25] : Suppose that  (X, d , k)  be 

a complete digital metric spaces and  S, T: 𝑋 → 𝑋 

be  a map defined on X. Then S and T are said to be 

weakly commutative iff     𝑑 𝑆 𝑇(𝑥) ,𝑇(𝑆 𝑥)  ≤
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𝑑 𝑆 𝑥 ,𝑇 𝑥   for all x  in X . 

Here observe that every pair of commutative maps 

is weakly commutative but the converse need not be 

true, and the weakly commutative maps commute 

on the coincidence points.  

Theorem : 1.23  [25 ] Let T be a continuous  

selfmap  of a complete digital metric space  𝑋,𝑑, 𝑘  
. Then T has a fixed point in X  if and only if  there 

exists an 𝛼 ∈   (0,1)  and  a mapping  S: 𝑋 → 𝑋 

which commutes weakly  with T and satisfies  

S(X) ⊂   𝑇 𝑋  and  

𝑑 𝑆 𝑥 , 𝑆 𝑦  ≤ 𝛼𝑑 𝑇 𝑥 ,𝑇 𝑦   for all x,y  in X . 

            Then T and S have a unique common fixed 

point.  

Definition 1.24. [ 25] Two self mappings S and T 

of a digital metric space                 𝑋,𝑑, 𝑘  are said to 

be compatible if  d(S(T(xn), T(S(xn) ))= 0, whenever             

{xn} is a sequence in X such that lim
𝑛→∞

  S(xn )= lim
𝑛→∞

  

T(xn )=  u for some u ∈ X. 

Theorem 1.25. :[ 25] Let S and T be a continuous 

compatible  selfmaps  of a complete digital metric 

space  𝑋,𝑑, 𝑘  . Then S and T have  a unique 

common  fixed point in X  if  there exists an 𝛼 

∈   (0,1)  and  a mapping  and they satisfy  

S(X) ⊂   𝑇 𝑋  and  

𝑑 𝑆 𝑥 , 𝑆 𝑦  ≤ 𝛼𝑑 𝑇 𝑥 ,𝑇 𝑦   for all x,y  in X . 

 

II. MAIN RESULTS 

Now we define digital Geraghty contraction for a a 

pair of maps in digital metric spaces.    

Definition: 2.1   Let   𝑋,𝑑, 𝑘  be any digital metric 

space. Let T and S be self maps on X.  

If there exists 𝛽 ∈ 𝑆   such that ,   𝑑 𝑆 𝑥 , 𝑆 𝑦  ≤

𝛽  𝑑 𝑇(𝑥),𝑇(𝑦  (𝑑 𝑇(𝑥),𝑇(𝑦 )  

 for all 𝑥, 𝑦 ∈ 𝑋 , then we say that (T,S) is a pair of 

Geraghty contraction maps in digital metric spaces.  

Now we prove the existence of common fixed 

points of Geraghty contraction maps in pair of maps 

in digital metric spaces.  

 

Theorem : 2.2   Let T be a  self of a complete 

digital metric space  𝑋,𝑑, 𝑘   and let (T,S) is a pair 

of Geraghty contraction maps in digital metric 

spaces such that 

(i) S(X) ⊂   𝑇 𝑋  
(ii)  T is continuous   

(iii) S and T are commutes.  

Then T and S have a unique common fixed point. 

Proof:   Let   𝑥0 ∈  𝑋,𝑑, 𝑘 ,   
            Since  S(X) ⊂   𝑇 𝑋 , we define the 

sequence 𝑇𝑥𝑛 =  𝑆 𝑥𝑛−1   for each 𝑛 ≥ 1. 
If   𝑇𝑥𝑛+1 =  𝑇𝑥𝑛+2  for some n then 𝑇𝑥𝑛+1 =
𝑆𝑥𝑛+1    𝑥𝑛+1is a coincident point of  𝑇 𝑎𝑛𝑑 𝑆. 
Without loss of generality, we assume that   if  

𝑇𝑥𝑛+1 ≠  𝑇𝑥𝑛+2    for each n, then we have  

𝑑 𝑇𝑥𝑛+2, 𝑇𝑥𝑛+1 > 0   

We consider  

  𝑑 𝑇𝑥𝑛+2 , 𝑇𝑥𝑛+1 =  𝑑 𝑆𝑥𝑛+1, 𝑆𝑥𝑛 ≤
 𝛽(𝑑 𝑇𝑥𝑛+1, 𝑇𝑥𝑛 )(𝑑 𝑇𝑥𝑛+1, 𝑇𝑥𝑛 )       (2.2.1) 

Since    𝛽 ∈ 𝑆,  

𝑑 𝑇𝑥𝑛+2, 𝑇𝑥𝑛+1 < 𝑑 𝑇𝑥𝑛+1 , 𝑇𝑥𝑛   , Which 

follows that { 𝑑 𝑇𝑥𝑛+2, 𝑇𝑥𝑛+1 } is a decreasing 

sequence of non-negative reals and so 

  lim𝑛→∞ 𝑑 𝑇𝑥𝑛+2, 𝑇𝑥𝑛+1   exists and it is r ( 

say).  

Now we show that  r=0. 

If r>0 then from (2.21) we have 

𝑑 𝑇𝑥𝑛+2, 𝑇𝑥𝑛+1   =  𝑑 𝑆𝑥𝑛+1 , 𝑆𝑥𝑛 ≤
 𝛽(𝑑 𝑇𝑥𝑛+1, 𝑇𝑥𝑛 )𝑑 𝑇𝑥𝑛+1, 𝑇𝑥𝑛  
 
𝑑 𝑇𝑥𝑛+2 ,𝑇𝑥𝑛+1   

𝑑 𝑇𝑥𝑛+1 ,𝑇𝑥𝑛  
≤ 𝛽  𝑑 𝑇𝑥𝑛+1 , 𝑇𝑥𝑛  < 1 for each 

𝑛 ≥ 1. 
            On letting    𝑛 → ∞,   we get  

            1=   lim𝑛→∞
𝑑 𝑇𝑥𝑛+2 ,𝑇𝑥𝑛+1   

𝑑 𝑇𝑥𝑛+1 ,𝑇𝑥𝑛  
≤

 lim𝑛→∞𝛽 𝑑𝑇𝑥𝑛+1,  𝑇𝑥𝑛≤1. 

               So that   𝛽  𝑑 𝑇𝑥𝑛+1 , 𝑇𝑥𝑛   → 1 as 

𝑛 → ∞,   that implies   

                  lim
𝑛→∞

𝑑 𝑇𝑥𝑛+1 , 𝑇𝑥𝑛  = 0. 

                   Hence r = 0.  

              Let {𝑥𝑛}    be a sequence in X such that 

𝑑 𝑇𝑥𝑛+1, 𝑇𝑥𝑛 → 0  as 𝑛 → ∞.   

               Suppose that{𝑥𝑛 }   not a Cauchy sequence.  

Then there exists 𝜖 > 0 integers  𝑚 𝑘    
             and    𝑛 𝑘    with   𝑚 𝑘 > 𝑛 𝑘 > 𝑘    

such that  𝑑 𝑇𝑥𝑚 (𝑘), 𝑇𝑥𝑛(𝑘) ≥ 𝜖           (2.2.2) 

          We choose 𝑚 𝑘 , the least positive integer 

satisfying𝑑 𝑇𝑥𝑚 (𝑘), 𝑇𝑥𝑛(𝑘) ≥ 𝜖  , then  

            we have  𝑚 𝑘 > 𝑛 𝑘 > 𝑘     with  

𝑑 𝑇𝑥𝑚 (𝑘), 𝑇𝑥𝑛(𝑘) ≥ 𝜖,𝑑 𝑇𝑥𝑚 𝑘 −1, 𝑇𝑥𝑛(𝑘) < 𝜖 

𝜖 ≤  𝑑 𝑇𝑥𝑚 (𝑘), 𝑇 𝑥𝑛(𝑘) 

≤    𝑑 𝑇𝑥𝑚 𝑘 ,𝑇 𝑥𝑚 𝑘 −1 

+  𝑑 𝑇𝑥𝑚 𝑘 −1,𝑇𝑥𝑛(𝑘)  

                                                               

<   𝑑 𝑇𝑥𝑚 𝑘 , 𝑇𝑥𝑚 𝑘 −1 +  𝜖. 

            Since  𝑑 𝑇𝑥𝑛(𝑘),𝑇𝑥𝑛(𝑘)+1 → 0   as 𝑘 → ∞, 

we have  𝜖 ≤  𝑑 𝑇𝑥𝑚 𝑘 , 𝑇𝑥𝑛 𝑘  <   𝜖 . 

                This implies   𝑑 𝑇𝑥𝑚 𝑘 , 𝑇𝑥𝑛 𝑘  → 𝜖    

as k    → ∞. 

𝜖 ≤  

     𝑑 𝑇𝑥𝑚 (𝑘), 𝑇𝑥𝑛(𝑘) ≤    𝑑 𝑇𝑥𝑚 𝑘 , 𝑇𝑥𝑚 𝑘 −1 +

 𝑑 𝑇𝑥𝑚 𝑘 −1, 𝑇𝑥𝑛 𝑘 +1  +    𝑑 𝑇𝑥𝑛 𝑘 +1,    𝑇𝑥𝑛(𝑘)  

                                       < 𝑑 𝑇𝑥𝑚 𝑘 , 𝑇𝑥𝑚 𝑘 −1 +

 𝜖 + 𝑑 𝑇𝑥𝑛 𝑘 +1, 𝑇𝑥𝑛(𝑘) . 

            Since  𝑑 𝑇𝑥𝑛(𝑘),𝑇𝑥𝑛(𝑘)+1 → 0   as 𝑘 → ∞, 

we have  𝜖 ≤  𝑑 𝑇𝑥𝑚 𝑘 , 𝑇𝑥𝑛 𝑘  <   𝜖  

This implies   𝑑 𝑇𝑥𝑚 𝑘 −1, 𝑇𝑥𝑛 𝑘 +1 → 𝜖    as k    

→ ∞. 
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                   𝜖 ≤  𝑑 𝑇𝑥𝑚 (𝑘),𝑇 𝑥𝑛(𝑘) 

≤    𝑑 𝑇𝑥𝑚 𝑘 ,𝑇𝑥𝑚 𝑘 +1 

+  𝑑 𝑇𝑥𝑚 𝑘 +1,𝑇𝑥𝑛 𝑘 −1 

+  + 𝑑 𝑇𝑥𝑛 𝑘 −1,𝑇𝑥𝑛 𝑘   

                              <𝑑 𝑇𝑥𝑚 𝑘 , 𝑇𝑥𝑚 𝑘 +1 +  𝜖 +

𝑑 𝑇𝑥𝑛 𝑘 +1, 𝑇𝑥𝑛(𝑘) . 

              Since  𝑑 𝑇𝑥𝑚 (𝑘),𝑇𝑥𝑚 (𝑘)+1 → 0   as 𝑘 →

∞, we have  𝜖 ≤  𝑑 𝑇𝑥𝑚 𝑘 , 𝑇𝑥𝑛 𝑘  <   𝜖  

This implies   𝑑 𝑇𝑥𝑚 𝑘 +1, 𝑇𝑥𝑛 𝑘 −1 → 𝜖    as k    

→ ∞. 

       𝑑(𝑇𝑥𝑚 (𝑘)+1  , 𝑇𝑥𝑛(𝑘)) =  𝑑(𝑆(𝑥𝑚 (𝑘) ) , 

𝑆(𝑥𝑛(𝑘)−1)) 

≤ 𝛽   𝑇 𝑥𝑚 (𝑘),𝑥𝑛(𝑘)−1  𝑇(𝑥𝑚 (𝑘), 𝑥𝑛(𝑘)−1)         

 

 
𝑇(𝑥𝑚 (𝑘)+1   ,𝑇𝑥𝑛 (𝑘)) 

𝑇(𝑥𝑚 (𝑘),𝑇𝑥𝑛 (𝑘)−1)
≤

𝛽   𝑇 𝑥𝑚 (𝑘), 𝑥 𝑛(𝑘)−1  < 1 

On letting𝑘 → ∞, we get  

            1= 
𝜖

𝜖
≤ lim

𝑘→∞
𝛽   𝑇 𝑥𝑚 (𝑘), 𝑥𝑛(𝑘)−1  ≤ 1. 

         So that   𝛽   𝑇 𝑥𝑚 (𝑘), 𝑥𝑛(𝑘)−1  → 1   

as 𝑘 → ∞ ,  

         since   𝛽 ∈ 𝑆,𝑇 𝑥𝑚 (𝑘), 𝑥𝑛(𝑘)−1 → 0   

as 𝑘 → ∞.    

          Hence it follows that   𝜖 = 0,    a 

contradiction. 

             Therefore {𝑇𝑥𝑛}    is a Cauchy sequence in 

X, and since   𝑋,𝑑, 𝑘  is a complete digital              

metric space, 𝑆𝑛 𝑥   converges in  𝑋,𝑑, 𝑘 . 
             Since T(X) is complete,  

        there exists 𝑢 ∈ 𝑇 𝑋   such that    

lim𝑛→∞ 𝑇𝑥𝑛+1 =  lim𝑛→∞ 𝑆𝑥𝑛 =  𝑇𝑢 = 𝑢   for 

some                            𝑦 ∈ 𝑋.   
Suppose that if  𝑆𝑦 ≠  𝑇𝑦   i.e.,  𝑑(𝑆𝑦 ,𝑇𝑦  ) > 0  . 

Since {𝑇𝑥𝑛   }is a decreasing sequence of non-

negative reals and  {𝑇𝑥𝑛   }  converges to Tu for 

some  𝑢 ∈ 𝑋. 
𝑑 𝑆𝑥𝑛 ,𝑆𝑢 ≤  𝛽(𝑑 𝑇𝑥𝑛 ,𝑇𝑢 )𝑑 𝑇𝑥𝑛 ,𝑇𝑢𝑢  

On letting  𝑛 → ∞.    

 lim𝑛 → ∞     𝑑 𝑆𝑥𝑛 , 𝑆𝑢 ≤  lim𝑛 →
∞    𝛽(𝑑 𝑇𝑥𝑛 ,𝑇𝑢 )𝑑 𝑇𝑥𝑛 ,𝑇𝑢    
   lim𝑛 → ∞    𝑑 𝑆𝑥𝑛 , 𝑆𝑦 ≤  lim𝑛 →
∞    𝛽(𝑑 𝑇𝑥𝑛 ,𝑇𝑢 )𝑑 𝑇𝑢,𝑇𝑢    
 

lim𝑛 → ∞    𝑑 𝑆𝑥𝑛 , 𝑆𝑢 = 0 

𝑑 𝑇𝑢, 𝑆𝑢  =0 

Therefore Tu=Su  and hence u is a coincidence 

point of T  and S. 

Since S and T commutes so that S(T(𝑥𝑛 )= T 

(S(𝑥𝑛))  for all n. 

Thus S(u)= T(u), and consequently  by 

commutativity , T(T(u))= T(S(u))= S(S(u)). 

So that T(S(u))= S(T(u)) = S(S(u)). 

Suppose that  𝑑(𝑆 𝑢 , 𝑆(𝑆 𝑢 )   >0  

𝑑(𝑆 𝑢 , 𝑆(𝑆 𝑢 )   

≤ 𝛽  𝑑 𝑇(𝑢 ,𝑇(𝑆(𝑢) 𝑑(𝑇 𝑢 ,𝑇(𝑆 𝑢 ))     

𝑆𝑖𝑛𝑐𝑒 𝛽 𝑖𝑛 𝑆, it follows that 

𝑑(𝑆 𝑢 , 𝑆(𝑆 𝑢 )   <  𝑑(𝑇 𝑢 ,𝑇(𝑆 𝑢 ))     

𝑑(𝑆 𝑢 , 𝑆(𝑆 𝑢 )   <  𝑑(𝑆 𝑢 , 𝑆(𝑆 𝑢 ))    , which is 

contradiction 

𝑠𝑜 𝑡𝑎𝑡   𝑑(𝑆 𝑢 , 𝑆(𝑆 𝑢 )   =0 

𝑎𝑛𝑑 𝑒𝑛𝑐𝑒  𝑆(𝑢))
= 𝑆(𝑆 𝑢  𝑠𝑜 𝑡𝑎𝑠 𝑆 𝑢 𝑖𝑠 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑆. 

S(u) is common fixed point of S and T.  

 

Theorem 2.3.  Let T be a  self of a complete digital 

metric space  𝑋,𝑑, 𝑘   and let (T,S) is a pair of 

Geraghty contraction maps in digital metric spaces 

such that 

(i) S(X) ⊂   𝑇 𝑋  
(ii)  T is continuous   

(iii) S and T are weakly commutative.  

Then T and S have a unique common fixed point. 

Proof :   

As in the proof of the theorem {𝑇𝑥𝑛 }    is a Cauchy 

sequence in X, and since   𝑋,𝑑, 𝑘  is a complete 

digital metric space, 𝑆𝑛 𝑥   converges in  𝑋,𝑑, 𝑘 . 
Since T(X) is complete,  

there exists 𝑢 ∈ 𝑇 𝑋   such that    lim𝑛→∞ 𝑇𝑥𝑛+1 =
 lim𝑛→∞𝑆𝑥𝑛= 𝑇𝑢=𝑢   for some  𝑦∈𝑋.   
Suppose that  if  𝑆𝑦 ≠  𝑇𝑦   i.e.,  𝑑(𝑆𝑦 ,𝑇𝑦  ) > 0   

we get Since S and are weakly  commutative   

𝑑(𝑇(𝑆 𝑥𝑛 , 𝑆(𝑇 𝑥𝑛 )   ≤ 𝑑(𝑇(𝑥𝑛), 𝑆 𝑥𝑛        
Which implies d(T(u), S(u)) ≤ 𝑑(𝑢,𝑢)       
Therefore T(u)= S(u) and hence u is a  coincidence 

point of S and T.  

So that T(S(u))= S(T(u))= S(S(u)) 

Suppose that  𝑑(𝑆 𝑢 , 𝑆(𝑆 𝑢 )   >0  

𝑑(𝑆 𝑢 , 𝑆(𝑆 𝑢 )   

≤ 𝛽  𝑑 𝑇(𝑢 ,𝑇(𝑆(𝑢) 𝑑(𝑇 𝑢 ,𝑇(𝑆 𝑢 ))     

𝑆𝑖𝑛𝑐𝑒 𝛽 𝑖𝑛 𝑆, it follows that 

𝑑(𝑆 𝑢 , 𝑆(𝑆 𝑢 )   <  𝑑(𝑇 𝑢 ,𝑇(𝑆 𝑢 ))     

𝑑(𝑆 𝑢 , 𝑆(𝑆 𝑢 )   <  𝑑(𝑆 𝑢 , 𝑆(𝑆 𝑢 ))    , which is 

contradiction 

𝑠𝑜 𝑡𝑎𝑡   𝑑(𝑆 𝑢 , 𝑆(𝑆 𝑢 )   =0 

𝑎𝑛𝑑 𝑒𝑛𝑐𝑒  𝑆(𝑢))
= 𝑆(𝑆 𝑢  𝑠𝑜 𝑡𝑎𝑡 𝑆 𝑢 𝑖𝑠 𝑎 𝑓𝑖𝑥𝑒𝑑 𝑝𝑜𝑖𝑛𝑡 𝑜𝑓 𝑆. 

S(u) is common fixed point of S and T.  

 

Application of Geraghty Common fixed point 

theorems in Digital metric spaces.  

The complex issue of storage of images 

involving limited memory can be resolved by 

resorting to digital contractions. In this connection 

the common fixed point theorem   can be of 

immense help in reconfiguring the image storage. 

To preserve a specific image in a memory slot 

which has been already utilized, the image has to be 

substituted by a contraction constant with a function 

of specific property. This is enabled by the 

imposition of compatibility or commutative among 

the  pair  of maps.  
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III. CONCLUSION: 

In this paper we introduced common fixed 

point theorems with Geraghty type contractions for 

the digital metric spaces , using commutative  and 

weakly commutative mappings. This concept may 

be of immense help in reconfiguring the image 

storage . 
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