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I. Introduction

The concept of fuzzy sets was initiated by
Zadeh [16]. Then it has become a vigorous area of
research in engineering, medical science, social
science, graph theory etc. Rosenfeld [12] gave the
idea of fuzzy subgroup. In fuzzy sets the membership
degree of elements range over the interval [0,1]. The
membership degree expresses the degree of
belongingness of elements to a fuzzy set. The
membership degree 1 indicates that an element
completely belongs to its corresponding fuzzy set and
membership degree 0 indicates that an element does
not belong to fuzzy set. The membership degrees on
the interval (0,1) indicate the partial membership to
the fuzzy set. Sometimes, the membership degree
means the satisfaction degree of elements to some
property or constraint corresponding to a fuzzy set.
The author W.R.Zhang [14],[15] commenced the
concept of bipolar fuzzy sets as a generalization of
fuzzy sets in 1994. In case of bipolar-valued fuzzy
sets membership degree range is enlarged from the
interval [0, 1] to [-1, 1]. In a bipolar-valued fuzzy set,
the membership degree 0 means that the elements are
irrelevant to the corresponding property, the
membership degree (0,1] indicates that elements
somewhat satisfy the property and the membership
degree [-1,0) indicates that elements somewhat satisfy
the  implicit  counter-property. M.  Marudai,
V.Rajendran [5] introduced the pre-image of bipolar
Q fuzzy subgroup. In this paper we redefined the
concept of a pre-image of a bipolar fuzzy subgroup
and introduce the concept of an image , anti image and
,anti pre-image of a bipolar fuzzy subgroup and
discuss some of its properties with bipolar anti fuzzy
subgroup.

I1. Preliminaries
In this section, we site the fundamental
definitions that will be used in the sequel. Throughout
this paper, G = (G, *) be a finite group, e is the
identity element of G, xy we mean x *y.

Definition 2.1 [1]
Let X be any non-empty set. A fuzzy subset
p of X is a function p: X — [0,1].

Definition 2.2 [9]

Let G be a non-empty set. A bipolar-valued
fuzzy set or bipolar fuzzy set p in G is an object
having the form p = {(x, pu'(x), u(x) ) / for all
xeG},where p": G — [0,1]and p: G — [-1,0] are
mappings. The positive membership degree p* (X)
denotes the satisfaction degree of an element x to the
property corresponding to a bipolar-valued fuzzy set p
={(x, u'(x), u'(x)) / for all xeG} and the negative
membership degree p(x) denotes the satisfaction
degree of an element x to some implicit counter
property corresponding to a bipolar-valued fuzzy set
p =X, p'(x), p(x) )/ for all xeG}. If p*(x) =0 and
wi(x) = 0, it is the situation that x is regarded as
having only positive satisfaction for u = {(x, u(x),
pw(x))/ forall xeG}. If p'(x)=0and p(x) =0, itis
the situation that x does not satisfy the property of
={(x, u'(x), w(x)) / for all xeG}, but somewhat
satisfies the counter property of p = {(x, u*(x), n (X))
/ for all xeG}. It is possible for an element x to be
such that u*(x) = 0 and  u(X) = O when the
membership function of property overlaps that its
counter property over some portion of G. For the sake
of simplicity, we shall use the symbol = (u*,u") for
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the bipolar-valued fuzzy set p = {(x, u*(x), n (x)) / for
all xeG}.
Definition 2.3[9]

Let G be a group. A bipolar-valued fuzzy set
or bipolar fuzzy set p in G is a bipolar fuzzy subgroup
of Gifforallx,y G,

i p'(xy) =min {1'(x), 1" ()},
i pi(xy) < max {p(x), p ()}
i, W) =000, W) =)

Definition 2.4[9]

Let G be a group. A bipolar-valued fuzzy set
or bipolar fuzzy set p in G is a bipolar anti fuzzy
subgroup of G if for all x, y €G,

i p'(xy) =min {u"(x), ' (V)},
i pi(xy) <max {p(X), p ()}
il W)=, ) =)

Definition 2.5[7]

A mapping f from a group G; to a group G, is
said to be a homomorphism if f (xy) = f(x) f(y) for
all x,y e G,

Definition 2.6[7]

A mapping f from a group G; to a group G,
( Gz and G, are not necessarily commutative) is said to
be an anti homomorphism if f (xy) = f(y) f(x) for all
Xy € Gy,

Theorem 2.1
Let p be a bipolar fuzzy set of G , then pis
a bipolar anti fuzzy subgroup of G if and only if p°is a
bipolar fuzzy subgroup of G.
Proof
Let p = ( p', p ) be a bipolar anti fuzzy
subgroup of G .Then for each X,y € G
Now
i (xy) < max {u (x), nt ()}
< 1= (1) (xy) < max {1-(n")° (x), 1= (0")° ()}
< (W) (xy) = 1= max{1-(u")" (x),1- (u*)° ()}
< (W) (xy) = min { (1) (), (1) ¥}

i, p(xy) = min{p (x),p ()}
< —1- () (xy) = min {-1- (u")(x) —1- (0 ) ()}
< (W) (xy) < =1-min {-1- () (x),~1-(u" )" ()}
S (W) xy) < max {(u) (), (W) W}

= Wi ),
o 1-W) ) = 1- W) K
e W) = W)
and p(xh =
o-1-E) K =-1- )X

S W) = @)X

Hence p° = ((u")S, (1)) is a bipolar fuzzy subgroup
of G.

Definition 2.7[10]

Let f be a mapping from a group G; to a
group G, . Letu=(p'u)and o=(¢", ¢ ") are
bipolar fuzzy subsets of G; and G, respectively, then
the image of p under f is a bipolar fuzzy subset
f(W) =((F(w)", (F(w)") of G, defined by
foreach ue G

(F(w)" (u) :{ max{u” (x):xe f W)} , iff ) #
0 , otherwise

and

(fF(w) (W) ={max{|u (0):xe fHu)}, iff(u) #0
0 , otherwise

also the pre-image f %(¢) of ¢ under f is a bipolar
fuzzy subset of G; defined by for xe Gy ,
F@) =0 (X)), FH@)®=0 (f(X).

I11.Properties of a Bipolar Anti Fuzzy Group
of a Group under Homomorphism And
Anti Homomorphism

In this section, we introduce the notion of an
anti image and anti pre-image of the bipolar fuzzy
subgroup of a group, and discuss the properties of a
bipolar fuzzy and bipolar anti fuzzy subgroup of a
group under homomorphism and anti homomorphism .
Throughout this section , We mean that G, and G,
are finite groups ( G; and G, are not necessarily
commutative) e;, e, are the identity elements of G;
and G, respectively, and Xy we mean x *y.

Definition 3.1

Let f be a mapping from a group G; to a
group G, . Let u and ¢ are fuzzy subsets of G; and
G, respectively, then the anti image of p under f isa
fuzzy subset f, (W) of G, defined by for each
ue G,
(fa (W) (u) ={min{u(X):Xe f’ll(U)} ,PF 7 w) #0

, otherwise

also the anti pre-image f *(¢) of ¢ under f isa fuzzy
subset of G, defined by for xe G;, (f Y(¢))(x) =
¢ (F(x)).

Definition 3.2

Let f be a mapping from a group G; to a
group G, . Letp=(p'p)and o=(o", ¢ ) are
bipolar fuzzy subsets of G; and G, respectively, then
the anti image of p under f is a bipolar fuzzy subset
f.a(w) = ((F(w)", (fa(n))") of G, defined by for each
ue G,

(Fa())" (u) ={min {u () :xef U}, iff ) #
1 , otherwise

(fa(r)) (u) {mm{u 00 :xe frU) 3, iff ' #
, otherwise
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also the anti pre-image f %(¢) of ¢ under f is a
bipolar fuzzy subset of G; defined by for xe G;,
F )0 =0 (X)), ) =0 (FKX).

Theorem 3.1
Let f be a homomorphism from a group G;
intoa group G,. If o= (¢ ", ¢ ) is a bipolar fuzzy
subset of G, then (¢ =[f (¢)]° .
Proof :
Let ¢=(¢", ¢ ) be a bipolar fuzzy subset
of G, then for each xe G,
i [T 00 = (0°)" (F())
= 1-0¢" (f(x)
1-f T oMM
[f (0 ")I° (%)

[ "= [ (o))
i [ @002 (%) ([
= -L—¢ (i)
= -1-17(p )

= [f e )M
[fF (@)1= [Fie )
Hence , f19 =@ ()"
Theorem 3.2
Let f be a homomorphism from a group G;
intoa group G,. If p=(u",u) is a bipolar fuzzy
subset of G, then i. f(u%) = [f(W]°.
i fa (1) = (f(w)"
Proof :
Let u=(u',u) be a bipolar fuzzy subset of
Gy then for each xe Gy, let f(x)=u e G,

max {( u°)" (%) : xe f*(u)}
max {1- u* (x) : xe £ (u)}
1-min{ p* (x) : xe f1(u)}
1-fo(u) (u)

[fa(u")]° (u)

[fa(u")I

max {(u°)” (x) : xe f *(u)}
max {-1- p (x) : xe f *(u)}
—1-min{p (x): xe f (u)}
=1-f(u) (u)

[Fa(u )] (u)

[Fu)I = [fa(u)IF

f(u) = [f(WI°

i [f(u)]" (u) = min {(n*)"(¥) : xe (U}
min {1- u* (x) : xe f ' (u)}
1- max { u* (x) : xe £ (u)}
1-f(u") (u)

[F(1)]° (u)

[fa(u)]" = (f(u"))

[f(h)] (U) = min{(u)°(x) :xe fH (U}

i ()] (u)

[F(u*)]
[F(u")]™ (u)

Hence ,

min {-1- u (x) : xe f (u)}
—1-max { " (X): xe f *(u)}
—1-f(u") (u)

[f( )] (u)

[fa(u)] = ()

fa (1) = (f(w)"

Theorem 3.3

Let f be a homomorphism from a group G;
intoa group G,. If p=(u',u) is a bipolar anti
fuzzy subgroup of G; then the anti image f, () of u
under f is a bipolar anti fuzzy subgroup of G,

Proof :

Let p=(u,u) be a bipolar anti fuzzy
subgroup of Gy. Let u* : G; —»[0,1] and p :G; —
[-1,0] are mappings. Let uv € G, since f s
homomorphism and so there exist X,y € G; such that
f(x) = uand f(y) = v it follows that xy € f *(uv).

Hence ,

i (f(W) ()= min{p"(2):z=xye f(uv)}
< min{pn*(xy):xe ftu),yef (v}
< min {max { p " (x), u " (Y)}:xe £ (), ye f ()}
=max{min{p * (x):xef (W)}, min{u* (y):ye f * (V)}}
= max {(fa(w)" () , (fa(1))" ()}
(fa()" (uv) < max {(fa(1))" () , (fa(w))" (V)}

i, (fR(w) ) =min{u (2):z=xyef )}
> min{pn (xy): xef ), yef v}
> min {min { p~(x), u~(Y)}: xe f 1 (u), ye f ()}
min{min{p ~ (x):xef 1t W}.min{u " (y):ye f 1 (V)}}
min {(f.(w))" (u) , (F(w)” ()}
(fa(w))” (uv) = min {(fa(w)) (u) , (fa(w) (W)}

i, (fa(1)" (™)

min{ p*(x) : xe f U}
min{ p*(x?):xte f )}
(Fa(m)" (u) and
(f(w) (= min{u (x):xe f U}
=min{p (xYH: xtef i)}
= (fa(w) ()

Hence, f(u) is a bipolar anti fuzzy subgroup of G,

Theorem 3.4

Let f be an anti homomorphism from a group
G, intoagroup G,. If p=(u",u) is a bipolar anti
fuzzy subgroup of G; then the anti image f, () of n
under f is a bipolar anti fuzzy subgroup of G,
Proof :

Let p = ( uu ) be a bipolar anti fuzzy
subgroup of G, Let u*: G;— [0,1] and p : G, —
[-1,0] are mappings, Let u,v € G, since f is an anti
homomorphism and so there exist x,y € G; such that
f(x) = uand f(y) = v it follows that xy e f *(vu).

i (F(w)" (u) = min{p"(2) :z=xye f* (vu)}
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< min{ pn*(xy): xe f 1), ye f (v}
< min {max { p* (), n " (Y)} 1 xe f(u), ye f * ()}
= max{min{u* (x):xef (W)}, min{p * (y):yef *(v)}}
= max {(fa(1)" (u) , (Fa(1))" (V)}

(fa()" (uv) < max {(fa(w)" (u) , (fa(w))" ()}

i, (f(w) ()= min{p (2): z = xyef*(vu)}
> min{pn (xy): xe f*(u),yef v}
> min {min { p~(x), u~(Y)}: xe fH(u), ye f ()}
= min{min{p ~ (x):xef (W}min{p (y): ye f *(v)}}
= min {(f.(w)) () , (fa()) (V)}

(fa(w))” (uv) = min {(fa()) (U) , (fa())” (W)}
jii. ()" (u) = min{p" () :xe fHuh}
min{p*(x:xte )}
(Fa(m)" (u) and
min{p (x):xe ftuh}
min{p (x): xtef )}
= (f(w) ()

Hence, f,(u) is a bipolar anti fuzzy subgroup of G,

(fa()” (™)

Theorem 3.5

Let f be a homomorphism from a group G;
into a group G,. If ¢ = (¢, ) is a bipolar anti
fuzzy subgroup of G, then the anti pre-image f (o)
of ¢ under f is a bipolar anti fuzzy subgroup of G;.
Proof :

Let ¢ = (¢*, ¢ ) be a bipolar anti fuzzy
subgroup of G; ¢ *: G, — [0,1]and ¢ ~: G, —
[-1,0] are mappings. Let X,y € G;

i () 09 = 9 (1)
=9 (0f)
_ = max{e (), o (W)}
()" 0) < max{(f ()" (9, (F (@) ()}

i (1) 69 = o (fxy))

= ¢~ (00(y)

> min{ o (f00), o (Y}

= min{( (@) (0, (")) 1))}
> min {(f () (9, (F () G}

0! (1<)

9" (1)

9" (1)

(F () 0 and
o (1<)
0~ (10°)
o~ (f()
= (f (o)) (9

Hence, f (o) is a bipolar anti fuzzy subgroup of G;.

(f (o)) (xy)
iii. (F(9))" (x7)

(F(9)) (x)

Theorem 3.6

Let f be an anti homomorphism from a group
G, into a group G,. If = (9", ¢~) is a bipolar anti
fuzzy subgroup of G, then the anti pre-image f (¢)
of ¢ under f is a bipolar anti fuzzy subgroup of G,

Proof :

Let ¢ = (9", ¢ ) be a bipolar anti fuzzy
subgroup of G, ¢ *: G, —» [0,1]and ¢ " : G, —
[-1,0] are mappings. Let X,y € G;

L (o) 09 =0 ()
=0 ()10
< max{o” (), ¢" (1)}
= max {(f (@) 0) . ( ()" 0}
L Ema( ) 09 () ()}
(F ()" () < max {(F ()" 9, (F (o)) ()}

i (F) Oy) =0 (Fxy)
= ¢ (f(y) f(x)
> min{ o (f(y)), o (f())}
= min{(f" (@) ). (F" (@) ()}
X = min{(f "()) (). (f "(0)) ()}
(f(e)) (xy) = min{(f ~(¢)) (), (F "(¢)) ()}

i, (1) 67 =07 (1))

0" (109

0" (1))

() (9 and
o~ (<)

o~ (109

o™ (f0)

= (o))

Hence, f () is a bipolar anti fuzzy subgroup of G,

(fF (0)) (x)
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