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I. INTRODUCTION, NOTATIONS AND
DEFINITIONS

1.1 Introduction

In Chapter 1 of the Ph.D. thesis of Ahmed
[15] we have proved the existence and unigueness of
a solution for certain types of delay (functional)
stochastic differential equations (delay SDE’s) with
discontinuous initial data,see also [1], [9] and the
web cite www.sfde.math.siu.edu. See the delay SDE
(1.1) in the present work. In [18] we have
established an integration by parts formula involving
Mallivan derivatives of solutions to such type of
delay (functional) SDE’s. The integration by parts
formula which we establish can be used to extend
the formulas in [2] and [3] and to include delay
SDE’s as well as ordinary SDE’s. In this work we
also establish some other useful applications to delay
SDE’s. Generally speaking we can say that our work
extends the first three chapters of the work by Norris
to include delay SDE’s as well as ordinary SDE’s;
see Theorems 2.3, 3.1 and 3.2 in [10] .

1.2 Notations and Definitions

The following notations and definitions
will be used throughout this work: (2, F,P) is a
probability space; T is a positive real number;
{Fi}tero,r; is an increasing family of sub-o
algebras of F, each of which contains all null
subsets of £; N is the set of natural numbers;
w=wW?. , W)[T]|x2->R" is a r-
dimensional normalized Brownian motion. If X is

X(t) ={

WwWw.ijera.com

V4 [ f X, X)du+ Sy [5 g° wXW), X,)dW(w), 0<t<T,
6(0),
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a topological space, then B(X) denotes its Borel
field. The symbol A refers to the Lebesgue
measure on R¢, and |- | denotes the Euclidean
norm on R%, d € N.

Let G be a Banach space and let A be a sub-o
algebra of F containing all subsets of measure
zero in F, then L?(, A, P; G) denotes the space
of all functions f:02 — G which are A-B(G)
measurable and are such that fnllfllé dP < oo,
The symbol L?>(Q,A,P;G) denotes the Banach
space (with norm determined by ”f"iz =

fﬂllf(w)llé dPP) of all equivalence classes of
functions f:2—->G which are A-B(G)
measurable and which are such that fﬂ IIfllé dP <
oo, The symbol L(R™,R") (m, n € N) denotes the
space of all linear maps from R™ to R". The
symbol J refers to the interval [—1,0), and H (J)
or B(J) refers to the Borel field on J.

If X:[-1,T] x 2 > R? is a process, then for each
te[0,T] and w €N we define the map:
X.:0 - L2(J,RY) by X, (w)(s) = X(t +s,w) for
all s € ] and almost all w. Foreach 0 <t <T we
write [|(X(£), X)I* = IX(OI* + IX,I%. Let the
function V belong to L2(2, Fy, P; R%), 6 belong to
L2XxQ,H(]) Q Fop, A Q P; RY), and for
£=12,..,r let f ,gf be functions from
[0,T] X 2 x RY x L2(J,R%) to R%. Then a process
X:[-1,T] X2 > R% is called a solution of the
delay SDE with integral form

1.1
el (1.1
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If
(i) X is B([0,T]) ® F-B(R%) measurable;
(i) For eacht € [0, T], the process X (t,") is F,-B(R%) measurable, and for each t € J, the process X(t,") is
Fo-B(R%) measurable;
(ii)X € L2([-1,T] X 2, H x F,A x P; RY),
(IV) Xsatisfies the delay SDE(1.1).
The following conditions are sufficient for the existence of a unique solution to (1.1) (see [1] and [15]).
() V € L2(Q2,Fy, P; RY).
(ii)0 € L2(J x 0, H @ Fop, A @ P,R?).
(iii) £, g%: [0, T] x 2 x R¢ x L2(J,R?) » R¢ are such that
(a) fandg® are B([0,T]) ® F ® B(R%) ® B(L?(J, R%))-B(R%) measurable.
(b) For each t € [0, T], the stochastic variables f (t,-,,) and g"(t,-,-,-) are
F, ® B(RY) ® B(L%(J,RY))-B(R?) measurable.
(c)There exists a constant K and a function { € L?(2, F, P; R%) such that
f(t, w5, W) + Ty g (8, w,5, )| < K(Is| + IR+ 1 (w)]) (1.2) (1.2)
for almost all w and for all t € [0, T]; s € R% and h belongs to £L2(J, R%).
(d) There exists a constant K’ such that, for almost all w,
|f(t' w, S, hl) - f(t' w, U, hZ)l + Z;:1|g£(t' w, S, hl) - gf(t, w, U, h2)|
< K'(]s —u| + llhy — hyll)
forallt € [0,T]; forall s, u € R, and for all hy, h, € L2(J,RY).

(1.3)

I1. INTEGRATION BY PARTS FORMULA
In the beginning of this section we recall the following eight basic numbered equations and definitions,
See (16) and (17). For(X(0),X,) = (x,&) € R% x L?(J,R%), letv = D’X*%(t), be the Malliavin derivative
of the solution processX™¢ (t). We write DVX,"* (9) = D"X*% (¢t +9) (t € [0,T], 9 € ] = [~1,0)) for its
time delay. In the following definition we give a precise definition of the Malliavin derivative of a real-
valued functional F of Brownian motion.
IDefinition: Let F((W(s))o<<r) be a functional of r-dimensional Brownian motion, and let v(t) =
v (t)
@), ., v @) = be a deterministic vector-valued function in L?([0,T],R" ® R%). Then
v (t)
DYF((W (s))g<s<r) is given by the limit:

DYF((W(s))o<s<r)

= tim(F (W) + e v(@)do),__) = FIW ($Dosz)) D
The mapping v = DYF((W (5))g<<r) is a linear map (functional) from the space L?([0,T], R" ® R%)toR.
Here R” ® R? denotes the space of all 7 X d-matrices (r rows, d columns).

vi(t)
Notice that, for v(t) = (v!(¢t), ..., v" (£))* = : be a deterministic matrix-valued function in

v (1)
L2([0,T],R" ® R%), UV (t) can be considered as a d X d-matrix where each entry is an R-valued adapted
stochastic process; U} can be considered as a d X d-matrix where each entry is an L (J, R)-valued

adapted stochastic process. If M = (my, )1<j<d | s areal d X r matrix, then M* = (my;)

denotes its transposed: it is 7 X d matrix with entriesmy;.

1<k<r,15j<d

The process D”th'f () satisfies the following delay stochastic differential equation:
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dD"X, (9) = dDYX(t +9)
= (% (t +9,X(t +9), X,49)D"X(t +0)

a
+]] % (t+9,X(t+9), X 19)(@)D X, (@) dw) dt

’ (2.2)
+ oy 2 (t+ 9, X(t + ), X 19)DVX(t +9)dW (£ + 0)

aa?
+ Xoe1 J; 5 (49, X(E +0), Xe19) (9D Xe19 (9) dep W (£ + )

+ 30198 (t+9,X(t+9), X po)VE(t +9,X(t +9), X, p9)dt,
Where 9 belongs to J. If t + 9 belongs to ] we replace t + 9 with 0 in (2.2). If 9 = 0 we obtain the delay
stochastic differential equation for the processD” X (t):

dDVX(t)

- (L@ 10D X + [ 2 KO X)X, @) e
Py aat (2.3)
+ 25 (5 (6, X (0, X)D"X(®) + [, (6 XD, X)OIDYX, )av) dw ()
+X=1 9° (6 X (O, X)v (6 X (), Xt
We also writeU¥ (t) = = x*¢(t), andUZ{ (¢) = 2 X*¢(t). In addition, we write UZ¥ (£) = = x*% = y**
11 ax ’ 12 P . 4 21 ax 't 11,t

(the delay ofU}* (t)), andUjy (t) = %th'f = lez'i, the delay of the processU;5 (t). The matrix U3’ (t) can

be identified with an operator from R¢ to itself, the matrix lez'f (t) can be considered as an linear mapping
from L?(J,R%) to R¢, the matrix U;Cf(t) as a mapping from R¢ to L?(J,R%), and, finally, U;f(t) as a
mapping from L?(J, R%) to itself. Notice that lef (t) can be considered as d X d-matrix where each entry

is an R-valued adapted stochastic process; Ufz‘f (t) can be considered as d X d-matrix where each entry is
an L?(J,R)-valued adapted stochastic process. To be precise, write the solution process as a d-vector

X*5(t) = (Xl’c'E ), ., X% (t)), and consider the mapping (1 < j, k < d)
%8158 k=18 k Sk +1-48d)
& - X ), (24)
Which is a mapping from L?(J, R)toR, and where each variable&,,,l # k, is a fixed function in L?(J, R). The

derivative of the function in (2.4) can be considered as a continuous linear functional onL?(J, R).
Therefore it can be represented as an inner-product with a function in L?>(J,R), which is denoted by

XS (1)
L Consequently, we write
9tk q y
BX;C’Sc(t) _ X;‘r(flr---rfk—lfk‘””i'fk+1w-fd)(t)_xffr(flr---ffk—l'fk'§k+1'---'5d)(t)
m im
a¢ h—0 h (2.5)
ax*s

_ W2 2
=n@)——@)de, neL’(R).

After giving a brief introduction to our work, we are now ready to continue the work that we have started
in (16).

Here, and in the sequel, we write f(t) and g¢(t) instead of f(t,Xx'f(t),th'{) and g*’(t,Xx'f(t),th'f)

respectively. For a concise formulation of the stochastic differential equation for the matrix-valued
process (U(t):t =) and its inverse we introduce the following stochastic differentials:
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h(t) = —(t)dt +Z—(t)d WD), (2.6)

he (£) (t)d t+ Z 99" yawt o 2.7)

of

=5t Z—(t 9)d W (£)(2.8)

he (£,9)

Advanced Applications of the Integration by Parts Formula:
Relevant SDE’s are (v(t) is a r X d matrix-valued adapted process: d columns, r rows)

dDVX(t) = h,(t)DVX(t) + J he (t,9)D"X,(9) d9 + z gt Vi) dt; (2.9
7 =1
ave(t) = —VY(t)h,(t) = V" (t) f he (t,9)D"X,(9) dﬁ(D”X(t))_l
]
b N\ (29°() 9g'(t,9) vorn-1\
+V (t);( > +f g D) a9(D"X (1)) > dt; (2.10)
dU®(t) = h (U (t) + J he (£,9)DX,(9) d9(DVX(0)) UP().  (2.11)
]

2Theorem.Suppose the vector vis chosen in such a way that the Malliavin derivative DV X (t) is invertible.
Put,for1<f¢<r,
i g°

BYO(t) = Z ( )+ f,

£=1

2
9 (t,9)D?X,(9) (D" X(£))~ 1d19> (2.12)

- f %(t,ﬁ)DVXt(ﬁ)(D”X(t))_ldﬁ - g(t);
]

BYE(t) =‘;—‘f(t)+ | 3 (t 9)DVX, (ﬁ)(D"X(t)) do. (2.13)
Then
r
B8Y0)= 3 (B! ()2 - 19 (t, 9DV X¢(9) (DX (1) Lds— T (),
/=1 30¢ OX
and
r
dvV () =V () BYO(t) dt—vY (t) =BV (t)dw’ (1). 2.14)
/=1

Suppose, in addition to the invertibilityof DX (t), that the matrices B*(t), £ = 0,1, ..., r are uniformly
bounded. Under these hypotheses it follows that the inverse of the covariance matrix

fot VY (s) Y51 g¢ (s)vi(s)"ds belongs to LP (2, F,P) for all 1 < p <  ifand only if the inverse of the
Malliavin derivative DV X(t) does so.

Proof.This assertion follows from the equality

-1
v -1 — t v £ £ T v
D X))~ = (f VX g ()v(s) d5> ve(o), (2.15)

£=1
in conjunction with the equality:

-1
(D"X<t))‘1m<t)=<f HAOM g*’(s)vf’(s)fds) (2.16)

£=1
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From (2.14) together with the boundedness of the processesB”(t), 0 < ¢ < r, it follows that, for each
0 <t < T the stochastic variable VV”(t) belongs to L? forall 1 < p < oo. Since

dur(t) = h,(OU(t) + f] he (£,9)DVX,(9) d9(D*X(0)) ' U ()

d 9 .
_ <£(t) + f ja—é(t,ﬁ)mxt(ﬂ)(mx(t)) ldﬁ) Uv(t) dt

+ ) B (t)dW*(t) (2.17)

the same is true for the process U”(t). The assertion in the theorem then follows from
(2.14),(2.15),(2.16),(2.17) and the arguments in Norris’ paper.
3 Dfinition. In Stratonovich form our delay SDE (1.1) reads as follows (8 € L?(J, R?%) is replaced with
& € L*(J,R%) and X(0) = V is replaced withx):

r

ax@) = g’t)yde + Y g () cdwi(t), X(0)=x X@) = &), ford €],

=1
where we write

" £
f@wf)=ﬂama—22;%ﬂamﬂfﬁﬂf)

Fix(x, &) € R¢ x L*(J, R%). Consider the span of the Lie brackets:
. . . r
A ON N OR GI A GR O] PR A G IZ RO I

and so on. If at the point (x, ) this span is all of R, then we say that the coefficients f(t), g' (t), ..., g" (t)

satisfy Hormander condition at the point (x, £).

4Theorem.Suppose that Hormander’s condition is satisfied at the point(x, {). Then there existsar X d
vl

matrix v = ( : ) such that the Malliavin covariance matrix

.UT

tV” (s) Y g° (s)vi(s)'ds
)

is invertible with inverse in L? (2, F, IP) forall 1 < p < 0. Here, for given v, the Malliavin derivative
DVX(t), V¥ (t), andU"(t) satisfy the next stochastic differential equations respectively:
r

dDVX(t) = h,(t)D'X(t)+ J he (t,9)D"X,(9) dI + Z gt Vi) dt; (2.18)
I =1
ave(e) = —VV(t)h,(t) = V¥(t) f he (¢,9)DV X, (9) dﬁ(D”X(t))_1(2.19)
]

2

r Y ¢
+V"(t)z (ag ;t) + f anxt(ﬁ) dﬁ(D”X(t))_1> dt;  (2.20)
=1 J

F} 9&
auvv(t) =h,(@U"(t)+ J he (t,9)DVX,(9) dﬁ(D"X(t))_lU"(t). (2.21)
]

It turns out that, under appropriate initial value conditions, like D*X(0) = 0, V¥(0) = I,and U"(0) = I,
the equalities

UY(6)V¥(t) = T and D'X(t) = U(6) f, V¥ (5) Tgey 9° (S)VP(s)7ds  (2.22)

holdfor0 <t <T.
Proof.For 9 € ] we rewrite the expression DX, (9)D”X(t)! as follows
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DX, (9)D"X(t)" = DVX(t + 9)DVX(t) !
(t+9)VO0 r . -1
=U"(t+ 19)J- V7 (s) Z g° ($)v¥(s)"ds (fo Vi(s) Y g*’(s)v"(s)%s) VY (t)
0 = =1
U+ 9)CH(E + 8)CH (D) V(D) (2.23)

where C(t) = fot VY (s) Y51 g° (s)vi(s)"ds. Substituting (2.23) in the equations (2.20) and (2.21) and
using (2.22) we obtain:

dve(t) = —VU()h, (t) — V¥ (1) f] he (£,9)U°(t + 9)CY (¢ + 9)C"(t) "V (¢) d9

2

r £ £
+ V”(t)Z(a“%—f)+J- ]%;ﬁ)w’(t+19)C”(t+19)C”(t)_1V”(t)d19> dt; (2.24)

dUY(t) = h, (DU () + f]hf (&, UV (t + 9)C(t +9)C? ()L do. (2.25)

Fix. t > 0. We need the following lemma about the family of matrices U”(s)C"(s),0 < s < t.
5Lemma. Suppose that there exists a real constant C; such that for every 0 < s; < s, < t and for every
x € R" the following inequality holds:

, —2(U"(51)C7(s1)x, (U (55)C7 (s2) — U (51)C7 (51)x)
(2::—1 U7 (s)CY (s)x1> + UV (s2)CV(s2) — U¥(s1)C " (s)x1% (2.26)

Ci

<

Then, forall 0 < s; < 5, < t, the next inequality is valid:
0¥ (s)C7(s1)CY(s) 7MUY (s)7HIP < G + 1. (2.27)

Here the space R" is equipped with the Euclidean norm and ||T|| stands for the corresponding operator
norm of the matrix T considered as an operator on the Hilbert space R".
Remark. The inequality in (2.26) says that for no x € R" the vector

(UU(Sz)CU(Sz) - UV(S1)CV(S1))9C

can be written as a negative scalar multiple of the vector C"(s;)x; in fact the angle between these two
vectors is always strictly positive. More presicely, write

((U¥(s2)C"(s2) = U"(51)C7(51))x, U”(s1)C" (51)x)
= lU"(52)C7(s2) = U¥(s1)CY(s)x U (s1)C (s1)xl|cosiw (s, 52, %)) (2.28)

Then (2.26) is satisfied, provided

2
t

Ci+1
ProofFix 0 < s; < s, < t. Then we have by inequality (2.26)

—cos(w(sl,sz,x)) <

(C2 + 1)UV (s2)CV (52)x, UY (52)CV (59)%) — (UV (s)C¥ (s)x, U¥ (51)v(51)x)
= (C2 + DU ()€ (s)x — UY(s)C¥ (sxll* + UP (s (sx||1?
+2R(UY(s2)C¥ (s2)x — U (s1)C"(s1)x, U"(sl)C"(Sl);d }=lIC (spxll?

G

=(Ct+1) {IIU”(Sz)C”(Sz)x — U¥(s1)C"(spxlI* + T NU” (s C (s)x|I?
+2R(U"(s5)CV(s)x — U"(s1)C"(s1)x, U (s1)C"(s1)x) }=0.

(2.29)
From (2.29) we obtain the operator inequality in Hilbert space:
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C¥(51)"U"(s1)"U"(51)C"(s1) < (Ctz + 1)C(52)"U"(52)"U"(52)C7(s,) (2.30)

Then we have

U7 (s1)C¥(51)C¥ (s2) 7 UV ()7 HI?
= [[(U(s)) 1€ (s))71CY (1) UV (1) UV (51)CV (51)C(5) U (s) M|
S (CE+DICP(s) U (52)) T (5) U ()" U (52)CV (52)C (5) 71U (s) M|

=C2+1.

The inequality in (2.31) implies inequality (2.27) in Lemma5.

Remarks:

1. All the results which we have established
in this work can be extended by replacing the
Brownian motion W by another processZ: [0, a] X
N — RY, (d € N) which is a continuous martingale
adapted to {F}ie0q and has independent
increments and satisfies with some constant K
the inequalities |Z(t) —Z(s)F,| < K(t —s) and
E(IZ(t) —Z(s)|*F, <K({t—s)for 0<s<t<a.
Observe that the above properties of Z which we
have just mentioned are the only properties of W
which we have used (in case of Brownian motion)
to prove the results which we have obtained in
this work.See [1], [15], [16], [17], [18], [19] and
[20].

2. All the lemmas and theorems in this
work hold for any delay interval J' =
[-7,0) (r=0) inplace of J =[—1,0). See [1],
[15], [16],[17], [18], [19] and [20].
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