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I.

of A and Interior of A denoted by Cl( A) and Int(A

INTRODUCTION

In 1982 A S Mashhour et al[10] have defined and
studied the concept of pre-open sets and precontinuous
functions
in topology. In 1983
S.N.Deeb et al [7] have defined and studied the
concept of pre-closed sets ,precloseropearater,pregular spaces and pre-closed functions in
topology. In 1986, D. Andrijivic [ 1 ] introduced
and studied the notion of semipre open sets,
semipreclosed sets ,semipreinterior operator and
semipre-closed operator in topological
spaces. Later many topologist have been studied
these above mention sets in the literature. For the
first time , N.Levine [9] has introduced the notion
g-closed sets and g-open sets in topology. S P Arya
et.al[2] have defined and studied the nontion of gsclosed sets and gs-open sets in 1990. In 1995 ,
J.Dontchev[6] has defined and studied of concept
of gsp-closed sets, gsp-open sets , gsp-continuous
function and gsp-irresoluteness in topology. In
2000 M.K.R.S . Veera kumar[12] has defined and
studied of properties of g*-closed sets in
topological spaces. In this paper , we introduce and
study some allied normal spaces using gsp-open
sets , g*-closed sets , gs-open sets and semipreopen
sets. We, also investigate some basic properties of
these allied normal spaces.

II.

)respectivly.
We give the following define are useful in the
sequel :
DEFINITION 2.1 : A subset A of space X is said
to be :
(i)semi-open set [8] if A  Cl (Int (A))
(ii) pre-open set [10] if A  IntCl(A)
(iii) semi-pre open set [1] if A  Cl (Int (Cl(A)))
The complement of a semiopen (resp. preopen ,
semipreopen) set of a space X is called semiclosed
[3] (resp. preclosed [7] ,semipreclosed [1 ]) set in
X.
The family of all semi open (resp. preopen ,semipre open) sets of X will be denoted by SO(X)
(resp. PO(X) , SPO(X)).

PRELIMINARIES

Throughout this paper ( X ,  ) and ( Y, )
(or simply X and Y ) denote topological spaces on
which no separation axioms are assumed unless

Definition 2.2[4] : The intersection of all semiclosed sets of X containing subset A is called the
semi-closure of A and is denoted by sCl(A).
Definition 2.3[1] : The intersection of all semipreclosed sets of X containing subset A is called the
semipre-closure of A and is denoted by spCl(A).

explicitly stated . If A be a subset of X, the Closure

www.ijera.com

DOI: 10.9790/9622-0807012125

21 | P a g e

Govindappa Navalagi Journal of Engineering Research and Application
ISSN : 2248-9622, Vol. 8, Issue 7 (Part -I) July 2018, pp 21-25
Definition 2.4[5]: The union of all semi-open sets
of X contained in A is called the semi-interior of A
and is denoted by sInt (A).
Definition 2.5[1]: The union of all semipre-open
sets of X contained in A is called the semipreinterior of A and is denoted by spInt(A).
Definition 2.6 : A sub set A of a space X is said to
be :
(i) a generalized closed ( briefly, g- closed ) [9] set
if Cl(A)  U whenever A  U and U is open set
in ( X,  )
(ii) a generalized semi-closed ( briefly, gs- closed )
[2] set if sCl(A)  U whenever A  U and U is
open set in ( X,  )
(iii) a generalized semi-preclosed ( briefly, gspclosed ) [6] set if spCl(A)  U whenever
A
 U and U is open in ( X,  )
(iv) a g*-closed set[12] if Cl(A)  U whenever A
 U and U is g-open set in ( X,  )
Definition 2.7 : A function f:X→Y is said to be
semipre-irresolute [] if f-1(U) is semi preopen set in
X for every semipre open set U in Y
Definition 2.8[13] : A topology space X is said to
be semipre-normal space if for any pair of disjoint
semipre-closed sets A and B of X, there exit
disjoint semipre open sets U and V such that AU
and BV.
Definition 2.9[6]: A function f:X→Y is said to be
gsp-irresolute if f-1(V) is gspopen in X for every
gspopen set V of Y
Definition 2.10 [15] : A function f:X→Y is said to
be g*-irresolute if f-1(V) is a g* -closed set of X for
every g* -closed set of Y
Definition 2.11 [14]: A function f:X→Y is said to
be pre-gs closed, if for each F⊂SC(X), f(F) is gsclosed in Y
Definition 2.12 [11] : A topological space X is said
to be g-normal if for every pair of disjoint g–closed
sets A and B of X ,there exist disjoint open sets U
and V of X such that AU and BV.

III. PROPERTIES OF (SP,GSP)-NORMAL
SPACES
Firstly , we define and study the properties of gspnormal spaces in the following.
Definition 3.1: A topological space X is said to be
gsp-normal if for any pair of disjoint gsp-closed
sets A and B, there exist disjoint open sets U and V
such that A⊂U and B⊂V.
Since every g-closed set is gsp-closed set so every
gsp-normal space is g-normal space.
Theorem 3.2: A topological space X is gspnormal if and only if for any disjoint gsp-closed
sets A and B of X, there exist open sets U and V of
X such that A⊂U, B⊂V and Cl(U) ∩Cl(V)=∅.
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Proof: Necessity: Let A and B be any disjoint gspclosed sets of X. There exist open sets U0 and V of
X such that A⊂U0, B⊂V and U0∩V=∅ hence
U0∩Cl(V)=∅. Since X is gsp-normal there exist
open sets G and H of X such that A⊂G, Cl(V) ⊂H
and G∩H=∅, hence Cl(G)∩H=∅. Now put U=
U0∩G, then U and V are open sets of X such that
A⊂U, B⊂V and Cl(U) ∩Cl(V)=∅.
Sufficiency: Obvious.
Theorem 3.3: A topological space X is said to be
an gsp-normal space if and only for every closed
set F and for every open set G contain F there exist
gsp-open set U such that F⊂U⊂gspCl(U)⊂G.
Proof: Let F be closed set in X and G be an open
set in X such that F⊂U,X−G is a closed set and
(X−G)∩F=∅. Since X is gsp-normal space then
there exist open sets U and V of X such that
U∩V=∅, (X−G)⊂V and F⊂U U⊂(X−V).
Since every open set in gsp-open set and hence U
and V are gsp-open sets of X such that gspCl(U) ⊂
gspCl(X−V)=
X−V.Hence
F⊂U⊂
gspCl(V) ⊂(X−V) ⊂G.
Theorem 3.4: If f:X→Y is an open gsp-irresolute
bijection and X is gsp-normal, then Y is gspnormal.
Proof: Let A and B be any disjoint gsp-closed sets
of Y. Since f is gsp-irresolute,f-1(A) and f-1(B) are
disjoint gsp-closed sets X. Since X is gsp-normal,
then there exists disjoint open sets U and V such
that f-1(A) ⊂U and f-1(B) ⊂V. Since f is open and
bijectivity,
we
obtain
A⊂f(U),
B⊂f(V),f(U)∩f(V)=∅ and also f(U) and f(V) are
open sets of Y. This show that Y is gsp-normal.
We, define the following
Definition 3.5: A topological space X is said to be
(sp,gsp)-normal if for any pair of disjoint
semipreclosed sets A and B there exist disjoint gspopen sets U and V such that A⊂U and B⊂V.
In view of definition of gsp-closed set we give
the following.
Definition 3.6: A subset a of spacee (X,) is
called gsp-open set if its complement is a gspclosed set of ( X,  )
Lemma 3.7: A subset A of a space X is said to be
gsp-open if F⊆spInt(A) Whenever F⊆A and F is
closed in X.
Theorem 3.8: The following properties are
equivalent for a space X.
(i) X is (sp,gsp)-normal
(ii) For any pair of disjoint semipre-closed sets A
and B of X, there exist disjoint gspopen sets U and V such that A⊂U and B⊂V
(iii) For any semipre closed set A and any semipreopen set V containing A, there
exists gsp-open set U such that A⊂U⊂spCl(U)⊂V.
Proof: (i)⟹(ii):This proof is obvious since every
semipre-open set is gsp-open set.
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(ii)⟹(iii): Let A be any semipreclosed set and V
an semipre-open set containing A. Since A and
X−V are disjoint semipreclosed sets of X, since A
and X−V are disjoint semipreclosed sets of X,
then there exist gsp-open sets U, W of X such that
A⊂U, X−V⊂W and U∩V=∅. By lemma 3.7.,we
have X−V⊂spInt(W). Since U∩spInt(W)=∅. We
have
spCl(U) ∩spInt(W)=∅
and
hence
spCl(U)⊂X− spInt(W)⊂V.Therefore, we obtain
A⊂U⊂ spCl(U)⊂V.
(ii)⟹(iii): Let A and B be any disjoint semipreclosed sets of X. Since X−B is an semipre-open set
containing A, there exists a gsp-open set G, such
that A⊂G⊂spCl(G)⊂X−B. By lemma 3.7.,we have
A⊂spInt(G).
Put
U=spInt(G)
and
V=
X−spCl(G).Then U and V are disjoint semipreopen sets and hence are disjoint gspopen sets such
that A⊂U and B⊂V. Therefore , X is (sp,gsp)normal.
We, define the following
Definition 3.9: A function f:X→Y is called pre
generalized semipre-closed (brifly, pre-gsp-closed)
if for each semipre-closed set F of X , f(F) is gspclosed set in Y.
Theorem 3.10: A surjective function f:X→Y is
pre-gsp-closed if and only if for each subset B of Y
and semipre-open set U of X containing f-1(B),
there exists a gsp-open set V of Y such that B⊂V
and f-1(V) ⊂U.
Proof: Necessity: Suppose that f is pre-gsp-closed.
Let B be any subset of Y and U and semipre-open
set of X containing f-1(B). Put V=Y−f(X−U). Then
V is gsp-open in Y, B⊂V and f-1(V) ⊂U.
Sufficiency: Let F be any semipre-closed set of X.
Put B=Y−f(F), then we have f-1(B) ⊂(X−F) and
(X−F) is semipre-open in X. There exists a gspopen set V of Y such that B=Y−f(F)⊂V and f1
(V) ⊂(X−F). Therefore, we obtain f(F)=(Y−𝑉)
and hence f(F) is pre-gsp-closed in Y. This show
that f is pregsp-closed.
Theorem 3.11: If f:X→Y is a semipre-irresolute
pre gsp-closed surjection and X is semipre-normal.
Then Y is (sp,gsp)-normal.
Proof: Let A and B be any distinct semipre-closed
set of Y. Then f-1(A) and f-1(B) are disjoint
semipre-closed sets of X, as f is semipre- irresolute.
since X is semipre-normal exist disjoint semipre
open sets U and V of X such that f-1(A)⊂U and f1
(B)⊂V. Since f is pregsp-closed.By theorem 3.10.,
there exist gsp-open sets G and H. such that A⊂G,
B⊂H, f-1(G)⊂U and f-1(H)⊂V. Since U and V are
disjoint, we have G∩ 𝐻=∅. This show that Y is
(sp,gsp)-normal.
4.Properties of Strongly gsp - normal spaces.
Definition 4.1: A topological space X is said to be
strongly gsp-normal space, if for any pair of
disjoint closed sets A and B, there exists disjoint
gsp-open sets U and V such that A⊂U and BA⊂V
www.ijera.com
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Theorem 4.2: The following
properties are
equivalent for a space X.
(i) X is strongly gsp -normal space
(ii For any pair of disjoint closed sets A and B of
X, there exist disjoint gsp-open sets
U and V such that A⊂U and B⊂V
(iii) For any closed set A and any open set V
containing A, there exists gsp-open set
U such that A⊂U⊂spCl(U)⊂V.
Proof: (i)⟹(ii):Obvious, since every open set is
gsp-open set.
(ii)⟹(iii):Let A be any closed set and V be an
open set containing A, there exist gsp-open sets U,
W of X such that A⊂U, X−V⊂W and U∩V=∅. By
lemma 3.7.,we have X−V⊂spInt(W). Since
U∩spInt(W)=∅. We have spCl(U) ∩spInt(W)=∅
have and hence spCl(U)⊂ X− spInt(W)⊂V.
Therefore, we obtain A⊂U⊂ spCl(U)⊂V.
(iii)⟹(i):Let A and B be any disjoint closed sets of
X. Since X−B is an open set containing A, there
exists
a
gsp-open
set
G,
such that
A⊂G⊂spCl(G)⊂X−B. By lemma 3.7.,we have
A⊂spInt(G),
Put
U=spInt(G)
and
V=
X−spCl(G).Then U and V are disjoint gsp-open
sets such that A⊂U and B⊂V. Therefore X is
strongly gsp-normal space.
Theorem 4.3: If f:X→Y is continuous pre-gspclosed surjection and X is strongly gsp- normal.
Then Y is strongly gsp-normal.
Proof: Let A and B be any disjoint closed sets of Y.
Then, f-1(A) and f-1(B) are disjoint closed sets X.
As f is continuous function. Since X is strongly
normal, then there exists disjoint gsp-open sets U
and V of X such that f-1(A) ⊂U and f-1(B) ⊂V.
Since f is pre-gsp-closed function, by theorem 6.3.4
there exists gsp-open sets G and H in Y such that
A⊂G, B⊂H, f-1(G)⊂U and f-1(H)⊂V. Since U and
V are disjoint, we have G ∩ 𝐻=∅. This show that Y
is strongly gsp- normal.
Definition 4.4: A space X is said to be (g*,gs)normal space if for any pair of disjoint g*-closed
sets A and B of X, there exists disjoint gs-open sets
U and V such that A⊂U and B⊂V.
Theorem 4.5: The following properties are
equivalent for a space X
(i) X is (g*,gs)-normal space
(ii) For any pair of disjoint g*-closed sets A and B
of X there exists disjoint gs-open
sets U and V such that A⊂U and B⊂V.
(iii) For any g*-closed set A and any g*-open set V
containing A, there exists gs-open
set U such that A⊂U⊂sCl(U)⊂V.
Proof: (i)⟹(ii): Obvious
(ii)⟹(iii) Let A be any g*-closed set and V be an
g*-open set containing A⊂U , X−V⊂W and
U∩W=∅, by lemma 3.7, we have X−U⊂sInt(W).
Since U∩ sInt(W)= ∅. We have sCl(U) ∩sInt(W) =
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∅ and hence sCl(U) ⊂X- sInt(W) ⊂V. There fore
we obtained A⊂U ⊂sCl(U) ⊂V
(iii)⟹(i): Let A and B be any disjoint g*-closed
sets of X. Since X−B is g*-open set containing A,
there exists a gs-open set G, such that
A⊂G⊂sCl(G)⊂X−B. By lemma 3.7 we have
A⊂sInt(G), Put U=sInt(G) and V= X−sCl(G).Then
U and V are disjoint open sets such that A⊂U and
B⊂V. Therefore X is (g*,gs)-normal space.
We, define the following
Definition 4.6: A space X is said to be (g*, s)normal space, if for any pair of disjoint g*-closed
sets A and B of X, there exists disjoint semiopen
sets U and V such that A⊂U and B⊂V.
We , recall the following.
Theorem 4.8[49]: A function f:X→Y is said to be
pre-gs-closed if and only if for each subset B of Y
and each U∈SO(X) containing f-1(B) , there exists a
gs-open set V of Y such that B⊂V and f-1(V) ⊂U.
Now, we prove the following.
Theorem 4.9: If function f:X→Y is g*-irresolute
pre-gs-closed surjection and X is
(g*,s)-normal space, then Y is (g*,s)-normal space.
Proof: Let A and B be any disjoint g*-closed sets
of Y, then f-1(A) and f-1(B) are disjoint g*-closed
sets of X. As f is g*-irresolute function. Since X is
(g*,s)-normal, then there exists disjoint semiopen
sets U and V such that f-1(A) ⊂U and f-1(B) ⊂V.
Since f is pre-gs-closed function, by theorem 4.8.
there exist G and H gs-open sets in Y such that
A⊂U and B⊂V. f-1(G) ⊂U and f-1(H) ⊂V. Since U
and V are disjoint , we have G∩ H=∅. This show
that Y is (g*,s)-normal space.
We, define the following
Definition 4.10: A space X is said to be (g*,gsp)normal space, if for any pair of disjoint g*-closed
sets A and B of X, there exists disjoint gsp-open
sets U and V such that A⊂U and B⊂V.
Theorem 4.11: The following properties are
equivalent for a space X
(i) X is (g*,gsp)-normal space
(ii) For any pair of disjoint g*-closed sets A and B
of X, there exists disjoint gsp-open
sets U and V such that A⊂U and B⊂V.
(iii) For any g*-closed set A and any g*-open set V
containing A, there exists gspopen set U such that A⊂U⊂spCl(U)⊂V.
Proof: Routine proof of the theorem is omitted.
We, define the following
Definition 4.12: A space X is said to be (g*,sp)normal space, if for any pair of disjoint g*-closed
sets A and B of X, there exists disjoint semipreopen sets U and V such that A⊂U and B⊂V.
Theorem 4.13: If function f:X→Y is g*-irresolute
pregsp-closed surjection and X is (g*,sp)-normal
space, then Y is (g*,gsp)-normal space.
Proof is similar to theorem 4.3.
www.ijera.com
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Routine proofs of the following theorems are
omitted
Theorem 4.14: The following properties are
equivalent for a space X
(i) X is (g*,s)-normal space
(ii) For any pair of disjoint g*-closed sets A and B
of X, there exists disjoint semiopen sets U and V such that A⊂U and B⊂V.
(iii) For any g*-closed set A and any g*-open set V
containing A, there exists semiopen set U such that A⊂U⊂sCl(U)⊂V.
Theorem 4.15: The following properties are
equivalent for a space X
(i) X is (g*,sp)-normal space
(ii) For any pair of disjoint g*-closed sets A and B
of X, there exists disjoint semipreopen sets U and V such that A⊂U and B⊂V.
(iii) For any g*-closed set A and any g*-open set V
containing A, there exists
semipre-open set U such that A⊂U⊂spCl(U)⊂V.
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