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ABSTRACT

In this paper, a relation for finding type-Il discrete sine transform (DST) from type-I discrete Hartley transform
(DHT) has been derived. The transform length N is taken as even. Using this relation, the (N - 1) output
components of DST can be realized from DHT. The DHT is one of the transforms used for converting data in

time domain into frequency domain using only real values.
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l. INTRODUCTION

Discrete transforms play a significant role in
digital signal processing. Discrete cosine transform
(DCT), discrete sine transform (DST) are used as key
functions in many signal and image processing
applications. There are eight types of DCT and DST.
Of these, the DCT-II, DST-IIl, DCT-IV, and DST-IV
have gained popularity. The DCT and DST transform
of types I, I, 11l and 1V, form a group of so-called
“even” sinusoidal transforms. Much less known is
group of so-called “odd” sinusoidal transforms: DCT
and DST of types V, VI, VIl and VIII.

The DST was first introduced to the signal
processing by Jain [1], and several versions of this
original DST were later developed by Kekreet al.[2],
Jain [3] and Wang et al. [4]. Ever since the
introduction of the first version of the DST, the
different DSTs have found wide applications in
several areas in Digital signal processing (DSP), such
as image processing[1,5,6], adaptive digital
filtering[7] and interpolation[8]. The performance of
DST can be compared to that of the DCT and it may
therefore be considered as a viable alternative to the
DCT. For images with high correlation, the DCT
yields better results; however, for images with a low
correlation of coefficients, the DST yields lower bit
rates [9]. Yip and Rao [10] have proven that for large
sequence length (N >32) and low correlation
coefficient (p< 0.6), the DST performs even better
than the DCT.

The discrete Hartley transform (DHT) [11],
[12] plays an important role in many digital signal
processing (DSP) applications since it is a good
alternative to the discrete Fourier transform (DFT)
for its real-number operations. One of the main
attractions of DHT is that it only involves real
computations in contrast to complex computations in
the DFT. In addition, the inverse DHT has the same
form as the forward DHT, except for a scaling factor.
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Therefore, a single kind of program or architecture
can be used to carry out both the forward and inverse
DHT computations. The DHT is one of the
transforms used for converting data in time domain
into frequency domain using only real values.

Over the years, the DHT has been established
as a potential tool for signal processing and
communication applications, e.g., computation of
circular convolution, and deconvolution [13], [14],
interpolation of real-valued signals [15], image
compression [16], [17], error control coding [18],
adaptive filtering [19], multi-carrier modulation and
many other applications [20]-[22]. Fast
implementation of one-dimensional (1-D DHT) has
attracted many attentions [23]-[25]. However, DHT
is computation intensive.

In this paper, an expression for finding DST-
Il from DHT-I for even transform length N has been
derived. The (N -1) output components of DST can
be realized from DHT by this method. The data flow
diagram for realization DST from DHT is shown.

The rest of the paper is organized as follows.
The relation between Type-ll DST and Type-1 DHT
has been derived in Section-11. Conclusion is given in
Section-111.
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I1. RELATION BETWEEN TYPE-II DST AND TYPE-I DHT
Let x(n),n =0,1,2, ...., N — 1, be the input data array. Then, the one- dimensional type - || DST can be defined
as

Y(k) = \/%ck YN-lx(n)sin [k(znﬂ)”] fork=12,..,N (1)

where Y (k) represents the transformed data. The value of ¢, is given by

={1/J§if k=N

lotherwise

Without loss of generality, the scale factor \/%ck in (1) can be omitted. After omitting the scale factor, (1) can

be written as

Y(k) = ¥Vz1 x(n) sin ["(2"“)”] fork=12,..,N 2)
The one-dimensional type-1 DHT of input sequence {u(n):n = 0,1,2,. — 1} is defined as
1 _ 2mk
H(k) = \/—ﬁz,ﬁlzéu(n)cas (%) fork = 0,1,2, o, N=1 (3)

where casf = cos 8 + sin 6.
lgnoring the scale factor 1/+/N, (3) can be written as

H(k) = YNt u(n)cas (ann) fork=0,12,...,N—1 (4)
Taking the transform length N as even, define

x(2n) ifn=012,....., %—1

u(n) = N (5)
X(2N -2n-1) if n = N-1

Substituting (5) in (4), we have

H(k) = % o X(2n)cas (ann) + ZN &x(ZN —2n—1)cas (me) (6)

fork=012,..,N—1
Since,2n is even, the first term in RHS of (6) is written as
N
2mk K
2o x(@n)cas (57) = T even x(m)cas (75) 7)
Expanding the second term in RHS of (6), we obtain
ZN Nx(ZN —2n— 1)cas (ann) =

x(N — Dcas(mk) + x(N — 3)cas (nk + ﬂ) + -+ x(Dcas (27tk — ﬂ) (8)
fork =0,1,2,. -1
In the first term of RHS of the above expression,
cas(nk) = cas(—mnk) (9)
The second term in RHS of (8) can be expressed as

2mk

x(N = 3)cas (mk +22) = x(N — 3)cas |21k — (N — 2) =]
=x(N - 3) {cos [27rk - (N-2) %k] + sin [an — (N — 2)%"" }
=x(N —3) {cos [(N —-2) %] — sin [(N — 2)%‘ }
=x(N —3) {cos [—(N -2) %k] + sin [—(N -2) %k]}

= x(N — 3)cas [—(N -2) %] (10)
Similarly, the last term in RHS of (8) can be written as
k k
x(1) cas (27Tk — %) = x(1)cas (— 2%) (11)

Substituting (9),(10) and (11) in RHS of (8) and reversing the order of terms in RHS, we obtain
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= 2mkn
Z x(2N — 2n — 1)cas< N

N
n=3

) = x(1)cas (— %) + -+ x(N —3)cas [—(N — 2)71rv_k

+x(N — 1)cas(—nk)

k K
or ZN N x(ZN —2n—1)cas (Zn n) Yom oaa X(M)cas [— %} (12)
fork=012,..,N—-1
Substituting (7) and (12) in (6), we get
H(k) = Zm even x(m)cas (ank) + Zm odd x(m) cas [_ W] (13)

Multiplying (13) with cas (— %), we have
H(k)cas (— %) = Ymeven X(M)cas (ank) cas (— %)

+ Ymoaqa X(M)cas [— (m+13)nk] cas (— ﬂ) (14)
fork=01,2,..,N—-1

Consider the identity
cas 0 cas ¢ = cos(0 — g) + sin(0 — ) (15)
Using (15) in RHS of (14), we obtain

H(k)cas (‘ ﬂ) = Y even X(M) [cos (mnk + ) + sin (mnk + )]

2N
Tk (m+1)n:k . (m+1)mk
+ Y oaa x(M) [cos{—ﬁ+ ~ } + sm{— + }]
T (2m+1)rmk .. 2m+)rnk
or H(k)cas (— 5) Yom even X (M) [cos oy +sin—— ]
+ Y 0aa x(M) [cos (zm;;)"k + sin amﬂ)nk] (16)
fork=01,2,..,N—-1
Replacing k by (N — k) in (13), we have
N-k +1)T(N-k
H(N — k) = ¥ even x(M)cas [mn(N )] + Ym oaa X(M)cas [_ % (17)
Multiplying (17) with [— cas (%)], we obtain
k mm(N-k)
—H(N — k)cas (:—N) = — Y meven X(M)cas [HT] cas ;I—N
(m+1)n(N-k k
— Yimoaa X(M)cas [— m+()] cas (;I—N) (18)
fork=0,12,..,N—-1
Using the identity (15) in RHS of (18), we have
Tk _ mn(N-k) _ Tk . (mm(N-k) _mk
—H(N — k)cas (ﬁ) Yom even X (M) [cos {71% : 2N} + sin {71\] ( 21;]}]
m+1)n(N—-k) . (mk m+1)w(N-k)
— Y oda X(M) [cos { e } + sin {5 L
(2m+1)mk . (2m+1)mk
= — Y m even X(M) [cos {mn - T} + sin {mr[ - T}]
— Yo oaq X (M) [cos {(m + D — Lmﬂ)”k} + sin {(m + 1 — 7(21”;13)%}]
(2m+1)rmk . (2m+Drk
= = Do even 1) [cos {70 — sin (G270
m+1)nk . m+1)nk
= Zim aaax(m) [cos {2 — sin {0}
mk (2m+1)rk . (@Cm+1)rk
or —H(N — k)cas (ﬁ) = Ym even X (M) [—cos {T} + sin {T}]
(2m+1)nk . (@m+Drk
+ Y 0aq x(M) [— cos {—Nn} + sin {Tn}] (19)

Adding (16) and (19), the cosine functions cancel and we get

H(k)cas (— %) — H(N — k)cas (% =2 [ Z %(m) sin {(Zm ;—Nl)ﬂk} N Z X(m) sin {(Zm ;—Nl)ﬂk}l

meven modd
k(2m+1)n]

or —[H(k)cas( ) H(N — k)cas (nk)] N1 x(m) sm[ o
fork=012,..,N-1

(20)
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According to (2), the RHS of above expression represents the type-Il discrete sine transformY (k). Hence, we

have

Y(k) = %[H(k)cas (— Z—k) — H(N — k)cas (%)] (21)

N
fork=01,2,..,N—-1

Since DST is given for k = 1,2, ..., N, the (N — 1) output components Y (k) of DST can be realized from DHT
using (21).
Taking a = %, the above expression (21) can be written as

Y(k) = %[H(k)cas(—a) — H(N — k)cas af

= %[H(k)(cos a —sina) — H(N — k)(cos @ + sin a)]
= Y(k) = [H(k) = H(N = k)] (Gcos @) + [H(k) + HN — k)] (= 3sina) (22)
fork=12,..,N—1

The above expression gives the relation between type-11 DST and type-1 DHT. The (N -1) output components of

DST-1I can be realized from DHT-I using (22). The data flow diagram for computation of DST-II from DHT-I
using (22) is shown in Fig.1.

2
H(K) '\ /@
S

H(N-K) - : @ g

75(:0&(.!
7k
=—:k=12.,N-1
o= 12
Fig.1. Data flow diagram for computation of DST-I1 from DHT-I.
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