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INTRODUCTION: After the introdution of fuzzy sets by L.A.Zadeh[19], several researchers explored
on the generalization of the notion of fuzzy set. Azriel Rosenfeld[4] defined a fuzzy groups. Asok Kumer
Ray[3] defined a product of fuzzy subgroups and A.Solairaju and R.Nagarajan[16, 17, 18] have introduced
and defined a new algebraic structure called Q-fuzzy subgroups. We introduce the concept of (Q, L)-fuzzy
subnearring of a nearring and established some results.

1.PRELIMINARIES:
1.1 Definition: Let X be a non-empty set and L = (L, <) be a lattice with least element 0 and greatest
element 1 and Q be a non-empty set. A (Q, L)-fuzzy subset A of X is a function A: XxQ — L.

1.2 Definition: Let (R, +, - ) be a nearring and Q be a non empty set. A (Q, L)-fuzzy subset A of R is said
to be a (Q, L)-fuzzy subnearring(QLFSNR) of R if the following conditions are satisfied:

() A(x+y, q) 2 A(x, a) A Ay, 6),

(i)  A(=xa)=A(Xxq),

@iii) A(xy,q)=A(x q) AA(y, q), forall xand y in Rand q in Q.

1.3 Definition: Let A and B be any two (Q, L)-fuzzy subsets of sets R and H, respectively. The product of
A and B, denoted by AxB, is defined as AxB ={{((XY),q),AxB((x,¥),q) )/
forallxinRandyinHandqin Q }, where AxB( (X, Y),q)=A(X g)A B(y, q).

1.4 Definition: Let A be a (Q, L)-fuzzy subset in a set S, the strongest (Q, L)-fuzzy relation on S, that is a
(Q, L)-fuzzy relation V with respect to A given by V((xY),q)=A q) AA(y, q), forall x
andyinSandqinQ.

2 - PROPERTIES OF (Q, L)-FUZZY SUBNEARRINGS:

2.1 Theorem: If Ais a (Q, L)-fuzzy subnearring of aring (R, +, -), then A(x, q) < A(e, g), for x
in R, the identity ein Rand g in Q.

Proof: For x in R, g in Q and e is the identity element of R. Now, A(e, ) = A(X-X, Q) > A(X,
q) A A(=X, ) = A( x, q). Therefore, A(e, q) > A(X, q), for x in Rand g in Q.

2.2 Theorem: If A'is a (Q, L)-fuzzy subnearring of a ring (R, +, - ), then A(x-Y, Q) = A(e, q) gives
A(x, q) = A(y, q), forxandyinR,einRand g in Q.

Proof: Let x and y in R, the identity e in R and g in Q. Now, A(X, q) = A(X-y+y, q) > A(x-y,

DAA(Y, 0) = Ae, 9)AA(Y, 9) = A(Y, 0) = A(X=(x=Y), 4) 2 A(x=y, ) A(X, 0) = Ae, q)AA(X, 9)= A(X, 0).
Therefore, A(x, q) = A(y, q), forxandyin Rand q in Q.
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2.3 Theorem: A is a (Q, L)-fuzzy subnearring of a ring (R, +, -) if and only if A(X-y, q) = A(X,
q) A A(y, ) and A(xy, q) = A(X, g) A A(Y, q), forall xandyinRandqinQ.

Proof: Let A be a (Q, L)-fuzzy subnearring of a nearring (R, +, - ) and x, y in R, q in Q. Then, A(x-y, q) >
AX, q) A A=Y, 9) =2 A(X, 9) A A(Y, Q). Therefore, A(x-y, q) > A(x, Q)AA(Y, q), forall x and y in
Rand g in Q and A(xy, q) = A(x, q) A A(y, q), forall xand y in R and q in Q. Conversely, if A(x-y, q) >
A(X, 9) A Aly, ), replace y by x, then A(X, q) < A(e, q), for all x in R and g in Q. Now, A(-x, g)= A(e—X,
q) = A(e, 9)AA(X, q) = A(X, q). Therefore, A(—X, q)=A(X, q), for all x in R and q in Q. It follows that,
A(X+y1 q) = A(X_(_y)’ q) ZA(X, q)/\A(_y! q)ZA(X, q)/\A(y, q) TherEforev A(X+y! q) 2 A(X, q) N A(yl CI),
forall xand y in R and g in Q and clearly A(xy, q) > A(X, g) A A(y, q), forall xand y in R and q in Q.
Hence A is a (Q, L)-fuzzy subnearring of R.

2.4 Theorem: Let A be a (Q, L)-fuzzy subset of a nearring (R, +, - ). If A(e, g) =1 and A(X-y, q)
> A(x, q) A A(Y, 9), Alxy, q) = A%, g) A A(Y, 9), then Ais a (Q, L)-fuzzy subnearring of R, for all xand y
in R and g in Q, where e is the identity element of R.
Proof: Letxand y in R, e in R and g in Q. Now, A(=X, q) = A( e=X, Q)= A(e, 9)AA(X, q) =
IAA(X, ) = A(X, q). Therefore, A(=x, q) > A(X, q), for all x in R and g in Q. Now, A(X+y, q) = A(X— (= y)
q) = A(X, ) A A=Y, q) = A%, ) A A(Y, q). Therefore, A(X+y, q) = A(X, g) A A(y, q), forall xand y in R
and g in Q and clearly A(xy, q) 2A(x, qQ)AA(Y, q), for all xand y in R and g in Q. Hence A is a (Q, L)-fuzzy
subnearring of R.

2.5 Theorem: If Ais a (Q, L)-fuzzy subnearring of a nearring ( R, +, - ), then H={x/
xeR : A(X, q) = 1} is either empty or is a subnearring of R.

Proof: If no element satisfies this condition, then H is empty. If x and y in H, then A(x=y, q) = A(X, 9) A
A=Y, q) = A q) A A(Y, q) = 1A 1= 1. Therefore, A(x-y, q) = 1.

We get x=y in H. And A(xy, g)=A(X, q) A A(Y, q) = 1A 1= 1. Therefore, A(xy, q) = 1. We get xy in H.
Therefore, H is a subnearring of R. Hence H is either empty or is a subnearring of R.

2.6 Theorem: If A is a (Q, L)-fuzzy subnearring of aring (R, +, - ), then H = { xeR: A(x, Q)
A(e, q) } is a subnearring of R.

Proof: Let x and y be in H. Now, A(x=y, q) = A(X, q) A A(=Y, ) = A(X, q) A A(Y, Q) =
A(e, Q) A A(e, g) = A(e, q). Therefore, A(x-y, q) > A(e, q) ----------- (1). And, A(e, q) = A( (x=y) — (x-y),
Q) = A(x-y, 0) A A= (x=Y), ) = A=Y, 0) A A=Y, 0) = A=Y, g).

Therefore, A(e, g)= A(X=-Y, q) ---------- (2). From (1) and (2), we get A(e, ) = A(X=Y, Q).

Therefore, x=yin H. Now, A(xy, ) = A(X, ) A A(Y, g) = A(e, 9) A A(e, q) = A(e, q). Therefore, A(xy, q)
> A(e, q) ------------- (3). And clearly, A(e, ) > A(xy, Q) --------- 4).

From (3) and (4), we get A(e, q) = A(xy, q ). Therefore, xy in H. Hence H is a subnearring of R.

2.7 Theorem: Let A be a (Q, L)-fuzzy subnearring of aring (R, +, - ). If A(x-y, q) =1, then A(x, q) = A(y,
q), forxandyinRand qin Q.

Proof: Letxand y in R and q in Q. Now, A(X, q) = A(X=y+y, q) 2 A=Y, q) AA(Y,q) =1AA(Y, q) = A(
Y, Q) = A=Y, Q) = A(=x+x=y, Q) = A(=X, Q) A A=Y, q) = A(=X, ) A 1= A(=X, ) = A(X, q). Therefore,
A(x, q) = A(y, q), forxandyinR, qin Q.

2.8 Theorem: Let A be a (Q, L)-fuzzy subnearring of a nearring (R, +, - ). If A(x=y, q) =0,
then either A(x, g) =0or A(y,q) =0, forall xandy in Rand q in Q.

Proof: Let xand y in R and g in Q. By the definition A(x-y, q) > A(X, q) A A(Y, Q)

which implies that 0 > A(x, q) A A(y, q). Therefore, either A(x, q) = 0 or A(y, q) = 0.

2.9 Theorem: Let (R, +, - ) be a nearring and Q be a non-empty set. If Ais a (Q, L)-fuzzy subnearring of R,
then A(x+y, q) = A(X, 9) A A(y, q) with A(x, q) = A(y, q), foreach xand y in Rand g in Q.
Proof: Let x and y belongs to R and g in Q. Assume that A(x, q) > A(y, g). Now, A(y, ) = A(-x+ X +V,(q

)2 ACX A AKX +Y, ) 2 AX, 0) AAKX +Y, 0) 2 AlY, 0) AAX +Y, ) = Ay, 6)- And Ay, 9) = A(X, ) A
A(x+y, q) = A(x+y, q). Therefore, A(x+y, q) = A(Y, q) = A(X, @) A A(Y, g), forall xand y in R and g in Q.
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2.10 Theorem: If A and B are two (Q, L)-fuzzy subnearrings of a nearring R, then their intersection AnB
is a (Q, L)-fuzzy subnearring of R.
Proof: Let x and y belongto Rand gin Q, A= {{((x,q), A(x,q) ) / xinRandginQ }and B = {{ (x, q),
B(x,q)) /xinRandqginQ}. LetC=AnBand C={((x,q),C(x,q) )/xinRand gin Q }. (i) C(x+y, Q)
= A(xty, g) A B(xty, 0) =2 {A(x, g) A Ay, 0)} A {B(x, 9) ~ B(y, 0) }= {A(x, a) A B(x, q)
INMAY, g) A B(y, q)}= C(x, q) AC(y, q). Therefore, C(x+y, q) > C(X, g) A C(y, q), for all xand y in R and

g in Q. (ii) C(-x, q) = A(-X, g)AB(—x, q) =A(X, g)A B(x, q) = C(X, q). Therefore, C(-X, q) = C(x, q) , for all
X inRand g in Q. (iii) C(xy, a)= A(xy, )AB(xy, a) ={A(x, q)AA(y, a)}A{ B(x, q) B(y, 9)} 2
{A(x, @) A B(x, )} AL A(y, 9) A B(y, 0)}= C(x, q) A C(y, 9). Therefore, C(xy, q) > C(x, q) A C(y, q), for
all xand y in R and g in Q. Hence AnB is a (Q, L)-fuzzy subnearring of the nearring R.

2.11Theorem: The intersection of a family of (Q, L)-fuzzy subnearrings of a nearring R is a (Q, L)-fuzzy
subnearring of R.

Proof: Let {A }ic, be a family of (Q, L)-fuzzy subnearrings of a nearring R and A= ﬂ A,
iel
Then for x and y belongs to R and g in Q, we have (i) A(x+y, @) = jnf A XX+ Y. = inf {Ax 9
iel iel
AAY D¥ inf (AA) A Inf (A(Y,)) = A, 9) A A(y, g). Therefore, A(x+y, g) > A(x, q) A
icl iel
A(y, q), for all xand y in R and g in Q. (i) A(-x, @) = Inf ACxa) = nf A (x,0)= AKX a).
iel iel
Therefore, A(—x, g)> A(x, q), for all xin Rand g in Q. (iii) A(xy,d)= jnf AXY.q) > inf {Ax g
iel iel
)AAlY. Y= nf (AGA) A nf (A(Y.q)) = A o) A Ay, a). Therefore, A(xy, a) > A(x, )
iel iel
A A(Y, g), forall xand y in R and g in Q. Hence the intersection of a family of (Q, L)-fuzzy subnearrings of
the nearring R is a (Q, L)-fuzzy subnearring of R.

2.12 Theorem: Let A be a (Q, L)-fuzzy subnearring of a nearring R. If A(x, q) < A(y, q), for some x and y
in Rand g in Q, then A(x+y, q) = A(X, q) = A(y+X, q), forall xand y in Rand q in Q.

Proof: Let A be a (Q, L)-fuzzy subnearring of a nearring R. Also we have A(X, q) < A(y, q), for
some x and y in R and q in Q, A(x+y, q) > A(X, q) A A(Y, q) = A(x, q); and A(x, ) = A(X +y -y, q) > A(X
+v,0) AA-Y, Q) = AKX+ Y, g) AA(Y, ) 3= A(x+y, q). Therefore, A(x+y, q) = A(X, q), forall xand y in R
and qin Q. Hence A(x +y, q) = A(X,q) =A(y + %, q), forall xandy inRand q in Q.

2.13 Theorem: Let A be a (Q, L)-fuzzy subnearring of a nearring R. If A(x, ) > A(y, q), for some x and y
inRand ginQ, then A(x +y, q) =AY, q) = A(y + X, g), forall xand y in R and g in Q.
Proof: It is trivial.

2.14 Theorem: Let A be a (Q, L)-fuzzy subnearring of a nearring R such that Im A={a}, where a in L. If
A=BuUC, where B and C are (Q, L)-fuzzy subnearrings of R, then either BcC or CcB.

Proof: Let A=BuC={{(X,0q),AX Q) )/ xinRandginQ} B={((x,0),B(x,q))/xinRandqin
QYand C={((x,q),C(x,q) )/xinRandqgin Q }. Suppose that neither Bc C nor C < B. Assume that
B(x, q) > C(x, q) and B(y, q) < C(y, q), for some x and y in R and g in Q. Then, a = A(x, q) = (BUC)(X, Q)
=B(x, q) v C(x, q) = B(x, q) > C(x, q). Therefore, oo > C(Xx, q). And, oo = A(Y, q) = (BUC)(Y, q) = B(y, q) v
C(y, ) = C(y, 9) > B(y, q). Therefore, a. > B(y, q). So that, C(y, q) > C(X, q) and B(x, g) > B(y, ).

Hence B(x+y, q) = B(y, q) and C(x+y, q) = C(X, q), by Theorem 2.12 and 2.13.

But then, o = A(x+y, q) = (BUC)(x+y, q) = B(x+y, q) v C(x+y, ) }=B(y, q) v C(X, q) < a --------- 1). 1t
is a contradiction by (1). Therefore, either B < C or C < B is true.

2.15 Theorem: If A and B are (Q, L)-fuzzy subnearrings of the nearrings R and H, respectively, then AxB
is a (Q, L)-fuzzy subnearring of RxH.
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Proof: Let A and B be (Q, L)-fuzzy subnearrings of the nearrings R and H respectively. Let x; and X, be in
R, y1 and y, be in H. Then (X1, y1) and (X,, y,) are in RxH and ¢ in Q. Now, AXB [ (X1, Y1) + (X2, ¥2), ] =
AXB( (X1t X2, Y1+ Y2), @) = A(Xi+Xe, 0) A B(yity2, ) 2 {A(x1, )AAX,, 0)} A{B(y1, )
AB(y2, 9)}= {A(x1, 0) AB(y1, a)}A {A(, 9) A B(y2, ) } = AXB( (X1, Y1), 9) AAXB( (X2, Y2), 0).
Therefore, AXB[(X1, Y1) +(X2, ¥2), d] 2AXB ((X1, Y1), ) A AXB( (X2, ¥2), 4). And AXB [ (X4,
Y1), a1 =AxB( (X1, =y1), B)= A(=X1, ) A B(=y1, 0) = A(X1, 9) A B(ys, 0) = AXB( (X1, 1), q).
Therefore, AXB [-(x1, Y1), 4 ] = AXB ( (X1, Y1), 4). Now, AXB [ (X1, y1)(X2, Y2), d] = AXB( (XiX2,
Yiy2), @)= A( XXz, 0) A B(y1y2, 0) 2 {A(Xe, q)AAX2, O3A{ B(ys, a)a B(y2, ) }= {A(x, 0) A
B(yw, 0) IA{ AXz, ) A B(y2, 0) }= AXB ( (X1, Y1), 0) A AXB( (X2, Y2), 0). Therefore, AXB [(x;,
V1) (X2, ¥2), 4] = AXB ((X1, Y1), Q)AAXB( (X2, ¥2), ). Hence AxB is a (Q, L)-fuzzy subnearring of RxH.

2.16 Theorem: Let A and B be (Q, L)-fuzzy subsets of the nearrings R and H, respectively. Suppose that e
and e 'are the identity element of R and H, respectively. If AxB is a (Q, L)-fuzzy subnearring of RxH, then
at least one of the following two statements must hold.

(i) B(e',q)>A(xq), forall xin Rand qin Q,

(ii) A(e,q)=B(y,q),forallyinHandqinQ.

Proof: Let AxB be a (Q, L)-fuzzy subnearring of RxH.

By contra positive, suppose that none of the statements (i) and (ii) holds. Then we can find a in R and b in
H such that A(a, q) > B(€', q) and B(b, q) > A(e, q), q in Q. We have, AxB((a, b),q) =A(a, q) A B(b, q) >
A(e, q) A B(e', q) = AXB( (e, €'), g). Thus AxB is not a (Q, L)-fuzzy subnearring of RxH. Hence either B(e'
, @) = A(x, q), forall xinRand g in Q or A(e, q) > B(y, q), forall yin Hand g in Q.

2.17 Theorem: Let A and B be (Q, L)-fuzzy subsets of the nearrings R and H, respectively and AxB is a
(Q, L)-fuzzy subnearring of RxH. Then the following are true:

(i) ifAx,q)<B(€,q), then Aisa (Q, L)-fuzzy subnearring of R.

(i)  ifB(x,q) <A(e, q), then B is a (Q, L)-fuzzy subnearring of H.

(iii)  either A is a Q-fuzzy subnearring of R or B is a Q-fuzzy subnearring of H.
Proof: Let AxB be a (Q, L)-fuzzy subnearring of RxH, x and y in R and g in Q. Then (x,e')and
(y, e") are in RxH. Now, using the property A(x, ) < B(e', q), for all x in R and ¢ in Q, we get, A(X-Y, q) =
A(x-y, 0) A B(e'e', ) = AXB(((x-y), (e'¢')), a) =AXB[(x,e') + (-y, '), a]> AXB( (x, e'), q) A AXB(
-y, €'), a) ={A(x, q) A B(e' )} A{A(-Y, Q) A B(€, 0)}= A(x, 9) AA(-Y, Q) > A(X, q) AA(Y, q). Therefore,
Ax-y, q) = A(X, g) A A(y, q), for all x, y in R and g in Q. And, A(xy, q)= A(Xy, g)AB(e'e', q)}=
AxB(((xy), (e'e')), a)=AxB[(x e )(y,e'), a]>AxB((x e'), a) » AxB((y, €'), 0) = {A(x, a) A B(e'

A3~ AQY, 9) A B(E', )= Ax, 0) AA(Y, Q) > A(x, Q) A A(y, 0). Therefore, A(xy, g) = A(X, 9) A A(y, 0), for
all x, yinRand q in Q. Hence Ais a (Q, L)-fuzzy subnearring of R. Thus (i) is proved. Now,

using the property B(x, ) < A(g, q), for all xin H and q in Q, we get, B(x-y, q) = B(x-y, ) A A(ee, q) =
AXB( ( (ee) v(X_y) )v q):AXB[ (ev X)+(ev _y)l q] 2 AXB( (ev X)! q) A AXB( (ev _y)l q) :{ B(X,
DAA(e, OFA{ B(-Y, 9) A Ale, )}= B(x, 9) A B(-y, 0) = B(x, q) AB(y, ). Therefore, B(x-y, q) > B(x, q) A
B(y, q), forall xand y in H and q in Q. And, B(xy, q) = B(xy, q) A A(ee, q) = AxB ( ((ee) ,(xy)), q) =
AXB[ (e, x)(e, ¥), ] =2 AXB( (e, x), q) A AXB( (e, ¥), @) ={ B(x, a) A A(e, q) }a{B(y. a) » A(e, q)}= B(X,
q)AB(y, q) > B(x, q) A B(y, q). Therefore, B(xy, q) > B(x, q) A B(y, q), for all xand y in H and g in Q.
Hence B is a (Q, L)-fuzzy subnearring of H. Thus (ii) is proved. (iii) is clear.

2.18 Theorem: Let A be a (Q, L)-fuzzy subset of a nearring R and V be the strongest (Q,
L)-fuzzy relation of R with respect to A. Then A'is a (Q, L)-fuzzy subnearring of R if and only if V is a (Q,
L)-fuzzy subnearring of RxR.

Proof: Suppose that A is a (Q, L)-fuzzy subnearring of R. Then for any x = (Xy, X,) and y = (Y1,
y2) are in RxR and g in Q. We have, V(x-y, ) = V [(X1, X2)—(Y1, Y2), 4] =V((Xi—Y1, Xo=Y2), d) = A( (X1=Y4),
q) A A( (X2=Y2), 0) 2{AX1, 9) A A(=Y1, )}A {AG, 9) A A=Yz, OF={AX 0) AAX,
DINAGYL 9) A AEY2 0)F={AKX, ) A A%z, 0) In {A(Y1 9) A A(Y2, 9)3= V(X1 X2), ) A V(
(Y1, ¥2), Q) = V (X, Q)AV (Y, q). Therefore, V((x=Y), q) >2V(X, q) AV(Y, q), for all xand y in RxR and q in Q.
And we have, V(xy, q) =V [ (X1, X2)(Y1, ¥2), 4] = V((X1y1, X2Y2), 4) = A( (Xy1), 9) A A( (X2Y2), ) = {A(Xq,
a) A A1 9) IAM{AK2, 0) A AlY2, 6) 3= {AKXL 9) AAK, FA{AYL 9) A Aly2, 3= V(X4 X2), @) A V(
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(Y1, ¥2), @) = V (X, 9) AV (y, q). Therefore, V((xy), q) = V(Xx, ) A V(Y, q), for all x and y in RxR
and g in Q. This proves that V is a (Q, L)-fuzzy subnearring of RXR. Conversely, assume that V is a (Q, L)-
fuzzy subnearring of RXR, then for any X = (X3, Xp) and y = (ys, ) are in RXR, we have A( X;—Y1, q) A
AX=Y2, ) = V((X1=Y1, X2Y2), @) = V[ (X1, X2) = (Y1, ¥2), 4 1= V(x-y, q) =2 V(X, Q)AV (y, ) =
V((X1, %2), a) AV (Y1, ¥2), 4) = {AX1, @) A A%z, OFA{A(YL 0) A A(Y2, )} If we put X, =y, = e, where
e is the identity element of R. We get, A(( X1—Y1), 9) = A(Xy1, ) A A(Yi, ), forall x;and y; inRand g in Q.
And A(X1y1, 9) A A(X2Y2, Q) } = V((X1y1, X2 ¥2), @) = V[ (X, X2)( Y1, ¥2), 4] = V(xy,
q)=V(X,q) AV(y, Q)= V( (X1, %X2), @) AV( (Y1, Y2), @) = {A(X1, 9) AA(X2, 0) 3A {A(Y1, 9)
AA(Y2, )} If we put X, =y, = e, where e is the identity element of R. We get, A(( X1y1), q) = A(Xy, ) A
A(ys, 9), for all x;and y; in R and g in Q. Hence A is a (Q, L)-fuzzy subnearring of R.
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