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ABSTRACT: Recently, linear codes constructed from defining sets have been studied widely since they have
many applications in cryptography and communication systems. In this paper, we consider a defining set

D = {(x1,x2) € (F;F s Tr(wy +a2) = 1)},

where g = p™" for a positive integer m and an odd prime p, and Tt is the absolute trace function from I, onto

IF,,. Define a class of p-ary linear codes by

Cp= {c(al,ag) : (al,ag) c Fg}
where

C(ala a2) = (TI‘(al:L‘% + a2x§))($1,x2)€D'

We compute the weight enumerators of the punctured codes C'p;.
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I. INTRODUCTION
Throughout this paper, let ¢ = p™ for an
odd prime p and a positive integer m. Denote by
IF, a finite field with g elements. An [n, k, d] linear

code C' over I}, is a k-dimensional subspace of Fy

with minimum distance d . Let A; denote the
number of codewords in C' with Hamming weight ¢
. Then the weight enumerator of V' is defined by
14+ Az 4+ Aoz? + - + A,2". The sequences
(1,A1,Ay,---,A,) is called the weight
distribution of C'. For more information in coding
theory, we refer the reader to [20].

In modern communication society, linear
codes have found many applications in
cryptography, error correction, data storage systems
and network coding due to their efficient encoding
and decoding algorithms. However, there are still
many unsolved problems in coding theory, such as,
the determination of the weights and forms of
codewords. They have been an interesting topic of
study for a long time. The weight distributions of
linear codes have been studied by evaluating the
corresponding exponential sums over finite fields,
see [2, 3, 7, 11, 16, 17, 21, 29, 30, 32-35]. The
authors in [4, 5] dealt with codes constructed from
finite geometries. Recently there are also many
papers considered traces codes over rings and they
also constructed many interesting codes over finite
fields, which are distance optimal and minimal
[22-28]. Note that the motivation of such research is
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that the weight distribution of a code allows the
computation of the error probability of error
detection and correction with respect to some
algorithms.

In the work [6, 8, 9], the authors introduced a
generic  construction of linear codes. Set
D = {didy,--- ,d,} € F, , where g=p™ .
Denote by Tr the absolute trace function from F, to
[F,,. Alinear code of length n = # D is defined by

Cp = {(Tr(bdy), Tr(bds), - - , Tr(bdy)) : b € Fy}

The set D is called the defining set of Cpy.
This construction technique is general in the sense
that many classes of known codes could be
produced by properly selecting the defining set
D C F,. Many classes of linear codes over finite
fields were constructed using this method, see [1, 2,
12-15, 19, 31, 34, 36-38]. Particularly, the authors in
[13, 31, 38] constructed some linear codes and
presented their complete weight enumerators, by
choosing D/, = {z € ]F;:Tr(a.m?’k“) = c}
, where F, = F,\{0}, a € F%, ¢ € F),. Ahn and
Ka [1] investigated the weight enumerators of a
class of p-ary linear codes C'p, defined by
Cp, = {clay,a2) : (a1,a2) € FZ}, (1)
where
c(ar, az) = (Tr(ar27 + 4223)) (21 22)€ Do
and the defining set is chosen to be
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Dy = {(x1,12) € (F;)Z : Tr(xy + x2) = 0} actually the codes C'p, for b # 0. Thus the weight
enumerators of CDb are also presented. Moreover,

In this paper, strongly inspired by [1] and the above compared with the codes C'p,, in [1], our codes C'p
construction, we define a set D C IF‘?] such that have better parameters if we take the same p and m
_ 5 _ (see Remark 1). Besides, the codes presented in this
D= {(xh Tg) € (FZ) : Tr(zy + 29) = 1} paper are minimal in the sense of Yuan and Ding
) ) [39]. So they are suitable to be applied in secret
We contribute on the weight enumerator of the sharing schemes. _ _
linear codes C'p; of (1). The main results are shown The remainder of this paper is organized as follows.
in Theorems 1 and 2 in Section 3. For b € F* In Section 2, we briefly recall some definitions and
. o

results on exponential sums. In Section 3, we

present the main results and additionally we give

D, = {($1>$2) € (IE‘;)Q cTr(xy 4 29) = b} some examples. Finally, in Section 4, we make a
conclusion.

define

One checks that D = D; and the codes C'; are

I1. PRELIMINARIES
We begin with the concept of additive characters and Gauss sums over finite fields. Let p be an odd prime and
q = p™ for a positive integer m. Let Ir : F; — I, be the absolute trace function from [, to IF,,. Then the

function 1), defined by

Yalz) = ) foralla € I,

2my/—1

is an additive character of I, where (, = €~ » isa p-th primitive root of unity. It is clear that ¢ (z) = 1 for
all x € IF, and it is called the trivial additive character. The character 1/ is called the canonical additive character
of ;. All additive characters 1)), of IF, can be expressed in terms of ¢y, i.e., ¢4 (x) = 11 (ax)for all x € I,
The orthogonal property of additive characters is given by

> wi0= {0 oo

zclFy q°
Suppose that 77 is the quadratic character of IE‘; and 7, is the quadratic character of T
checked that

*

- Forall z € 7, itis easily

1 if m is even,
n(z) = o
np(z) ifm is odd.

Now we define the quadratic Gauss sums over [,
G(n) = nlx)tr(z).
z€F;
According to Theorem 5.15 in [18], we have
G(n) = (=1)" "'/ ()™,
and G(n,) = /p*, where p* = n,(—1)p = (—1)%;0. Let ¢ — 1 = sN for two positive integers s > 1 and
N > 1. The Gaussian periods of order /N are defined by

v = > (),

:1:€C(N‘(J)

i

fori =0,1,--- ;N — 1, where Ci(N’Q) is the ¢-th cyclotomic class of order NV in IF,.

The following lemmas will be needed when we calculate the weight distributions of our codes in the next section.
Lemma 1 (Propositions 1 and 19, [10]). When N = 2, the Gaussian periods are given by

(2,9) _ w if p=1 (mod 4),
" 71“71)7“72](\g)m‘/(7 if p=3 (mod 4)

and 7;%2";) =—-1- n{gg’Q).

Www.ijera.com DOI: 10.9790/9622-1007014157 42|Page




Xiangli Kong, et. al. International Journal of Engineering Research and Applications
www.ijera.com
ISSN: 2248-9622, Vol. 10, Issue 7, (Series-1) July 2020, pp. 41-57

Lemma 2 (Theorem 5.33, [18]). If g is odd and f(z) = asx? + a1z + ag € F,[x] with ag # 0, then
T‘r ¢ (4a:
> om0 D 03)G ).

zely,

1. WEIGHT ENUMERATORS OF THE LINEAR CODES CD
In this section, we present our main results of the weight distribution of the linear codes C'; defined by (1), where
the defining set D is given by

D={(z1.m) € (B} : Tr(m +2) =1}
We should firstly compute the length of C'5;. Denote
n=#{(x1,22) € (F;)* : Tr(z1 +a2) = 1},

It is easily obtained that the length of the linear codes C'p isn = (q_lp#.

To get the weight distribution of C'f;, we need to compute the weight of every codeword and count the frequency
of each weight occurring in all codewords. For a codeword c(ay, as) of C'p, let Ny := N(a1,az) be the
number of components Tr(a;z? + asz3) of c(ay, as) which are equal to 0. Then the weight of c(a1, az) is

given by wi(c(ay, az)) = n — Ng. By definition,

Ny = Z ( Z yTr(z1+22)— )( ZCZTI‘(LLLLI'FQQ.LE))

J:l,a:ze[ﬁ‘* t;EIF'p z€lF,
1 _ _
(1,2 ’ +_2(571+!22+(23), 3)
D P
where
= Z ¢ Z Cg‘r(yml) Z C];Fr(yxg) T
yeFy z1 €F; T2€EF
Tr{za123 Tr(zazz3
2y = Z Z C;;l( a1z?) Z ¢ ( agl’z),
z€Fy z €l z2€F
(= .
23 = Z Cp Z CTr za1@3+yx) Z C;;[\*(~a2x2+yxg)‘
vaeFy  aiel; 22€F;

Now let us determine the values of {2 and 23 in the next two lemmas. For simplicity, we denote
G =G (n)G(np)and G; = G(n)n(a;) fori € {1,2}.

Lemma 3 (Lemma 5, [1]). The values of (2, are given as follows.

1) If m is even, then
(g—1)2%p—1) if a;p =0,a2 =0,
0y = (=1 -1(G1—1) if a1 #0,a2 =0,
(¢g—1(p—1)(G2—1) if a1 =0,a2 #0,
(p—1)(Gy —1)(G2—1) if a1 # 0,a9 # 0.

2 If m is odd, then

(a=1*p-1) i ar=0, a2 =0,
—(¢g-Dp-1) ifar#0, aa =0,
—(g=Dp—1) if a1 =0, ag #0,
(p—1D(G1G2+1) if a1 #0, ag # 0.

2 =

Lemma 4. Denote \; = Tr(a; ') if a # 0. The values of {25 are given as follows.
(1) When m is even, we have
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(1.2 ifa; = 0andaz = 0,then 23 = —(p — 1);
1.2) if a; # 0and az = 0, then
-1)(G, -1 f A =0,
25 — (p NG ) i M ;
-Gi—(p—1) if AL #0;
(1.3) if ay = 0and az # 0, then
—1D(Ga—1) if Aa=0,
2 — (p—1)(G2—1) if Aa=0,
~Gy—(p—1) if A2 #0;
(1.4) if a; # 0and az # 0, then
—(p—l)(Gl—l)(Gg—l) Lf /\1 :/\2:(].,
(G2 -1)(G1+p—1) if M #0,A =0,
23 =49 (G1 - 1)(Ga+p—1) if A1 =0,X2#0,
—(p—l)(GlG2+1)—G1—GQ Zf /\l)\g—‘,éo,/\1+/\2=0,

Gi1Go— G —Ga— (p—1)

if AM1Aa # 0, A1 + A2 # 0.

(2) When m is odd, by denoting A; = n(a;)n,(—X;) for a; # 0, we have

(2.2) ifa; = 0andaz = 0, then 23 = —(p — 1);
(2.2) if a1 # 0and az = 0, then
—p—1 f A =0,
05 = P if M
GA — (p—1) if A\ %0
(2.3) if a; = 0and az # 0, then
—(p—1 f A2 =0,
0 = (p—1) if A2
GAQ—(p—l) if A2 750;
(24) if a1 # 0 and az # 0, then
{
—(p— 1)(G1G2 + 1) if Av=2A2=0,

G1Ga+GA —(p—1)

GG +GAz— (p—1)

G1A1 + GoAs — (p—1)(G1Ga+ 1)
(G1G2 + G1AL + G Ay — (p— 1)

2

if AL # 0, M =0,
if AL =0, A #£0,
if MA2 #0,M 4+ A =0,
i Ada # 0, A1 + Ao # 0;

(1) ag =0,a2 =0,
. (2) ap #0,a2 =0,
Proof. There are four cases to consider separately:
(3) ay :O1a2 ?é 0 )
(4) aq =0,a2 7&0 .

Case L If a; = Oand a2 = 0, then

R ST D S

y,z€F} x1EFy z2€F}
=> > GV=--1.
z€F; yeF;
Case 2 If a; # Oand a2 = 0, then
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2 = Z Z Cp_y( Z CTT zajzityry) 1)( Z CpTr(y:cz))

2}, yelF?, z1€EF, z2€F}
—- Y ¥ (6 e 1)
zEIF'* e[F‘*
M2
=G Y n)> G T =1
z€F} yely,
-G1 Yon(z) X Gl —(p-1) if Ay =0,
_ z€Fy yeF;
—G1 Y ()G ()G () + G X n(z) — (p—1) if Ay #0,
zE]F; zEIF‘;

where we denote A\; = Tr(a;!).
Suppose that m is even, then we have 7)(z) = 1for z € FF};. So

-Gi1 Y X Gl -1 if Ay =0

2€F yeFs
z

G Y (-G () + G S 1 (p—1) A #£0
ZEF;) zE[F;)

(p—1)(G1—1) if \ =0,
Gi—(p—1) if A\ #0.
Suppose that 12 is odd, then we have 77(2) = 7,(2) for = € IF. Hence

-G Y mp(z) X GV =(p—1) if A\ =0,

z€F; yeFs:
z

—G1 ¥ G np(=M)G(mp) — (p—1) if A #0,

zE[F‘;

{23 =

Q3 =

- —( — 1) if )\1 =0
i (—A)G(p) — (p—1) i Ay #0
—(p—1) if Ay =0,
GAl—(p—l) if)\l#(],
where G = G(1)G(np) and Ay = nlai)n(—A1).

Case 3 If a; = 0 and a2 # 0, then the results are obtained similarly.
Case 4 If a; # 0and az # 0, then

0 = Z Z ng( Z Cp’I‘r(za1w%+y$1) _ 1)( Z Cg‘r(zagxg+y:cg) B 1)

zeF} yeFy mE]F r2€l,
2
_uty
S Y GG E a6 - DG F a6 - 1)
z€F} yelFy,
2 2
— ¥ (A1+A2)—y —L 1
:GIGQZ quu( 1+A2) JfG] Zn(z)ZCpa;z 1=y
z€F} yelF;, z€F), yel;,
2
—¥ Mgy
—Ga Yy ()Y G T = (p—1),
z€F} yeFy

Www.ijera.com DOI: 10.9790/9622-1007014157

45|Page



Xiangli Kong, et. al. International Journal of Engineering Research and Applications
www.ijera.com
ISSN: 2248-9622, Vol. 10, Issue 7, (Series-1) July 2020, pp. 41-57

where we denote A; = Tr(a; ')and Ay = Tr(ay ).
Let us divide the rest of the proof into five subcases according to the values of A and A2.
Subcase 4.a If A1 = Ao = 0, then

23=G1G2 Y Y GV —(Gi+Ga) Y () ¢V —(p—1)

z€Fy yelFy, z€F}, yeFy
—(p—1)(G1 —1)(G2 — 1) if m is even,

—(p = 1)(G1G2+ 1) if m is odd.
Subcase 4.b If Ay £ 0 and A = 0, then

2= Y Y G e Y ) Y g N

z€Fy yelFy, z€F}, yeF;,
G2 > n(z) Y GV —(p—1).
z€F} yelfy

When m is even, then 7;(2) = 1forall z € F}. So

A
25 =Gi(G2— 1) ; S ~ )G 0) = 1)+ Galp—1) = (p— 1)
= Gl(GQ — 1) + (p — 1)(G2 — 1)
=(Ga—1)(G1+p—1).
When m is odd, then 7(z ) = np(z) forall z € F;. So

GIGZ Z ”p e (pr) - 1)

weF*
=\
~G1 Y ()G fzp(—4—2>G(frp) —D+G2 Y Gle) = (=)
z€ly z€Fy

=G1Gy +GA4 4,(p 4’1)
where A1 = n(ai)n(—A1).
Subcase 4.c If A\; = 0, A2 # 0, we perform a similar calculation and obtain

(G1 —1)(Ga+p—1) if mis even,
G1Ga+GAs — (p—1) if mis odd,

2 =

where Az = n(az)n,(—A2).
Subcase 4.d If A; A2 # 0 and moreover A; + Ay = 0, then

2=61GY. S G- ) Y ¢ N

z€Fy yely, z€F}, yEF;,
2
—ha-y
—G2 > n(z) Y G ET = (p-1).
z€F} IS

When m is even,

) ) — 1)

25 = *(p - 1)GIG2 -Gy Z (Cp)ﬁflp(*zlz

zEF;

= A
~Gy Y (G -'rfp(*i)G('np) —-1)—(p—1)
z€Fy
B *(p - l)Gng — Gl — Gg — (p — 1).
When m is odd,

)G — 1)

23 = —(p — 1)G1G2 -Gy Z 7]{J(Z)(CETIIJ(_4Z

z€F}
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= A
—G9 Z np(z)(g;z np(—i)G(np) -1 —-(p-1)
z€Fy,
=—(p— 1)G1G2 + G141 + GaAs — (p— 1).
Subcase 4.e If A1 A2 # 0 and moreover A\, + Az ;é 0, then

A+ A
= GGy Y (G (- 22 Gy, — 1)

z€Fy 4z
V1 A
~G1 Y ()G (= )G ) = 1)
z€F}

A2
Gy 3 G (- 3G ) 1)~ (- D).
z€F3
This leads to the conclusion that

GG —G1—Ga— (p—1) if m is even,

G1G2+ G1A] + GoAs — (p—1) if m is odd.
The whole proof of this lemma is completed.
Lemma 5 (Lemma 3.4[2]). For any ¢ € F, define m. = #{a € F), : Tr(a™') = ¢}
Then we have

{25 =

prt—1 ife=0,
pml if ¢ # 0.

Me =

Lemma 6 (Lemma 3.5, [2]). For any ¢ € [F), let
nie =#{a € F}:nla) =i, Tr(a™t) = ¢} for i € {—1,1}.
1) If . is even, then
{gmp+ﬁ p—1)G() ife=0,
Ni,c =

Tp( —iG(n)) if ¢ # 0.
@) If rn is odd, then

{glp(qp) if ¢ =0,
Mie = 1 . .
95 (@ +inp(—c)G) if ¢ #0.
Lemma 7 (Lemma 3.7, [2]). Suppose that m is odd, let
n;; = #{a € i n(a) = i,mp(-Te(a™")) = j} for é,5 € {~1,1}.
Then we have

r p—l ..
”i,j = 4—[)((1 + 7]G)

Theorem 1. Let (' be a linear code defined by (1) where
D ={(x1,x2) € (F;)z :Tr(zy + @9) = 1}
Suppose that m is even.

(1) If m = 2, then the weight distribution of ('}, is given by Table 1 and the code (', has parameters
[p® — 2p, 4, d], where

9 if p =3,
(p—1@p*—p-1) ifp>3.

m =2 then t ewelg t distribution o D is glven y lable 2 an the code D nas parameters
2) If m = 4 then th ht distrib fC by Table 2 and the code Cp h
[p2m 1 me 11 an, ( l)pm 2(p —p 2 . 1)]

d =
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Table 1. Weight distribution of C'p for m = 2

Weight w Frequency A,

0 1
(p—1@*—p—1) 2(p—1)
p-D@E*-p-1)+1 (-1
-1 +p-1)-1  p*-1
(p—1)(p*-2) B3 (p—1)2
(p—1D(p*—1) (p—1E*—1)
(p—1D(p*—3) (p—1)°
(p—1)(p* —2)+2 EE(pF1)?
(p—1)(p?—2)—p+2 (L2102
(P=D)P* -2 +p L2 (2 — 1)

Table 2. Weight distribution of CD foreven m > 4

Weight w Frequency A,

0 1

(p— Dp" (™ £p= — 1) Pt =1F (p—1)p%-

(pfl)pm72(pm + p2 71)7})7—1 (‘pfl)( m— 1+p——1)

(p _ 1)pm—2(pm, —p7 — 1) +p——l ( _ 1)( m—1 p2 ]_)

(p _ l)pm—Q(,pm o 2) (pm 1 1) + P;lpm72(pm _ 1)

(p—L)pm 2(pm —2) £ pm ' —pr! %?Gf“l+pz D™t =1+ (p—1)p7h
(p _ 1)pm—2(pm _ 2) :i:pm_] +p? 1 %(pm 1 _ )(pm 1 1 = (p _ l)p%_l)
(p—1Dp™ (™ —2) + Qp%_l eL(pmt q:pT—l)Q

(p _ l)pm.f2(pm 2) P 14 2[) = %l(p - 2)(p.rn—l == p% 1)2

(p— l)pm—Q(p'm —2) + pm 1 }%1(1) _ 2)pm—2(pm, 1)

Proof. Recall that the weight of c(a1, az) in Cpy is given by
wt(c(ar,az)) = n — Ny,

12 o
where n = (qlp# — pbnfl

Case 1 Assume @y # Oand as = 0.

_ 2pm71 and j\]’[) —_ (Q*i}l?fl +

and 4 to compute the values of Njj. For convenience, we denote \; = Tr(a;

I%(Qg + (23) . We employ Lemmas 3
Yifa; # 0.

If A\ =0, then we obtain
12—
o=l S
12
=== (- D - 0@ - )+ - DG - )
—1)2-1
S L (Gt - 1
e R e = D(G(n) — 1) ifplar) =1
p'me(pme) _ pm72(p _ 1)(@(7]) + 1) if n(a'l) = —1
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Now the frequencies are

by Lemma 6, respectively.

If Ay = 0, then we obtain
(-1)°-1 1
T + I?(Qg + (23)

= (=00 DG - )= G- (- 1)
PP = 2) +p7% (P — Da(G(n) — 1) —pG(n) i nar)

P = 2) = 7 (0 = Da(G) + 1) = pG(m) i n(ar) = ~1.
Again from Lemma 6, their frequencies are

Ny =

L,

p—1
D =5 —(g=Gm),
c7#0 P

p—1
anp—‘rz (g +Gn),
c#0 P

respectively.

Case 2 If a; = (and ay # 0, then we also have the same weights and the same frequencies as those in Case 1.
Case 3 Now let us assume that @ 75 0and as 75 0. There are five subcases to consider.

Subcase 3.a If A; = Ay = 0, then we obtain

(¢-1)°-1 1
No=-2— " =~ (+
e pg( )
:pm—Q(pm _2)’

since (22 = —{23 = (p— 1)(G1 — 1)(G2 — 1). The frequency is (p™ " — 1)% by Lemma 5.
Subcase 3.b If A1 # 0 and A2 = 0, then we have

(-1)°-1 1
T + F(Qz + Q&)
(¢—1)7-1

2

eri2 ((p— DG —1D)(Ga—1)+G1Ga— G+ (p—1)(Ga — 1))

Ny =

= p2 + ]_’)GI(GZ — 1)
(pm=2(p™ = 2) + p ' G()(Gn) — 1) i p(ar) = nlaz) = 1,

) P = 2) —p G (G(n) + 1) if nlar) =1, nlaz) = -1,
P =2) = p G (G(n) = 1) if nlar) = =1, nlaz) =1
PR = 2) +p T G (Gn) + 1) ifnlar) = —1, nlag) = —1

According to Lemma 6, their frequencies are
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(S me)mo == G- v+ (0 = DG,

c#0

(Zrae)roro- L (4= G)a—p— (0= G()

(Z n*l‘c) nig = %(Q‘ +Gm))g—p+(p—1)G(n)),
c#0

(S nmse)nora =2 (o Gla—p— (0= DG@)).

c7#0

respectively.
Subcase 3.c If Ay = 0 and A2 # 0, then we have the same weights and the same frequencies as those in

Subcase 3.b.
Subcase 3.d If A1 # 0, A2 £ 0and Ay + A2 = 0, then we have
(g—1)2-1 1
NO = p—2 +E(.QQ + Qg)
(g—1)*—1
1p2
+p—2 ((P— (G =1)(Ga—1) = (p—1)(G1G2+1) = G — Gz)

—_1)2 _
ZM%(Gﬂ‘FGQ)

P2
B (g—172%-1 1
=~ Gl () + n(a))
prRp™ = 2) = 2p ' G(n)  if p(ar) = nlag) = 1,
p*rn—2(p'rn o 2) if T)(G‘IG‘Z) — 71’

P (p™ —2) 4+ 2p7 G () if n(ay) = nla) = —1.
Their frequencies are given below

2 p - 1 2
ot = (g - G,
c#0 —1p

2 Z Nyen_10 = p2 3 (¢° — G(n)?),
D
c#0
p—1
Zﬂ%l:c = (q + G(W))Q:
c#0 4p

respectively.
Subcase 3.e If A1 # 0, A2 # 0 and moreover A1 + A2 # 0, then we have

g—-172%2-1 1
Ny = % + E((p — )G —1)(Ga—1)+(G1 —1)(G2 —1) —p)
= w + 161Gy — 1 — G
it 1 ?1)
— (4 _}172 4 I‘)G(TI)(G(TI)TI(GIGQ) —nla1) — ’r;(ag))
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pr2(pm — 2) + p G (Gy) — 2) if n(ay) = n(az) = 1,
= P = 2) - TG’ i n(araz) = -1,

P = 2) + pT G (Gn) +2)  if nlar) = nlas) = ~1.
Let us compute their frequencies. From Lemma 6 they are given by

Snne 32 g = EEDPED Gy,

2
c#0 k=0 4p
k#—c
2 .
23 e 3 o= DD e gy,
c#0 kE#0 p
k#—c
n— 1) (p— 2 .
S Y mo = EEDED g,
. E#£0 p
k#—c

respectively. Thus we get the desired conclusions.
Example 1. (1) Let (p, m) = (5, 2). By Theorem 1, the code C'p; is a [115,4, 76] linear code over [F5 . Its weight
enumerator is
148270 £ 16277 + 10825% 4 64258 4+ 48289 4 36270
+64292 4+ 16271 4+ 96276 4 144297 + 242115,
which is checked by Magma programs.
(2) Let (p,m) = (3,4) . By Theorem 1, the code C'p, is a [2133, 8,1278] linear code over [F5. Its weight
enumerator is
1+ 3221278 4 4821281 4 45021389 4 60021392 4 76821398
+28821101 + 45021116 4 139621422 4 28821128 4 96021416
+72021449 + 48021452 + 6021599 4 202,16[}2’
which is checked by Magma programs.
Theorem 2. Let (', be a linear code defined by (1) where
D = {(.’L‘]_?ilfz) S (IFZ,)Q : TI'(.’L']_ + $2) = 1}

Suppose that 1 is odd and m > 1. Then the weight distribution of C'; is given by Table 3 and the code C'; has
parameters

[me—l _ prn—l7 27,n7 d]’
where

m—3

d B 3??‘1,72(3771 _ ) 31?1.7‘1 o 3 > 1f p= 3’
(p— Dpm2(pm™ —2) —pm !t —2p =i p > 3.

Table 3. Weight distribution of C'p, for odd m > 1

Weight w Frequency Ay,
0 1
(p— D@ —p"?) 2(p™1 — 1)
(p— )" 2 = p ) £ p™T (p— 1" Fp )
(= 1P 20" = 2) (" = 1) B (P -
(0= V"2 " = 2) " T S F ) )
(p—1)p" 2(p" = 2) +p" Lk p" T EP M Fp )M 1)
(p—Dpm2(pm —2)+£2p 2 L (=1 pmz )2
(p—1)pm2(pm —2) — pmt k 2p T EEE (Tl Fp"y )2
(p— D)pm 2™ —2) +pm %%%pm 2 pmt)
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(p—1)pm2(pm —2) —pm1 %%(pQ?-an —
T — _ m—3 —1 p— _ m—1

(pil)pm 2(pm72)+pm 1*213 3 141121(pm 1 +p 5 )2
T — _ m—3 —1 p— _ m—1

(p o 1)pm 2(pm o 2) =+ pm 1 + 2p—2 i 41 p 2l(pm 1 _ p—2 )2

_1y2 -
Proof. Recall that Ny = (q;# + 1825 + 123). We employ Lemmas 3 and 4 to compute the values of N

P
Note that A; = Tr(a; ) if a; # 0.
Case 1 Suppose that a1 # 0 and ag = (.
If Ay = 0, then we obtain

(¢—1)°-1 1
Ny = + = (22 + 123
P? p"*( )
(g—1)2—-1 1

=5 (- @-Ve-1-0-1)
P P
— pm—Q(pm _ 2) _ (p _ l)pm—Q'
From Lemma 5, its frequency is mg = pm’1 — 1L
If A1 # 0, then we obtain
(q—1)2-1 1
No=—F5—+5{h+1X
p22 pz( )
(g—1)-1 1
~E L L@y oA D)

p p

=

T — T T — 1
=p" (p" —2)— (p—1)p 2+_}§GA1

B p2m72 _ pmfl _ p,,-n.f2 + prG if Al — 1_.
mefQ _ pmfl _p'mf2 _ prG if Al — _1’
where Ay = n(ay)n,(—A1). Their frequencies are computed from Lemma 7

—1
nyy4+nly = p_(q +G),

respectively.

Case 2 If a; = 0 and a2 # 0, then we also have the same weights and the same frequencies as those in Case 1.
Case 3 Suppose that a1 # 0 and a2 # 0.

Subcase 3.a If A1 = As = 0, then we obtain

(g—1)2—-1 1
Ny = T + F(Qng 23)
— pm—2<pm _ 2),

Since 22 = — {23 = (p — 1)(G1G2 + 1). The frequency is m3 = (p™ =1 — 1)2.
Subcase 3.b If Ay # 0 and A2 = 0, then we have

(¢-1? 1
Ny = 2 :“ F(Q‘z + §23)
(g—1)"—1 1
=z i;((P ~1)(G1G2 + 1) + G1G2 + GAy — (p — 1))
=p" 2 (p" = 2) +p GG +p PG A
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m—2 pm -9 _|_p_1G n 2 + p_2G if n

p
P = 2) +p G - p G if
p
P

According to Lemmas 6 and 7, their frequencies are

P
nyanio +nly _nop= T(p —1)(g+ @),

p—1, ..
T?,"l:fl'nl‘o + TP,LLIT?,_LD — ?(fpnl ! - ]-)(q - G),
! ! p— 1 m—1
Ny N0+ Ny N0 = F(p —1)(q + G),
’ / P— 1 m—1
ny_n-10+n_y Mg = 4—p(p — (g —G),

respectively.

Subcase 3.c If Ay = 0 and A2 # 0, then we have the same weights and the same frequencies as those in Subcase
3.b.

Subcase 3.d If Ay £ 0, A2 £ 0and A\; + Ay = 0, then we have

(g—1)2—-1 1

Nog="—5—+ (22 + 92
0 p22 j02( 2 + £23)
—1) -1 1
—% —G(A1 + A2)
p p

pm 2( 2) -+ Qp_gG if Ay = Ay = 1,
=2 —2) — G A = Ay = 1,
2)

rn 2(pm _ if A1A2 - _
If p = 1(mod 4), then r;p( 1) = 1. So their frequencies are given from Lemma 6

-1
Z Ny ,eNy—c Z N_1cN_1,_c= ]117(9+G)2a

CEC(Z’p) CGC(QW)
p—1 2
Z nlcn l—c+ Z nlc 1,—c — 4p2 (q_G)7
ceC ) ceC?)
and
Z (nl,cnfl,fc + nfl,cnl,fc) + Z (nfl,cnl,f(: + nl,cnfl,fc)
cecBP) cec®P)
p—1 5 2
= 2—p2(q - G7),
respectively. In the case of p = 3(mod 4), we compute similarly by noting that 7,(—1) = —1. Their

frequencies are given below

-1
Z N_1,cNy,—c + Z nycn— 1—c:p47((]+G)27

ceCi®P) cec®P)
p—1 2
E NyeN—1,—c + g nlcnl—c:ﬁ(q_G)a
ceC (2,p) 060(2 »P) p
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and
Z (n—l,cn—l,—c + nl,cnl,—c) + Z (n—l,cn—l,—c + nl,cnl,—c)

ceCSBP) ceC®P)

respectively.
Subcase 3.e If A1 # 0, A2 == 0 and moreover A1 + A2 # 0, then we have

(@—1)?*-1 1

No = +F((p— 1(G1Ga +1) + G1Ga + G(A1 + 42) - (p - 1))

p2
:E;¥Zi+%@02w%ﬂm+Aﬂ

(p?-H(pm —2)+p G+ 2p %G if plajas) = A = Ay =1,

P (p™ = 2) + p G (n)? if n(araz) =1, A1 Ay = —
P =2+ p G - 6 i n(aa) = LAy = Ay =
e - 2) - e+ 276 i (aan) = 1.4 = Ay =1,

P = 2) = p G ) (@) = =1, Aidz = =

PR = 2) = p'G()? = 270G i p(aay) = Ay = Ay = —

\

Note that G(7)? = n,(—1)p™ for odd m . Now let us compute the frequency for the case of
n(ajaz) = Ay = Ay = 1. The other cases will be computed similarly, which are omitted here. If
p = 1(mod 4), then 7,(—1) = 1. By Lemma 6, the frequency is

Eﬂ1czﬂ1d+zﬂlczﬂld

cectP) dec*r) cec®P) dec®P)
d;ﬁ—c d;é c
1 1
= 2 gletm(=a0) 3 o(a+n(-d0)
cecFP) deCP)
d#—c
1 1
+ Y la-m(-06) Y a-m(-d)6)
cec®P) P deci®?) b
d#—c
p—1 p—3 2
g @G
In the case of p = 3(mod 4), we have 7,(—1) = —1. Again from Lemma 6, the frequency is
Z nic Z N4+ Z N_ic Z N_id
CEC;Q ,p) d€C§2 \P) CEC(2 \p) dEC(2 p)
d#—c dyé c
1
= Z 2(Q+np )G) Z Q+77p —d)G)
CEC(Q ) p dEC(Q i”)
1
+ > 5 q—%(d) > gl m(=d)G)
cecy® = dec§®? P
p—1 p-—1
~ g e
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Thus we get the desired conclusions.
Example 2. (1) Let (p, m) = (3, 3). By Theorem 2, the code C'p, is a [225, 6,140] linear code over F. Its weight
enumerator is
1+ 96210 4 722140 4 48,142 4 722148 4 1362150 4 18152
+242155 + 16219 4 842157 + 96218 4 482100 4 185161,
which is checked by Magma programs.
(2)Let (p,m) = (5,3). By Theorem 2, the code C'p, is a [3075, 6, 2433] linear code over F5. Its weight
enumerator is
1+ 90022433 + 144022434 4 240022435 + 96022436 + 40022437 + 90022458

+177622100 + 4002212 4 12022179 4 4822150 + 8022181 4 180022153

+14402218% 1120022455 + 96022456 1 80022457,
which is checked by Magma programs.
Remark 1. We remark that our codes in Theorems 1 and 2 have better parameters than those in [1]. The details are
shown in Table 4 by comparing the parameters of our codes in Examples 1 and 2 with those in [1].

Table 4. Comparison of codes
(p,m) (5,2) (3,4) (3,3) (5,3)

Parameters of our codes [115, 4, 76] | [2133, 8, 1278] | [225, 6, 140] | [3075, 6, 2433]

Parameters of codes in [1] | [116, 4, 72] |[2134,8,1278] | [226, 6, 128] | [3076, 6, 2352]

IV. CONCLUDING REMARKS
In this paper, we employed exponential sums to demonstrate the weight enumerators of linear codes C'j; with
defining set D of (2). As introduced in [39], any linear code over I, can be employed to construct secret sharing
schemes with interesting access structures provided that

> p

wmaz p
where W,y and Wy qq: denote the minimum and maximum nonzero weights in (', respectively. By Theorem 1,

we easily check

Y

Wmin (p— 1)pm72(pm —p% —1) > p—1

Wz (p—1)pm2(p" +p% =1) ~ p
where m is even and . = 4. Moreover, by Theorems 2, we easily check
—9/ m m— m=3
Win _ (= Dp" 2" —2) —p" =27 p— 1
Wmaw  (p— Dpm=2(pm —2) +pm 4+ 2p"T P

where m is odd and = 3 . Hence the linear Computing, 2018, 29: 59—76.

codes constructed in this paper are suitable for [2. Ahn J, Ka D and Li C, Complete weight

applications in secret sharing schemes with enumerators of a class of linear codes,

interesting access structures. Designs, Codes and Cryptography, 2017, 83:
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