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1. Introduction, Definitions and Notations.
We denote by T the set of all finite complex numbers. Let f be a meromorphic function and g be an entire
k

function defined on T.Also let I’loj , n1j ,...nkj (k 21) be non-negative integers such that for each j,Znij >1.We call
i=0

M;[f]=A(f YO (fF @)™ L(F®)™ where T(r, A;) = S(r, f)to be a differential monomial generated by f. The

k k
Yw, = Z n; and T}, = Z(I +1)n; are called respectively the degree and weight of M ;[ f] {[3],[9]}. The expression
i—0 i=0

S
P[f]=ZMj[f] is called a differential polynomial generated by f.The numbers yp ) =maxy, and

i 1< j<s
j=1
Fp[f] = max FMJ_ are called respectively the degree and weight of P[f]{[3],[9]}. Also we call the numbers
1<j<s
4 = |1’n_in Vv, and K (the order of the highest derivative of f ) the lower degree and the order of P[ f Jrespectively. If
- P[f] <J<s
¥ =7prsy PLT ]is called a homogeneous differential polynomial.

- PIf]

In the paper we establish some newly developed results based on the comparative growth of composite entire and
meromorphic functions and differential polynomials generated by their factors on the basis of (P, Q) th order and (p, Q) th
lower order where p,Qare positive integers and p > Q. Throughout the paper we consider only the non-constant

differential polynomials and we denote by Po[f]a differential polynomial not containing f i.e. for which Noj = 0 for
j=12,......s. We consider only those P[f], P,[ f] singularities of whose individual terms do not cancel each other.

We use the standard notations and definitions in the theory of entire and meromorphic functions which are available
in [12] and [4]. In the sequel we use the following notations:

log™! x =log(log™ ™ x) for k =1,2,3,... and log™® x = x;
and

exp™ x=expE@xp™™ x) for k=12,3,... and exp? x = x.

The following definitions are well known.
Definition 1 The quantity @(a; f) of a meromorphic function f is defined as follows
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. N(r,a;f)
O(a; f)=1-limsup—————=.
@) IHwUp T(r, f)

Definition 2 [7] For a e Cu{oo}, let N, (r,a; f) denote the number of zeros of f —a ain |Z| <, where a zero of

multiplicity < p is counted according to its multiplicity and a zero of multiplicity = p is counted exactly p times; and
N, (r,a; f) is defined in terms of n, (r,a; f) inthe usual way .We define
. N, (r,a; f)
o,(& f)=1-limsup—————.

roo  1(r,T)
Definition 3 [2] P[ f ]is said to be admissible if
(i) P[f]is homogeneous, or
(ii) P[f] is non homogeneous and m(r, f) = S(r, f).

Definition 4 The order o, and lower order A, of an entire function f are defined as

log”’ M (r, f) log? M (r, )

Py =limsup and A, =liminf
F >0 logr r—o logr
If f is meromorphic then
P =lim supM and AU =liminf logT(r. 1)

r— logr r—e logr
Extending this notion, Sato [8] defined the generalized order and generalized lower order of an entire function as follows :

Definition 5 [8] The generalized order pE'] and the generalized lower order /I[f'] of an entire function f are defined as :

m [1
P = lim sup—Iog MILD  ang A = liminf Joge M (1)
r—o0 logr r—o logr
If f is meromorphic then

[1-1 [1-1
pECI] = lim SUDM and ﬂ[f'] = liminf M
r logr r—w logr

Juneja, Kapoor and Bajpai[5] defined the (p,q) th order and (p, ) th lower order of an entire function f respectively as
follows :
; log™ M ((r, f r
p:(p,q) =1lim supg—() and A, (p,q) =liminf
|Og[q] r Lakcs

r—oo

log™” M (r, f)
|Og[q] r

where P, qare positive integers with p > Q.

When f is meromorphic, one can easily verify that

ogt M T(r, f)

[p-1]
P (p,q) =lim Supl— and  A,(p,q) = liminf log”™ " T(r, f)
Fec log™ r Foo

log'' r
where P, ( are positive integers and p > Q.

If p=2and q=21thenwe write p; (P,q)=p;and A;(p,q)=4;.

2. Lemmas.
In this section we present some lemmas which will be needed in the sequel.

Lemma 1 [1] If f be a meromorphic function and g be an entire function then for all sufficiently large values of T,

T(r,foQ) s{lw(l)}%T(M (r,g), f).
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Lemma 2 [6] Let f be an entire function of finite lower order. If there exists entire functions di (i =12,..nn< oo)
n

satisfying T (r,d,) = ofT (r, f)}andZé‘(di, f)=1, then
i

m T(r,f) 1
= logM(r, f) 7
Lemma 3 Let g be an entire function with /Ig <oo and assume that d,(i=12,..n;n <o) satisfying

T(r,d;))=0ofT(r,g)} If Z:é'(di ,9) =1, then for any integer q > 2,

log T (r,
im ?H] (r.f) =d.
r—= log' "™ M (r, f)
Proof. In view of Lemma 2 we get for all sufficiently large values of r that

Now in view of Lemma 2 we obtain for a sequence of values of  tending to infinity that

i T(r, f) 1
— o<
V4 logM(r,f) =«

e, (l—g)logM(r, f)<T(r, f)£(1+g)logM(r, f)
T T
ie., log"" I M (r, f)+0O() <log™ T (r, f) <log** M (r, )+ O(1)
o@ < log" ™ T (r, f) <1 0@

log"* M(r, f) ~ log"®UM(r, f) ~ log ™ M(r, f)
Therefore we get from above that

ie, 1+

[a] [a]
1<liminf log lT(r,f) <limsup log 1T(r,f) <1
oo logl* M (r, f) e logl M (r, f)
[a]
e, fimd T
r—= |ogl ¥ M (r, f)

This proves the lemma.
Lemma 4 [2] Let Py[ f ]be admissible. If f is of finite order or of non zero lower order and Z@(a; f)=2then

a7+
T(rRLD) _
e T(r,f) T
Lemma 5 [2Let f be either of finite order or of non-zero lower order such that ®(a; f)=Z:5p (a; f)=1or

a#oo

o(a; f)= 26(a; f) =1. Then for homogeneous Py[ f],

a#oo
e Pl {
im TCRLD
r—o T(r’ f) ol ]
Lemma 6 Let f be a meromorphic function of finite order or of non zero lower order. If Z@(a; f) =2, then the order (

az#owo

lower order) of homogeneous P, [ f] is same as that of f .

[r]
Proof. By Lemma 4, lim log™ T(r, R[f])
r—o Iog[p]T(r, f)

exists and is equal to 1.

. logT(r,R,[f])
Prin = I”ILSOOUPT;

3231 | Page



Sanjib Kumar Datta, Tanmay Biswas, Soumen Kanti Deb / International Journal of Engineering
Research and Applications (IJERA)  ISSN: 2248-9622 www.ijera.com
Vol. 2, Issue 3, May-Jun 2012, pp.3229-3241

— limsup logT(r, f).lim logT(r,R,[f])
r— logr = logT(r, f)

=ps-l

= Ps -

In a similar manner, ipo[f] =A.

This proves the lemma.
Lemma 7 Letfbe a meromorphic function of finite order or of non zero lower order such

that®(a; f) = Z5p (a; f) =1. Then the order (lower order) of homogeneous P,[ f] and f are same.

a#o0
We omit the proof of Lemma 7 because it can be carried out in the line of Lemma 6 and with the help of Lemma 5.

In a similar manner we can state the following lemma without proof.
Lemma 8 Let f be a meromorphic function of finite order or of non-zero lower order such that

o(a f)= 25(a; f) =1.Then for every homogeneous Py[ f] the order (lower order) of Py[ f] is same as that of f .

a7+

In order to state our next lemma we need the following notion of sharing of values of meromorphic functions.
Let S(f)be the set of all meromorphic functions a=a(z)in |Z| < oo which satisfy T(r,a)=0{T(r, f)} as

r — o0.We consider C =C U{oo}as a subset of S(f).We shall call any @ € S(f)as asmall function (with respect
to f).
Let E(f =a)={z: f(2)—a(z) =0}..
The meromorphic functions f and h are said to share "a" if and only if E(f =a) = E(h=a).We say that

two meromorphic functions f and h share a value "a" IM (CM) if f —aand h—a have the same zeros ignoring
multiplicities ( with the same multiplicity ). In addition, we introduce the following notations:

S(m,n)(b):{z|z is a common zero of f —b and f’—b with multiplicites m and n respectively}.

N (m,n)(r, ) denotes the counting function of f with respect to the set S(m, n)(b) .

1
(f-b)
Lemma 9 [11] If f and h are any two meromorphic functions that share six small functions
a, €S(f)mS(h) for i=12,...6 ignoring multiplicities then outside a set of r of finite linear measure,

lim ) g
roeT(r, f)
Lemma 10 If f and h are any two meromorphic functions with finite orders or of non zero lower orders and
ZG(a; f) =Z®(a; h) =2. Also f andh share six small functions & € S(f) nS(h) for i=12,...6 ignoring

a0 a#oo

multiplicities then outside a set of I of finite linear measure and for any positive integer p ,
|Og[p]T(r,P0[h]) _1
> logIT(r,Po[f])
Proof. In view of Lemma 4 and Lemma 9 we get that
mTCRID _ o TORID T H) _ T(rh),
—=T(r,P[f]) =" T(r,h) T(r,P,[f]) T(r,f)
ie, lim 1P, _ iy TOLRIND iy T gy TR
o2 T(r,P[f]) ™= T(r,h) ro=T(r,P,[f]) o=T(r,f)
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ie. lim T(r, R _Toam .
e TP LFD) Ty

Therefore from above for any positive integer p ,
log"™ T (r, By [h])
> log!™ T (r,P,[f])

exists and is equal to 1.
Thus the lemma follows.

Lemma 11 Let f andhbe any two meromorphic functions with finite orders or of non zero lower orders such
®(a;f)=25p(a;f)=1 and@(a;h)zz5p(a;h)=1. Also let f and h share six small functions

a#00 a#o0
a, €S(f)mS(h) for i=12,..6 ignoring multiplicities. Then outside a set of r of finite linear measure and for any
positive integer p
Iog[p]T (r, PO[h]) - 1
o logPIT(r,Po[f])
We omit the proof of Lemma 11 because it can be carried out in the line of Lemma 10 and with the help of Lemma 5.

In a similar manner we can state the following lemma without proof.
Lemma 12 Let f andh be any two meromorphic functions with finite orders or of non zero lower orders such

5(a;f)=25(a;f)=1 and5(a;h)=z5(a;h)=l. If f and h share six small functions

- a%o
a, €S(f)mS(h) for i=12,...6 ignoring multiplicities then outside a set of r of finite linear measure and for any
positive integer p

o Jog®™ T(r, RIND _,

=2 logP T (r,P[f])
Lemma 13 [10] If f be a non constant entire function, @ and b two distinct small functions of f with a # oo and
b#oo. If f and f'share a and b IMthen f = f'.

3. Theorems.
In this section we present the main results of the paper.

Theorem 1 Let f andh be any two meromorphic functions of finite order or of non zero lower order such that
Z('D(a; f) =Z®(a; h)=2. Againg be an entire function such that o, (M, N) < 4, < o, < cowhere

a#00 a#00

m, N are positive integers with m > n. Also if f and h share six small functions & € S(f)S(h) for i=12,...6
ignoring multiplicities then outside a set of I of finite linear measure,

_log"™ T (exp" U, f

lim 109 T (&P °9) _g

5 T(r,Po[f])

Proof. Since p,(M,N) < 4, we can choose &(>0) in such a way that

py(Mn)+e< —& (1)
As T(r,g)<log"” M(r,qg), we have from Lemma 1 for all sufficiently large values of I,

logT (@™ r, f og)<logT (M (exp"r,g), f)+O()

ie., logT (@p"r, f o g) < (p; +&)logM (@p"r,g) +O(). (2)
Then for all sufficiently large values of r we get from (2) that
logT (X", f o g) < (p; +&)exp™ ¥ log!™ M (exp'" ' r, g) +O(). (3)
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Again for all sufficiently large values of I,

log™ M (exp" ', g) < (p,(m,n) + &) log™™ exp™" I r

i.e., |09[m] M (exp[n—ll r, g) < (pg (m’ n) + g) Iog r
ie., log™ M (exp"Ir,g) <logrs ™"
ie., exp!™ log"™ M (exp" ' r, g) < exp™ ! log r

|e exp[m -1] Iog[m] M (exp[“ -1 r, g) <exp[m 2] (pg(m n)+a) (4)
Now from (3) and (4) we have for all sufficiently large values of r,

log T (exp"Ur, f o g) < (p, +&)ep™Texp™ A (™M) L o)
ie, log?T(ep" U, f o g) <exp™ I ™ 4 O(1)
ie., log™ T (ep" U, f o g) <log!™ exp™ r*s ™M) 4 O(1)
ie, logm T (e, fog)<r ™ 1 0(). (5)

For all sufficiently large values of r we obtain in view of Lemma 6 that
logT(r, R[h]) = (45, 1y — &) logr
e, logT(r,R,[h]) > (4, —¢&)logr
ie., logT(r,P,[h]) > logr"

(Pg (M)+e)

ie., logT(r,P[h])>r% 2, (6)
Again combining (5) and (6) we obtain for all sufficiently large values of r that
Og[m—l]-l-(exp[n—l] r, fo g) (ﬂg(m n)+¢) n O(l) (7)
log T (r, P,[h]) 0 rtn=e)

Now in view of (1) it follows from (7) that

Og[m—l]T(eXp[n—ll r, fo g) ~

limsup
F o T(r,P,[h])
[m-1] -1y f,
e, im0 TP 1.1°0)_, B)
o T(r,Po[h])

Since f andh share six small functions & € S(f)S(h) for i=12,...6 ignoring multiplicities then in view of
Lemma 10 we may write outside a set of I of finite linear measure,

m LRI _ Tem ©)
e T(NP D) Tope

Thus the theorem follows from (8) and (9).

Remark 1 The conclusion of Theorem 1 can also be drawn under the hypothesis ®(a; f) = 259 (& f)=1 and

a#oo

O(a;h) = Z5p(a; h)=1 o J(af)= Zé(a; f)=1 and O(ajh)= Z&(a; h)=1 instead of

a#ow azowo azoo

D O(a; f)=2and > ©(a;h) =2.

a#owo a#w

Theorem 2 Let fandh be any two meromorphic functions of finite order or non zero lower order such that
Z@(a; f)=2and Z@(a; h)=2. Again let g be an entire function such that A,(m,n) <A, < p, <oowhere

a#w a#w

m, N are positive integers with m>n. Also if f andh share six small functions & € S(f)S(h) for i=12,...6
ignoring multiplicities then outside a set of r of finite linear measure,
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[m-1] [n-1] o
liminf109__T(®P7r.fo0) 4
re T(r,Po[f])

Proof. For a sequence of values of r tending to infinity that
log™™ M (exp™" 1, g) < (4, (m,n) + &) log™™ exp™™ ' r
ie., log™ M (exp™Yr,g) < (4,(m,n)+¢)logr

(Ag (M,n)+e)

i.e., log™ M (exp"r,g)<logr
i.e., exp™log™ M (exp™ ¥ r, g) < exp™H log r ™)

i.e., o™ log™ M (exp™Ur, g) <explmA e (M), (10)
Now from (3) and (10) we have for a sequence of values of r tending to infinity that

logT (" r, f og) < (p, +&)ep™Texplm2 r ™M 4 o)
ie., log?T(exp"r, f o g) <exp™ %™ L 0@)
ie., log™IT (e Ur, f o g) <log™ I exp™ ! ™M) 1 (1)

ie, log™ U T (expUr, fog)<r®™ L 0). (11)
Combining (6) and (11) we obtain for a sequence of values of r tending to infinity that
[m-1] [n-1] 5 (Ag (M,n)+¢)
log™ T (exp'" 'r,foQ) P r = _; O(l). (12)
logT (r,R,[h]) i

Now in view of (1) it follows from (12) that

. log™ AT (expt I, f

lim inf 9 ©p °9) =
B T(r,Po[h])

Thus the theorem follows from (9) and (13).

Remark 2 The conclusion of Theorem 2 can also deduced if we replace Z@(a; f)=2and Z@(a; h)=2 by

a#o a#wo

O(a; f)=25p(a; =1 and ®(a;h)=25p(a;h)=1 or o(a; f)=z5(a; f)=1 and

a#oo a#oo a#00

0. (13)

o(a;h) = Zé‘(a; h) =1 respectively.

Theorem 3 Let f andh be any two meromorphic functions of finite order or non zero lower order such that
o(a f)= 25(a; f)=1landS(a;h) = 25(61; h) =1. Also let g be an entire function with A;,, = 0. Then if f

a7+ a#oo

and h share six small functions &, € S(f) mS(h) for i=12,..6 ignoring multiplicities then outside a set of r of
finite linear measure, and for every A(> 0)
10T T o0)
= logT(r*,P,[f1)

Proof. Let us suppose that
m 109T(r, feoq) _
== 1logT (r*,P,[h])

do not hold. Then we can find a constant £ > Osuch that for a sequence of values of I tending to infinity

logT(r, f o g) < SlogT (r*,P,[h]). (14)

Again from the definition of P,[h] it follows that for all sufficiently large values of r
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logT (r*,P,[h]) < (p, + &) Alogr. (15)
Thus from (14) and (15) we have for a sequence of values of I tending to infinity that
logT(r, f og) < SBA(p, +¢)logr
logT(r,f-g) _ fA(p, +&)logr

ie.

logr logr
ie. liminf 29T 10 5 o)
r—w |Og r
This is a contradiction. Therefore
m logT(r,foqQ) — (16)

= log T (r*,P[h])
Since f andh share six small functions &, € S(f) mS(h) for i=12,...6 ignoring multiplicities then in view of
Lemma 12 we may write outside a set of I of finite linear measure,
logT (r,R,[h
r—>=log T (r,P,[f1)
Thus the theorem follows from (16) and (17).
Remark 3 Theorem 3 is also valid with “limit superior” instead of “limit” if /1f . Al is replaced by o og — P
Corollary 1 Under the assumptions of Remark 3,
: T(r, f
lim sup% —
roe 1T(F,Po[F])
Proof. From Remark 3 we obtain for all sufficiently large values of r and for K >1,
logT(r, f og) > KlogT (r*,P,[f])
ie, logT(r, f og)>{logT(r*,P,[f]}",

from which the corollary follows.

Remark 4 Theorem 3, Remark 3 and Corollary 1 are all valid if we take Z@(a; f)zZ@(a; h) =2or

a#oo a#0o

O(a; f) = Z5p (;f)=1 ad O(a;h)= Z5p(a; h) =linstead of oO(a;f)= Zé’(a; f)=1 and

a#oo a#oo a#oo

o(a;h) = Zé‘(a; h) =1and the other conditions remain the same.

azoo

Theorem 4 Let f andh be any two meromorphic functions of finite order or of non zero lower order such that
o(a f)= 25(a; f)=1and 6(a;h) = 25(a; h) =1. Also let g be entire such that 4 (IM, N) < oo where

a7+ a#w

m,n are positive integers with m > n. Also if f andh share six small functions & € S(f)S(h) for i=12,...6
ignoring multiplicities then outside a set of I of finite linear measure,
. log™ T (exp™ Y, f m,n
limsup | Og)spg( ).
r—m logT(r,P,[f]) A,
Proof. In view of Lemma 8 we have for all sufficiently large values of r
log T (r, R[h]) = (ﬂ’PO[h] —¢)logr
ie., logT(r,P,[N]) > (4, —&)logr. (18)

Now from (5) and (18) we obtain for all sufficiently large values of r that

log™ T (e 1, f o g) _ (py (M) +¢)logr +OQ)

log T (r, P,[h]) B (A, —¢&)logr
Iog[’“]T(exp [n-1] r,fog) - Py (m,n)+¢
o log T (r, P,[h]) T A -e
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As g(> 0) is arbitrary, it follows from above that

[m] [n-1] ° m, n
limsup log™ T(exp" M r, fog) _ ps (M) (19)
F—o0 logT (r,P,[h]) A,
Since f andh share six small functions & € S(f) NS(h) for i=12,...6 ignoring multiplicities then in view of
Lemma 12 we may write outside a set of I of finite linear measure,
logT(r,R,[h
r>=1ogT(r,P,[f])

Thus the theorem follows from (19) and (20).
Remark 5 If we replace o(a;f)= 25(a; f)=1 and o(a;h)= Zé'(a; h)=1 by Z@(a; f)=2and

a7#oo a#oo a#oo

Z@(a; h)=2 or B(a; f) = Z5p (a; f)=1and O(a;h) = Zé‘p (a;h) =1 in Theorem 4 and the other conditions

azxo azowo a#ow

remain the same then also the conclusion of Theorem 4 holds.

Theorem 5 Let f be a meromorphic function such that A, (P, Q) is finite where p,are any two positive integers with
p>qand gand hbe any two transcendental non constant entire functions of finite order or of non zero lower order such

that Z@(a; g) =2and Z@(a; h) = 2 .Also suppose that there exist entire functions d; (i =1,2,...n;n < o) satisfying

a#owo a#owo

(A) T(r,d,))=0{T(r,g)}as r - oo and
® 50,.9)=1

Now if gand hshare six small functions & € S(f)S(h) for i=12,...6 ignoring multiplicities outside a set of

r of finite linear measure. Also for any two distinct small functions b and cof h with b#00 and ¢ # oif hand
h’share b and ¢ IM, then

[p-1] o
) liminf 09 T Te8)
o= logT(r,Py[h'])

[p] R
i) limsuyp 29 T fe0)
e log ™ T (r,P,[n'])

A (P, 4).77.Lg -

and
log™ 1 T(r, fog) _
log“T(r,P,[N'])

Gii)  liminf A.(pq) ifq>2.

Proof. Since &(> 0) is arbitrary and T(r,g) <log™ M(r, g), we have from Lemma 1 for all sufficiently large values of
r

logt® I Tr, f o g) <log™ ¥ T(M(r,q), f)+O(). (21)
So from (21) we get for a sequence of values of r tending to infinity that

log"" T (r, f 2 g) < (4, (p,q) +&)log™ M(r, g) + O(1)

ie, log® M T(r, fog) < (4 (p,q)+&)logM(r,g) +O)

log* T (r, f o Q) - (4; (p,q) +&)log M (r, 9)+0(1)l
T(r,R[9]) T(r,R[9])

Again from (21) we get for all sufficiently large values of r that

(22)
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log'™! T(r, f o Q) - log" ™™ M (r, g) + O(1) (23)
log“ T(r,R,[g]) log“'T(r,R[g])

Also from (21) it follows for a sequence of values of I tending to infinity that
0g?* I T(r, fog) _ (A (P, q)+e)log[‘” M(r.g) +0Q)
og" I T(r, Po[g]) g T(r, R,[9])

Since &(> 0) is arbitrary by Lemma 2 and Lemma 4 it follows from (22) that

.. log?UT(r, f o Q) , logM(r,g)
IlrrrLTf T Pa) <(A;(p,0)+¢) Ilrpjwupm

.. log" M T(r, fog) . M(r, g) T(r,9)
e, fiminf === P.[9]) S(lf(p’q)w)"rf:p T( ) T, P,[g])

[p—1]
e, liminf 1291 fo0) (25)
i T(r RL9]) PLo]

Since gand hshare six small functions & € S(f)S(h) for i=12,...6 ignoring multiplicities then in view of
Lemma 10 we may write from (25) outside a set of I of finite linear measure that

<2:(p,q).z.

o Mlog't T, f o
|.e.,I|rrrL|C£1f T P(r[h]) 9 A (P, Q)T - (26)

Thus in view of Lemma 13, the first part of Theorem 5 follows from (26).
Again by Lemma 3 and Lemma 4 it follows from (23) that
[p] [g+1]
limsu log'™ T(r, f o g) lim sup log*"™ M (r,g) + O(1)
o log T (r,P, [g]) > log" T (r,P,[g])
[p] [a+1] [a]
i, limsup log'™ T(r, f o g) iy log*™™ M(r, g)+O(1) |msu log**' T (r,Q)
> 1ogi T (r, P [g]) roo% log™ T (r,g) S log T (r,P,[g])

(o]
ie.,limsu plog T(rnfog) 4 (27)
r>e log T (r, P[g])

Since gand hshare six small functions & € S(f)nS(h) for i=212,...6 ignoring multiplicities then in view of
Lemma 10 we may write from (27) outside a set of r of finite linear measure that

[rl o
log"™ T (r, f 9)31. (28)

Thus by Lemma 13 the second part of the theorem follows from (28).
Similarly in view of Lemma 3 and Lemma 4 and as &(> Q) is arbitrary we obtain from (24) that

ogt" i T(r, f oq) log"™ M (r,g) +O(1)

liminf < (A (p,q)+¢&)limsu
" g T (r Aytg PO AN T RuTa))
[p-1 . [a] [o-1]
e, liminf 12910120 3 o3+ o) limsup!©9 MO +OW) ., log "T(r,9)
= logl T (r,P[g]) e loghHiT(r,g) = loghHT(r, R[g])
[p-1] .
e liminf 129 T T°0) ;oo (29)

= log"™T(r, Ry[g])
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As gand h share six small functions & € S(f) nS(h) for i=12,...6 ignoring multiplicities then in view of Lemma
10 we may write from (27) outside a set of I of finite linear measure that

. ogt® T (r, fog)
liminf <A.(p,Q). 29
o0 Iog[q_l] T(r, PO [h]) f (p q) ( )

In view of Lemma 13 the third part of Theorem 5 follows from (30).
In the line of Theorem 5 one may easily prove the following corollary.

Corollary 2 Let f be a meromorphic function such that lf (p, Q) is finite where P, g are any two positive integers with

p>qand gand hbe any two transcendental non constant entire functions of finite order or of non zero lower order such

that  O(a;9)=>5,(@0)=1 ad O(gh)=> 5, (xh)=1 o 5(ag)=>5(ag)=1 and

a#oo a#o0 a#owo

o(a;h) = 25(a; h) =1. Also suppose that there exist entire functions d; (i =1,2,...n;n < o) satisfying

a#ow

(A) T(r,d,))=0{T(r,g)}as r - oo and
® 50,.9)=1

Now if gand hshare six small functions & € S(f)S(h) for i=12,...6 ignoring multiplicities outside a set of

r of finite linear measure. Also for any two distinct small functions b and cof h with b#00 and ¢ # oif hand
h’share b and ¢ IM, then

[p-1] 2
i liminfed T(r’f,g)s
o< logT(r,P,[h'])

[p] !
i)  limsuyp 29 T fe0)
e 1og T (r,P,[n'])

A (P Q)J’Po[h]

and

[p-1] o
i) fiminf 29" T fe9)
== log" T (r,P,[h'])

Theorem 6 Let f be a meromorphic function such that o, (P, Q) is finite where P, are any two positive integers with

A:(p,q) ifg>2

p>qand gand hbe any two transcendental non constant entire functions of finite order or of non zero lower order such

that  ©(a;9)=>.5,(&;0)=1 and O(ah)=>,(ah)=1 o 5(@g)=>5(ag)=1 and

a#oo a#owo a#owo

o(a;h) = 25(61; h) =1. Also suppose that there exist entire functions d; (i =1,2,...n;n < o) satisfying

a#w©

(A) T(r,d,))=0{T(r,g)}as r - o and
(B) ié(di,g) =1

Now if gand hshare six small functions & € S(f)S(h) for i=12,...6 ignoring multiplicities outside a set of

r of finite linear measure. Also for any two distinct small functions b and cof h with b#00 and C# ooif hand
h’share b and ¢ IM, then

[p-11 .
) limsup 29" T(r.T°0)
> 10g™MT(r,P,[h'])

y . log™® M T(r, foQ)
I limsu <. ,q).
(i) pr log T(r.P, [N']) 7.0¢ (P 0)-7p,hg

<pi(p,q) ifg>2

and
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[P o
i) limsup 28 T fe0)
> 10g T (r,P,[h'])

Proof. Since £(> 0) isarbitrary and T(r,g) <log™ M(r, g), we have from Lemma 1 for all sufficiently large values
of r

0gP I T(r, f o g) < (o, (p,q)+£) log' M(r, g) + O(). (31)
Again from (31) it follows for all sufficiently large values of I that
0g"" T (r, f o g) < (o, (p.q) +&)logM(r,g) +O(). (%2)

Since &(> 0) is arbitrary , in view of Lemma 3 and Lemma 5 we obtain from (31) that

: og"*HT(r, fog) _ log™ M(r, g)

lims lims

IHOOUp log"“™ T (r,P,[9]) (o (p.a)+e) IHWUP gl T(r,P,[g])
- og"IT(r, fog) _ g’ M(r,g) log“ ™ T(r,g)
e. lims limsup—=—————=~ limsu
| 'Hw“plog[q*”T(r pign - q)leup g TT(r,0) " e log T (r, By [g])

g T(r, f 9)
ie,lim sup < p¢ (P, Q). (33)

> logi" T (r,R,[g])
Since gand hshare six small functions & € S(f)S(h) for i=12,...6 ignoring multiplicities then in view of
Lemma 11 we may write from (33) outside a set of r of finite linear measure that

[p 1]
Iimsup Lk g)

nsup T mnp = 2 P (34)

Thus in view of Lemma 13, the first part of the theorem is established.
Again by Lemma 3 and as &(> 0) is arbitrary it follows from (32) that

_ og[p’l]T(r, fog) : logM(r,g)+0O(1)
lim su < ) lim su
T P G e ey

[p-1] y
e, limsup 29T 1 °0) ) ) lim sup 29 M ("9 iy gypT(1.0)

> T(r P9l e T(Rg) e T(rR[9])

[P 1]
i.e.,Iimsup I, fie g) < p.(p,Q).z.
r—o T(r P[a]) 7/Po[g]
Since gand hshare six small functions & € S(f)S(h) for i=12,...6 ignoring multiplicities then in view of
Lemma 11 we may write from (33) outside a set of r of finite linear measure that

[p-1] o
i.e., limsup g T(r, fog)

r o T(r,R,[h])

(35)

< pi (P, Q)-”-7P0[h] . (36)

In view of Lemma 13 the second part of the theorem follows from (36) .
Now in the line of Theorem 5 one may easily prove the third part of Theorem 6.

Corollary 3 Let f be a meromorphic function such that o, (P, q) s finite where p,qare any two positive integers with
p>qand gand hbe any two transcendental non constant entire functions of finite order or of non zero lower order such
that ZG)(a; g) =2and ZG)(a; h) =2. Also suppose that there exist entire functions d, (i =1,2,...n;n <o)

a#o00 a#o00

satisfying
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(A) T(r,d;)=0{T(r,g)}as r - oo and
<m§pwpm=1

Now if gand hshare six small functions & € S(f)S(h) for i=12,...6 ignoring multiplicities outside a set of

r of finite linear measure. Also for any two distinct small functions b and cof h with b#00 and ¢ #coif hand
h’share b and ¢ IM, then
. . log!" T (r, f
0] limsup g[ = (r,fo 9)
r—e 109" T(r,Py[h'])

N : log®* AT (r, fog)
ii limsu : <. .q).I"
(i) "3 p IogT(r,Po[h’]) 7.p¢ (P,q) R[N

<pi(p,q) ifg>2

and
i Py
i) limsup 28 T fe0) o
oo logi T (r,P,[h'])

Proof. In view of Lemma 10, Corollary 3 follows from Theorem 6.
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