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Abstract

The present paper prescribes upper
bounds for oscillatory motions of neutral or
growing amplitude in thermohaline
configurations of G. Veronis [1] and M. E. Stern
[2] types in porous medium in such a way that it
also results in sufficient conditions of stability for
an initially top heavy as well as initially bottom
heavy configuration.
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Introduction

The Thermohaline convection problem has
been extensively studied in the recent past on
account of its interesting complexities as a double
diffusive phenomenon as well as its direct relevance
in many problems of practical interest in the fields
of oceanography, astrophysics, limnology and
chemical engineering etc.[3] Two fundamental
configurations have been studied in the context of
thermohaline convection problem, one by Veronis
[1], wherein the temperature gradient is
destabilizing and the concentration gradient is
stabilizing and another by Stern [2] wherein the
temperature gradient is stabilizing and the
concentration gradient is destabilizing. The main
findings of Veronis and Stern for their respective
configuration are that both allow the occurrence of a
steady motion or an oscillatory motion of growing
amplitude, provided the destabilizing temperature
gradient or the concentration gradient is sufficiently
large. In case of Veronis' configuration, oscillatory
motions of growing amplitude are preferred mode of
onset of instability whereas in case of Sterns'
configuration, steady motion (stationary convection)
is the preferred mode of onset of instability and
these results are independent of the initially
gravitationally stable or unstable character of the
two configurations. Thus thermohaline
configurations of Veronis and Stern type can further
be classified into the following two classes:
(i) the first class, in which thermohaline instability
manifests itself when the total density field is
initially bottom heavy, and
(i) the second class, in which thermohaline
instability manifests itself when the total density
field is initially top heavy.

In recent years, many researchers have shown their
keen interest in analyzing the onset of convection in
a fluid layer subjected to a vertical temperature
gradient in a porous medium because of its
importance in the prediction of ground water
movement in aquifers, in the energy extraction
process from the geothermal reservoirs, in assessing
the effectiveness of fibrous insulations and in
nuclear engineering [4,5]. The stability of flow of a
fluid through porous medium was studied by
Lapwood [6], Wooding [7].Tountan and Lightfoot
[8] characterized salt fingers in thermohaline
convection in porous medium. The problem of
double diffusive convection in porous medium has
been extensibly investigated and the growing
volume of work in this area is well documented by
Ingham and Pop [9], Nield and Bejan [4] and K.
Vafai [10]. Recently Jyoti Prakash and Vinod
Kumar [11,12] derived characterization theorems
for the nonexistence of oscillatory motions of
growing amplitude in an initially bottom heavy
configuration of Veronis type and Stern type.

The above researchers have studied double
diffusive convection in porous medium by
considering the Darcy flow model which is relevant
to densely packed, low permeability porous
medium. However, experiments conducted with
several combinations of solids and fluids covering
wide ranges of governing parameters indicate that
most of the experimental data do not agree with the
theoretical predictions based on the Darcy flow
model. Hence, non-Darcy effects on double
diffusive convection in porous media have received
a great deal of attention in recent years. Poulikakos
[13] has used the Brinkman extended Darcy flow
model for the problem to investigate the linear
stability analysis. Recently, Givler and Altobelli
[14] have demonstrated that for high permeability
porous media the effective viscosity is about ten
times the fluid viscosity. Therefore, the effect of
viscosities on the stability analysis is of practical
interest. Thus in the present paper the Brinkman
extended Darcy model has been used to investigate
the thermohaline convection in porous medium and
upper bounds for the oscillatory motions of neutral
or growing amplitude in thermohaline configuration
of Veronis and Stern types in porous medium are
obtained in such a manner that it also results in
sufficient conditions for stability for an initially
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bottom heavy or an
configurations.

initially top heavy

Mathematical formulation and analysis:

An infinite horizontal porous layer filled
with a viscous fluid is statically confined between
two horizontal boundaries z = 0 and z = d

density and heat capacity of the solid (porous
matrix) material and fluid respectively. The suffix
‘0’ denotes the values of the various parameters at
some suitably chosen reference temperature T, and
concentration So.

The basic state is assumed to be quiescent state
and is given by

maintained at constant temperatures To and T, and (u,v,w) = (0,0,0)
solute concentrations S, and S, at the lower and p = p(z) |
upper boundaries respectively, where T.<To T =T() ¥
and Sy < So. It is further assumed that the saturating S =S |
fluid and the porous layer are incompressible and p = p(z) )
that the porous medium is a constant porosity 8)

medium. Let the origin be taken on the lower
boundary z = 0 with z-axis perpendicular to it. Thus the initial stationary state solutions are given
The basic hydrodynamic equations that by:

govern the problem are given by: (u,v,w) = (0,0,0)

p onBz y522
- . X ’ . — = P=Pp, — —
The continuity equation for an incompressible fluid Po b = 8Py (217~ 2 )
is T="T,—pz
u, v, w_ g S =5S,—0z
x dy dz
1) p=py[l+ a(Ty=T)- (S, —9)]
Equations of Motion is p=poll+ apz— vdz]
1ou 1 du _ du oy a(p I 9
——+ U +v—+ w— ———(—)——u+ Véu
cot & ( ox ay az) 9x \ pg kq Po Here P, represents the pressure at the lower
@ boundary z = 0, p = T" T and & =21 are the
10v 1 av v av d ( p He o2 d
P E_z( wTVea T az) - 5(;) = g g Vv respective malntalned temperature  and
(3) concentration gradients.
1ow 1 [ ow ow ow\ _ 3 ofop . The initial stationary state is now slightly
ataz (ua_ Vg T WZ) - ( _) y E A Q e - perturbed so that the perturbed state is given by:
Lo @) (W, v,W)ps =(0+u,0+v,0+w)
Po . . (P)ps = P+P
Equat|on of Heat Conduction S , ,
E +u—+ V—+W——KTV2T , (Dps = To = Pz+6 =T+0

Equation of Mass Diffusion
98 L 8 o3 e 2
Eat+uax+vay+w(7Z kg VS, (6)

Equation of State
p=p[l+a(To—-T) =y S =91 ()

where u, v, w are the components of velocity in the
X, Y, z-directions respectively and pﬂ is the modified
0

hydrodynamic pressure. Further, t, p, T, S, € ki, .,
v, krand kg are, respectively, the time, the density,
the temperature, the concentration, the porosity of
the porous medium, the permeability of the porous
medium, the effective viscosity, the kinematic
viscosity, the thermal diffusivity and the mass
diffusivity; and o and 7y are respectively the
coefficients of volume expansion due to temperature
and concentration variation. Here E= e+

(1- e) ps is a constant and E’ is also a constant

analogous to E but corresponding to concentration
rather than heat, where p_,C; and p, C¢ stand for

(S)ps = SO_SZ+¢’=S+¢’

(Pes = Pl + a(Ty=T=0)-v(Sy—S—¢)]

(10)

where u’, v/, w/, P, 0, ¢' denote, respectively, the
perturbations in three components of velocity,
pressure, temperature and concentration and are
assumed to be small around the basic state. Then the

Ilnearlzed perturbatlon equations are given by
au’

E-'_ a_y+ E =0,

' ’ (11)
%aa—li = — Z—Z — iu'+2—zvzu', (12)
%2—‘; = — Z—l; — ﬁv'+z—zvzv', (13)

%aa_v: = — Z—z — ﬁw'+2—zvzw'+ga9'—gy¢',

Ez—i— W' = Kk V20
(15)
EZL— dw' =Ks V29 | (16)

ot
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For the system of equations (11) — (16) the analysis
can be made in terms of two dimensional periodic
waves of assigned wave numbers. Thus we ascribe
to all quantities describing the perturbations a
dependence on x, y and t of the form

[i (kex +kyy) +nt]
17)

where k = /(k§ + k2). Here k and ky are the wave

numbers along the x- and y- directions, respectively,
and k is the resultant wave number. The above
consideration allows us to suppose that the
perturbations u’, v, w’, P’, 0" and ¢’ have the form
Fxyzt) = F'(@explik, x+k, y) + nt],
(18)

For functions with these dependencies on x, y and

t we have

a 92 92 _ 2 2
Pl (il +—ayz = —k*=, and Ve=
d? 2

w2 k (19)

Following the normal mode analysis, equations (11)
— (16), thus, becomes

. N " dw
ik,u + lkyV +d_z =0,

(20)
L A R
“nu = ik, P klu +p0(dz2 k )u ;
(21)
3 2 — Al Be (d” 12
nv = —ik,P ] +p0(dz2 )V,
(22)
Lo’ o 8P Y e (oY e
“nw = — - klW +p0(dz2 k)w + god
g’ @
Eng’ — pw’ = (5 —Kk?) 6",
(24)
" 2 z
Eng — dw' = &g (5 —Kk?) ¢
(25)

Multiplying equations (21) and (22) by ik,
and ik, respectively; adding the resulting equations
and using equations (17) and (20), we obtain

ndw " v dw 0 a? dw”
———:kzp —___9(__k2)_-
€ dz + k1 dz Po dz? dz

Now eliminating P” between equations (23) and
(26), we get the resulting equation in the form

(L m1e) W = (24 ) (A -k w =
k2(gad" —gyo') (27)

Also equations (24) and (25) can be written as
5 - d
(d_ _kZ_E_“)g —_ B

dz? KT KT

(28)

d2 2 E,n) " sw”
(dz2 k Ks (I) - K
(29)
Now using the following non-dimensional parameters
a, =kd, z, =% ,7,=2 =2 =4
* 1*_d7*_KT7p1_KT7pl_d2’
d d? d
D,=d=,0,= =, w,=-w",
dz 4 v 4 v
_ gapd _ gvydd _ KT an _
R* - KT V ! RS* - krv 9* - B\/d9 ! ¢* -
krogmoq e
Svd ¢ 4 w

we can write equations (27 — (29) in the following
non-dimensional form (dropping the asterisks for
simplicity)
A(D? — a2)2w — (9 + Pil) (D? — a%)w = Ra20—
Rga’¢, (30)
(D? —a®? —Eop;)0 = —w,
(31)
Eo w
(02 -2 ==)e= - ¥,
(32)

Equations (30) — (32) are to be solved using the
following boundary conditions:
w=0=¢=Dw=0atz=0andatz=1, (when
both the boundaries are rigid)

(33)
w=0=¢=Dw=0atz=0andatz=1, (when
both the boundaries are free)

(34)

where z is the vertical co-ordinate such that
0 <z <1, D is the differentiation w.r.t. z, a is
square of the wave number, p; > 0 the Prandtl
number, T > 0 is the Lewis number, R > 0 is the
Rayleigh number, Rg > 0 is the thermohaline
Rayleigh number, ¢ = o, + ic; is the complex
growth rate which is complex constant in general
and as a consequence the dependent variables w(z)
= W(2) + iwi(z), 6(z) = B1(z) + 16i(z) and ¢(2) = ¢(2)
+ i¢i(z) are complex valued functions of the real
variable z such that wi(z), wi(z), 6(z), 8i(2), ¢:(2)
and ¢i(z) are real valued functions of the real
variable z.

The system of equations (30) — (34) describes an
eigen value problem for o, for a given values of
other parameters, namely a2, p;, R, Rg, P, E, E', €
and t and govern thermohaline instability in a
porous medium with constant porosity. It is also
assumed that the saturating fluid and the porous
layer are incompressible and a given state of the
system is stable, neutral or unstable depending on

whether o, is negative, zero or positive.
Furthermore,
@) o, >0 and o; # 0 describe

oscillatory motions of neutral or growing amplitude;
(b) R > 0 and Rg > 0 describe Veronis
thermohaline configuration;
(©) R < 0 and Rg < 0 describe Stern’s
thermohaline configuration;
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(d) A= s—s <1 describes an initially
bottom heavy configuration;
and (e) A > 1 describes an initially top

heavy configuration.
we prove the following theorem:
Theorem 1. If (w, 0, ¢, 6), 6, = 0and o; # 0 is
a nontrivial solution of equations (30) — (32)
together with the boundary condition (33) or (34)
and R>0, R; > 0 then,
A Rg

lo] < . 1 Q?—-1
2 —
Epy [4“ (A+EE'p1) * Pl]
where
ARg R
Q= v e TEy e andA =—.
4p_l+z‘*_7n4(/\+65'p1) i
Proof: Multiplying equation (30) by :—S

throughout, integrating the resulting equation over
the vertical range of z, and using equations (31) and
(32), we get

€

1 1
A 1m0 1
—fw* (D? — az)zwdz——(—+—)fw* (D? —a?)wdz
RSO P, ,

R

-\ a? fol 0 (D? — a? — Ec*p,)0" dz + 1a? fol ) (D2 —a’-—
E'ox pltd+* dz (35)

Integrating various terms of equation (35) by parts
for an appropriate number of times and using the
boundary conditions (33) or (34), we obtain

= Jo (D2w? 4222 [Dw? + a*|wl?) dz +
w4 5) fo UDwl? + a2 lwi?) dz

—1a? [ (ID6I2 + a2|6]* + Eo"p, 612) dz +

wa? [} (IDpI? + a2lpl? + Z=E2[p? ) dz. = 0

(36)
Equating the real and imaginary parts of equation
(36) to zero and cancelling o; (#0) throughout from
the imaginary part, we have

Rifol(IDzwl2 + 2a%|Dw|? + a*|w|?) dz +
S

Lo 1Yt 2 5 221008

R (( +Pl)f0 (IDw|? + a?|wl?) dz

1
—xa? [ (ID6I? + a%|0]* + Eo,p;10]*) dz +
wa? [ (IDYI2 + 2?91 + 2221 19]? ) dz = 0

37)
and
ifol(Ile2 + a?lwl|?)dz +

1 ' 1
a2 {Ep, [} 1012dz — E'p, [ 101%dz} = 0
(38) Equation (37) can be written as
Rﬁfol(IDzwl2 + 2a%|Dw|? + a*|w|?) dz +
S
1

™ (G?r + Pll) fol(IDWIZ + a?|lw|?) dz

—%a? [ (IDOI? + a2[6]2) dz + ta® [, (IDY|2 +
a2¢2dz

2 Lig12 ' 1412 _
—G, a {Eplkfo |02dz — E'p; [ l9] dz} =0

(39)
Multiplying equation (38) by o, and adding the
resulting equation to equation (39), we get
o Jo (ID?wl? + 222 Dwl? +a*|w?) dz +
1 (20, , 1) (1
o (B4 5) J, ADwI + a2 |wi?) dz
—%a? ['(IDO]? + a2[0]2) dz + ta® [ (IDY|2 +
a2¢2dz=0 (40)
Equation (38) implies that
2 (L1402 1 1 2 2|2
2 [y 101 dz > ——— [ (IDW? + a’|wl?) dz
(41)

Also, since w, 6 and ¢ vanish at z =0 and z = 1,the
Rayleigh-Ritz inequality [15] gives

folllede > n? follwl2 dz (42)
J, 1D6I%dz > =% [16]* dz (43)
f01|D¢|2dz > 12 f01|¢|2 dz (44)
Combining inequalities (41) and (42), we obtain
2 (402 (+a%) o1, 1o
a? [ 1917 dz = = Iwl? dz (45)
which in particular also implies that
1.2 1 1. 1
Jy191? dz > R Jo Iwl? dz (46)
and
2 (L1412 n? L2
a® [ lo|* dz = o Jo Iwl? dz (47)

Also, by utilizing the inequality (42), we can write
fol(Ile2 +a?|lwl?)dz = (#® + a?) follwl2 dz
(48)

Further, multiplying equation (31) by its
complex conjugate and integrating the resulting
equation appropriate number of times and utilizing
boundary conditions (33) or (34), we obtain

1 1
j[(DZ —a? —Eop,)0][(D? —a? —Eo'p,)0"]dz = fww*dz
0 0

which gives

1 il
[l CREE :iz)elzdz + 2}13 P10, J, (ID6I? +a%[6]%) dz +
E2p?lof? [, 161 dz = [, |wl* dz, (49)
since, o, = 0, it follows from equation (49) that
f01IWI2 dz >
Jy 102 — a?)0[2dz + E2p o2 [ 10]2 dz

(50)

and

1 1
fo |w|?dz > fo [(D? — a%)0|%dz

(51)

Furthermore, utilizing the Schwartz's inequality, we
have

[follelzdz]%[follDzelzdz]% >
|- J, 6'D26 dz]| = J, ID6I2dz
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>n? f01|e|2dz
Consequently,
1in2012 4 (Ln2
fOID 0|2dz > = fo [6]2dz
(52)
using the similar logic we can show that
fOIIDZWIZdZ >t follwlzdz

(using (43))

(53)
utilizing inequalities (42) and (53), we get

[, (ID%w|? + 22%|Dw|? + a*|w|?) dz >
(% + a2)? follwlzdz (54)
Thus, utilizing (43) and (52), we can write
f01|(D2 _ az)Glz dz > (nz + a2)2 f01|9|2dz
(55)
Combining inequalities (50) and (55), we obtain

[ 1wl2dz > [(x? +a%)? + E2p} o] [ 1612 dz
(56)

Further,
1 21 2
= flwl2 dz JlWlZ dz
0 0

1
flwl2 dz
0
> @ +a2) {1+
E2p1206272+a221201D2-a202dz120162dz12

(utilizing (51) and (56))
1
2p2 |G|2

1 1
E 2
= (TCZ + az){l +m} —J 9*(D2 = aZ)Gdz
0

(using
Schwartz inequality)

1

2.21+12V2

=@ +a) {1+ fn;’;a';‘;z}z £ (IDOI2 + a2[0]?)dz
(57)

Using inequality (54) in the first integral,
inequality (48) in the second integral, inequality
(57) in the third integral and inequalities (44) and
(45) in the last integral of (40) and utilizing the fact
that o, > 0, we obtain

2
A 2 242 1 2 (n2+az) 1 2 t(n2+a2) 1 2
R (n% + a?) fo |wl? dz +—P1Rs fo |wl? dz +—cRsE'p1 fo |wl? dz

2
- ‘a 1f|w|2d2<0

(nz_,_aZ){ M}

(x2 +a2)

or

(n2+a2) | t(n?+a2)’

A2y a2)2
— @ +a%)" + ;
RS( ) PZRS €R5Ep1

Aa2n2+a21+E2pl262n2+a221201w2dz<0

which can be rearranged as

(n24a2)2

A T (n2+az)3 (7[2+az)2

[{(RS +eRSE’p1) a2 + aZPRg {1+
0

Inequality (58) clearly implies that we must have

1 © \(2+a?)®  (n?+a?)?
Rg {(A + eE’pl) a2 + azPl {1 +

(2)

1

E2 |0'|2
@ 2p+az)2} <4
(59)

W.r.t. a2 |s nt

)

2
(for a2 = —) and minimum value of (— w.r.t. a2

is 4m? (for a? = 1?), we obtain, from 1nequa11ty (59)
that

{1+ E?p?lol® 2 ARg
CEEDd iy R
7T A+€E Dr + 55— P,

Since minimum value of

or

2..2
o] <%,/Qz_ 1
1

(60)
where
ARg
Q v T 1[2
%4(A+E>+4P_l
Since, o, = 0, it follows from equation (40) that

Risfol(|D2w|2 + 2a%|Dw|? + a4|W|2) dz +
1
%fo (IDw|? + a?|wl?) dz

+1a? [ (ID§I? + a2[9[2) dz < 222 [ (IDO? + a?[02) dz
(61)

which upon using inequalities (44),(45),(48),(54)

and (57) gives
;) (1:2+a2)2
E'py a?

(2 +a) {(A +

1 .
>— > — and minimum value 0
acP, P/

w.r.t. a2 is 4 (at a> = 72), it follows from inequality

(62) that
< ARg

B 4n2<A+(ETpl>+%
(63)

Combining inequalities (60) and (63), we obtain
lo| < ih Vo2 —1.

Ep, [4n2<A+—pl>+%]

which completes the proof of the theorem.

Theorem 1, from the physical point of view may
be stated as follows: the complex growth rate
o =o,+ic; of an arbitrary oscillatory (o; # 0)
perturbation of growing amplitude (o, =0) in
thermohaline instability of Veronis type in a porous
medium lies inside a semicircle in the right half of
the p,p, - plane whose centre is at the origin and
radius is

IRE +a2)} < ARs
(62)

n2+a? 2
f )
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s ¥ —1=

1

E p, [4n2( A+—— )+=—

Py ( EEpl) P/
R

02—1.

Ep, 4n2(A+$)+%
It may further be noted that the above
result is uniformly valid for an initially top-heavy (A
> 1) as well as an initially bottom-heavy (A < 1)
configuration.
Corollary 1: If (w, 6, ¢, 6), 6 = 6, + ic;, (o; # 0),
is a nontrivial solution of equations (30) — (32)
together with boundary conditions (33) or (34) and
R>0,Rs >0and

27 4 T ), 42
" (A+;,pl)+ﬁ
A< R ,

theno, <0

Proof: Corollary follows from theorem 1.

Corollary 1 implies that oscillatory motions of
neutral or growing amplitude are not allowed in
thermohaline instability of Veronis type if the initial
stability parameter A does not exceed the value
27 4 T\, 4n?
" (“E)T . o .
—F Further this result is uniformly valid
for an initially top-heavy (A > 1) as well as an
initially bottom-heavy (A < 1) configuration.

Theorem 2: If (w, 0, ¢, o), 6 = 0o, +ic;, 5, =0,
o; # 0, is a nontrivial solution of equations (30) —
(32), together with boundary conditions (33) or (34)
andR<0,Rs <0and

*IR 2 =
lo| < = U
E p1[4n2(/\+a)+g
(65)
where
— % IR|t ~ _ IRs|
= and A==
27 1 472 R
Tn4(A+ (Ep1)+% Rl

Proof: Replacing R with —|R| and Rg with —|Rg] in
equations (30) — (32) and proceeding exactly as in
Theorem 1, we obtain the desired result.

Corollary 2: If (w, 6, ¢, 6), 6 = o, +ic;, 5; #0, IS
a nontrivial solution of equations (30) — (32),
together with the boundary conditions (33) or (34)

andR<0,Rs <0and

=~ 1 [27 1
< [Tt
“ IRl L4 + cEps

) +‘;—’f] then o, < 0.

Proof: Corollary follows from Theorem 2. The
essential contents of theorem 2 and corollary 2 from
the point of view of hydrodynamic stability are
similar to those of Theorem 1 and corollary 1, but in
this case they pertain to thermohaline instability of
the Stern type.
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