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ABSTRACT: In this paper we investigate the existence and uniqueness of mild solutions to neutral stochastic
functional differential equations driven by a Brownian motion in a Hilbert space with non-Lipschitzian
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I. INTRODUCTION

The study of existence, uniqueness and
stability of mild solutions of stochastic neutral
functional differential equations (SNFDESs) due to
their range of applications in various sciences such
as physics, mechanical engineering, control theory
and economics where in, quite often the future state
of such systems depends not only on the present
state but also on its past history leading to SNFDEs
rather than SDEs. Mao [11] discussed this kind
SNFDEs is the following neutral SFDEs with finite
delay which could be used in chemical engineering
and aero elasticity introduce in kolmanovskil and
myshkis [9]. Under the global Lipschitz and linear
growth condition Taniguchi [21] and Luo [10]
considered the existence and Uniqueness of mild
solutions to SPFDEs. The theory of stochastic
differential equations driven by a fractional
Brownian motion (FBM) has been studied
intensively in recent years [3, 5, 8, 14, 15] .
Senguttuvan et al., studied the existence of
stochastic Partial differential equations with neutral
and delay conditions [17, 18, 19, 20]. In [7]
Farrante and Rovira studied the Stochastic delay
differential equations driven by fractional
Brownian motion with Hurst parameter H >1/2.
Consider the stochastic Partial differential
equations (SPDEs) driven by a fractional Brownian
motion (FBM). SPDEs arise in many areas of
applied mathematics. For this reason, the study of
this type of equations has been receiving increased
attention in the last few years. An existence and
uniqueness result of mild solutions for a class of
neutral stochastic differential equation with finite
delay, driven by an FBM in a Hilbert space has
been investigated [2] in Boufoussi and Hajji. The
asymptotic behaviour of solutions for stochastic
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differential equations with FBM has been
investigated by authors [2, 4, 6]. More over
Nguyen [12] has studied the asymptotic behaviours
of mild solutions to neutral stochastic differential
equations driven by an FBM.

Motivated by the above papers, in this
work we aim to extend the existence and
Uniqueness of mild solution to cover a class of
more general SNFDs described in the form

D[IX(O)] + G(¢t, X)] = [AX(t) +
Ft Xtdt+otdBHt 0<t<7,
with the initial condition X(t) = &(t), t €
[-7.0]and X, = [X(t+ 0): —1<0<0]
where A is the infinitesimal generator of an
analytic semi group of bounded linear operators,
(8(®),., in a Hilbert space X, B" isa Q —

fractional Brownian motion real and separable
Hilbert space Y, r,p :[0,T] - [0,7](t > 0) are
continuous, F,G: [0,T] xX - X, o0:[0, T] »
LY (Y, X)are appropriate function and &€
€ ([-7,0]; L*(Q,X)). Here L3 (Y,X) denotes the
space of all Q- Hilbert- Schmidt operators from Y
into X .

Unfortunately, for many practical
situations, the nonlinear terms do not obey the
global Lipschitz and linear growth condition, even
the local Lipschitz condition. Motivated by the
above papers, in this paper, we aim to extend the
existence and uniqueness of mild solutions to cover
a class of more general neutral stochastic functional
differential equations driven by fractional
Brownian motion with Hurst parameter.< H <
lunder a non -—Lipschitz condition with the
Lipschitz condition being regarded as a special case
and a weakened linear growth condition.
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The rest of this paper is organised as
follows. In section 2 we introduce some notations,
concepts and basic results about fractional
Brownian motion, Wiener integral over Hilbert
spaces and we recall some preliminary results
about analytic semi groups and fractional power
associated to its generator. In section 3, the
existence and uniqueness of mild solutions are
proved.

Il. PRELIMINARY RESULTS

In this section, we collect some notions,
conceptions and lemmas on Wiener integrals with
respect to an infinite dimensional fractional
Brownian motion. In addition, we also recall some
basic results about analytical semi-groups and
fractional powers of their infinitesimal generators
which will be used throughout this paper.
Let (Q, F,IP)be a complete probability space.
Consider a time interval [0, T] with arbitrary fixed
horizon T and let {8"(t), t € [0,T]} be the one-
dimensional fractional Brownian motion with Hurst

parameter H € G, 1).This means by definition that
B! is a centered Gaussian process with covariance
function:
Ry (t,5) = E(B' B
= %(tZH + s — |t — s|21).

More over B has the following Wiener integral
representation:

F1© = [ Ku(t, )5
whereg = {87 (t),t € [0,T]} is a Wiener

process and Ky (t, s) is the kernel given by
Ly (f -l g L
Ky (t,s) = cys? f(u—s) zu""2 du
S
for t > s, where

ey = JH (2H - 1)/B (2 —2H,H — %) and
B(.,.) denotes the Beta function.We put
K=y (t,s)=0ift<s.
We will denote by H the reproducing kernel
Hilbert space of the FBM. In fact # isthe closure
of set of indicator functions {Ijo,), t € [0, T]}with
respect to the scalar product

(lo.c1 Tos1) 3¢ = Ry (&, 5).
The mappingl,; = B”(t) can be extended to an
isometry betweenH andthe first Wiener chaos and
we will denote by B (p)the image of ¢ by the
previous isometry.
We recall that for i, ® € H their scalar product in
£ is given by
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(Y, p)ee =H (2H -
- 1>”¢(s> oDt

0 0
— s|?-2 ds dt.
Let us consider the operator Kjfrom H to
L?([0, T]) defined by

T oK
KD® = [ 005 @ 5)dr

N
We refer [13] for the proof of the fact that K} is an
isometry between Hand L?([0, T]).
Moreover for anye H', we have

B () = f (Ki(©) dB ().
0

It follows from[13] that the elements of ' may be
not functions but distributions of negative order. In
order to obtain a space of functions contained in
J€,we consider the linear space || generated b the
measurable functions ¥ such that

T T
2 =
I3y = an fo fo ()] (O] |¢

— 5|2 dsdt < o
where a3 = H(2H —1). The space |H]is a
Banach space with the norm ||||;;;; and we have
the following conclusions[13].

Lemma 2.1

Let L%([0,T]) < LY#([0,T]) € |H| € H,
and forany ¥ € L2([0,T]) we have

IpllZe < 2H T [Tlp(s)|?ds.

Let X and Y be two real, separable Hilbert spaces
and letL(Y,X)be the space of bounded linear
operator from Y to X. For the sake of convenience,
we shall use the same notation to denote the norms
in'Y, X and L(Y,X). Let Q € L(Y,X) be an
operator defined by  Qe, = 4, e,, with finite trace
trQ=Y7 4 4A,<cowhere 4, =20 (n=12,..)are
non-negative real numbers and { e, }(n = 1,2,....)
is a complete orthonormal basis in Y. We define
the infinite dimensional FBM on Y with covariance

Qas
BY®) = B{® = ) Ve,
-1

n
WhereB{ are real, independent FBM.This process
is a Y- valued Gaussian, it starts from 0, has zero
mean and covariance:
E(B" (1), x}B"(s), y) = R(s,t){Q(x), y), forall

X,y € Yandts € [0,T].

In order to define Wiener integrals with respect to
the Q-FBM, we introduce the space L) =
LY(Y, X) of all Q-Hilbert-Schmidt operators
P:Y = X. We recall that ¢ € L(Y,X) is called a
Q-Hilbert-Schmidt operator if

2
Iy = -l veu || < oo,
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and that the space LY equipped with the inner
product (@, ¥)9 =Xy _1(pe, e, ) is a
separable Hilbert space.

Now, let ¢(s), s € [0,T] be a function with
values in L3 (Y, X). The Wiener integral of ¢ with
respect to B is defined by

fy 9() dBH () = 2571 \7 9()dBY () =
n—1c00tinkH+pen sBnHs (2.1)

wheref,, is the standard Brownian motion used to
present B

Now we end this subsection by stating the
following result in [17].

Lemma 22 If :[0,T] - L} (Y, X)satisfies
f0T||zp(s)||§g < oo, then the above sum in (2.1) is

well defined as a X-valued random variable and we
have

2
Elf; o) dB )| < 202 [(lw(s)liy ds
Now we turn to state notations and basic facts
about the theory of semi-groups and fractional
power operators. Let A : D(A)— X be the
infinitesimal generator of an analytic semi-group,
(5(1)),., of bounded linear operators on X. For the

theory of strongly continuous semigroup, we refer
to Pazy [16]. We will point out here some notations
and properties that will be used in this work. It is
well known that there exist M > 1and 4 € R such
that ||S(t)|| < M e*foreveryt> 0.

If (S(1)),.,is a uniformly bounded and analytic

semigroup such that 0 € p(A),where p(A) is the
resolvent set of A, then it is possible to define the
fractional power (—A)* for 0< a < 1, as a closed
linear operator on its domain D (—A)“.
Furthermore, the subspace (—A)* is dense in X,
and the expression ||hll, = ||(=A)* h|| defines a
norm in D (—A)%. If X, represents the space D
(—A)* endowed with the norm ||-||,,then the
following properties are well known [10,Theorem
6.13].

Lemma 2.3 Suppose that the preceding conditions
are satisfied.
(1) Let0< a <1. Then X, is a Banach space.
(2) 1f0 < p < athen the injection X, _X; is
continuous.
(3) Forevery 0 < < 1thereexists Mg >0
such that

[(=4)¢ S(©®)|| <MgtPe™ t >0, 1> 0.

Lemma 2.4( [3]: Lemma 1) Foru,v e X,and0<c
<1,

1 2,1 2
< — hut
lhall < 2l = vli2 + 2 vl
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1. EXISTENCE AND UNIQUENESS
In this section we study the existence and
uniqueness of mild solution for Eq.(1.1).For this
equation we assume that the following conditions
hold.
(H1) A is the infinitesimal generator of an
analytic semi group, (S(t)),.~of bounded

linear operators on X. Further, to avoid
unnecessary notations, we,suppose that
0 € p (A), and that, (see Lemma 2.3,)

Isll < Mand||(-4)" s@| < =5~

for some constants M,Mgand every t
€ [0,T].
(H2) The function f satisfies the following non-
Lipschitz conditionfor any

X,y € Xand t= 0,

If(t,) = FEII? <k (lx = ylI?),

where K is a concave nondecreasing function
from R* to Rt such that x(0) =0,

k(u)>0andf [, du/k(u) = o egk~u
Y% <a < 1. We further assume that

there isan M' > 0 such that
supe<t < T||If(t,0)]| <M.

(H3) There exist constants
1/2 <a <1, K; = 0such that the function g is
X, -valued

and satisfies for any x, y¢ Xand t >0,
-G x) — CAGENI < Ky llx =y,
I-A)“IK, <1
We further assume that G(t,0) =0 fort =0
and the function (-A)" is continuous in the
quadratic mean sense:
liméE,

(— A)ag(t, x(t)) —
-Aags,xs2 =0.

(H4) The  function  0:[0,+0) — LS (Y,X)
satisfies

T
[loliy ds <o vr>0
0

Definition 3.1: A X-valued process x(t) is called a
mild solution of (1.1) if
x € ([-7, TLL2(Q,X))forte [-7,0], x(¢) =
@(t), and for te [0,T]
Satisfies
X(t) = TOEO) +60,9] -6t X,) -
Jy AT(t = $)G(s, X,ds) + [, T(t — $)F(s, Xs)ds

+ fot T(t —s)a(s)d B (s)

Lemma 3.1[10]: Let T > 0 and ¢> 0. Let k: R* to
R* be a continuous nondecreasing function such
that x(t) > O for all t >0. Let u(.) be a Borel
measurable bounded nonnegative function n
[0, T]. If
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u(t) <c+ [ v(s)k(u(s))ds forall 0< ¢ <T.

t
u(e) < J! (](C) + n(s)ds),
holds for all such t € [0, T]that ’
J(c) + fotn(s)ds € Dom (J™D),
where J(r) = [T ds/k(s),on >0 ,and J7' is
the inverse function of J. In Particular, if,c=0
and f0r+ ds/x(s) = o, then u(t) =0 for all
te [0, T].
To complete our main results, we need to prepare

several lemmas which will be utilize in the sequel.
Note that G(t, 0) = 0 and

-G, x) — CAGCENI < Ky llx —)Z/II-
Then we easily get that ||(— A G, x)” <
K?||x]|?>. Thus by [2], we can introduce the
following successive approximating procedure: for
each integern=1,2,3, ...... ,

x" () =T®[E0) +G(0,)] - G6(t,X") —
fOtAT(t —5)G(s,XMds) +
0t7t—stsXsn—1ds +
Jy T(t = s)a(s)d B (s)(3.1)
and for n =0,

x%(t) = S()é(0),te [0, T].
While forn=12,........
x"(t) = é(t),te [—1,0].

Lemma 3.2: Let the hypothesis (H1)- (H4) hold.
Then there is a positive constant C; which is
independent of n > 1, such that forany te [0, T],
Eoqellx™ @Ol < ¢

(3.2)

Proof:For0 <t < T, it follows easily from (3.1)
that

E " llxn(®) + Gt XM

0<t<T sup
S AE o < pIT@OE0) +
6052

sup t
A TG
SG(s,Xsn)ds2

sup

HE o 2|l T~

sFs, an—1ds2

sup ¢
HE o oo |-
SosadBHs2
=A(LL + L, + 13+ 1,).
(3.3)

Note from [16] that (-A) " for0<a<1 is a
bounded operator. Employing the assumption (H3),
it follows that

WwWw.ijera.com

I
<2[E , 2 ls@ o
FE o2 % pITOCA™ 60,6 1]

—a 2

<2 (1+ K[| ) new @
Applying the Holder’s inequality and taking into
account Lemma 2.3 as well as (H3), and the fact
that 1/2 < B < 1, we obtain

sup | ft(—A)l_aT(t
0

0<t<T

IZ = E

2
—5)(-A)*G (s, XMds

<
— 2
TK? ||(—A) “ || E [ Ellx"|ds.
(3.5)
On the other hand, in view of (H2), we obtain that
t
sup _
Iy STEG S, < Tfo IT(t —s)F(s, X 1)
— F(s,0) + F(s,0)||%ds
<2T [MT + [)Ex(IX2H1%) ds]
(3.6)
Next by Lemma 2.2, we have
_ T
I, < 2M2H T2 [0 ||a(s)||§g ds <
oo(3.7)
Since x(u) is concave on u = 0, there is a pair of
positive constants a,b such that
k(u) < a+ bu.
Putting (3.4) to (3.8) into (3.3) yields that, for some
positive constants C,and Cs

sup
Eg 2 1o pllen(0) + 66 X0

< G+ G [f, ElX212ds +
Jy EIIXZ12ds  (3.9)

— 2
While for ”(—A) a” < K; By Lemma 2.4,
sup n 2
E o<t SlT”x @Il
sup
< — — E n(t
= TR FosesrO
+G(tXDII?
+
1 Sup a2
K1||(—A)_a|| ]E 0 S t S T”G(tﬁXt )”
sup
s — n(t
= TR o< e <O
+G(t, XDII?
-B
Ky [ E 0z +
—a sup
K |G| B o2 < plen @I
which further implies that
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sup n 2
E o<t< gllx I
sup
< n
= A-Keaen Fosesr®
+G(t, XP)II?
Ka[| )| 2
— = E .
1—K1||(—A) || ” E"C
Thus, by (3.9) we have
sup n 2
E ooperld®I )
< [ Ki[|(-A) 7l
1=11-4)~||
+ 2Csr E|l 12
(1 =Ky lI(-A)~=])? ¢
+

C3
— —anz| 2
(= ™) |
+07Esup

0<r<sxnr2ds+(21-KI1-A—aZ2

J«T sup

—1(, |2
0 EOSrSs”xn MIl“ds +

Observing that

sup n=14y]2
maxE " @Ol

< El &Il
sup n 2
koo <O
We then derive that, for some positive constants

C,and Cg
Sup n 2
maxE oy Il @Il
T E sup
< C+GE | 152" o<sr<s
0
Now, the application of the well-known Gronwall’s
inequality yields that
sup
0< tSTIIx"(t)IIZ < C4+ e®T

The required assertion (3.2) is obtained since Kk is
arbitrary.

llx™ ()17 ds

maxi<,<c E

Lemma 3.3: Let the condition (H1)-(H4) be

satisfied. For a € (% 1], further assume that
2 K% Mlz_ay—ZaTZa—l —-a
TR R |-~ < 1 @3.10)
whereT (+) is the Gamma function and M;_,is a
constant in Lemma 2.3. Then there exists a positive
constant C such that, for all 0<t<T and
nm =0

Sup n+m P (¢ 2
E oorepla™™ s =2l

_ (" sup
Scfo f(E g<uss
—x"_l(u)llz)ds.

(3.11)
Proof: From (3.1), It is easy to see that for any
0<t<T

”xn+m—1 (u)

WwWw.ijera.com

sup . X
E g<p<pld™ME) —x"(s) +G(s,x™™ ()
—G(s,x" ()II?

Sup ¢ n+m
=2E o<y <T |l AT(s =G x,™m) -
6 X, dr|+

sup ¢ »
2E o2 | 6 =n[F( X -

Fr.Xrn—1dr2
Following from the proof of Lemma 3.2, there
exists a positive Cq satisfying

sup ft T(S _ T)[F(T, Xrn+m_1)
0

2E i<
2

— F(r, x,m1 )]ds

t
sup _
scéfo k(B ooy < ™™

- x“‘l(r)llz) ds.
The last inequality holds from the Jensen’s
inequality. Now by the condition (H3), Lemma 2.3
and Holder’s inequality,

sup f t AT (s — 1[G (r, X,™*™)
0

E o<t<r
2

—G(r, X,")]dr

sup

= Eoo<i< T(fo Il AT s
-G X"

— (A, X,™)] drnz)

sup ° Mlz—a e’ () n+m

E 0<t<T K 1—a ”Xr
<t< 0 (s—uw)

2

IA

- XrTI ”du)

sup - MZ_ e r—w)
0< tSTjO K
- )(‘rn ”2du

< E

sup $

SKIMPy TN E g f e VG| x,
=t=0

- X" ?du

N N su
< KZMZ_ y~2¢ 12¢-1 | 0= ?S T”xn+m (s)

= x" ()%
On the other hand, Lemma 2.4 and (H3) give that
Su,
E gopepll™™ )= x" ()2
< 1 sup
T1-KllA T 0=st=T
—x"(s)
+G (s , XM (s)

- G(s,x“(s)))”2

xn+m (S)
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—-a Su
+Ky [|(-4) 0< ?g ™ () =
ans2. (3.12)

So the desired assertion (3.11) follows from (3.12)
We can now state the main result of this paper.

Theorem3.1. Under the conditions of Lemma 3.3,
then Eq. (1.1) admits a unique mild solution.

Proof:

Uniqueness: Let x and y be two mild solutions to
equation (1.1).In the same way as Lemma (3.3) was

done, we can show that for some K > 0
sup
E 0<t< T”x(s) -y (S)Hz

t
— SUu
< Kfo K(E o ol

— y@ll)ds
This together with Lemma (3.1) leads to
su
E oupept® = y@IF=0.
Consequently x=y which implies the uniqueness.
The proof of theorem is complete.

Existence: By Lemma (3.3) there exists a positiveC
such that forte T andn,m > 1,

su
E g% ’S’ - tu x1 () — 2™ (5) )
<T f E oo _ Il (s) —x"(5)IIF) ds.

Integrating both sides and applying Jensen’s
inequality gives that

t su,
PR OB OTREE
cff E oo?_ ()

— x|l )dzds.

_ sup
=T lshe(BE ooy @) -
amr21s dids.

. t N sup .
= CtL"(fO]E 0<u<sh@

1
—x™(1)||? B d l) ds.

I/\

Then
. t
hpsime1(8) < C f K(hn‘m(s)) ds
0

where
P (6)
sup

BE o <<l @ —xm10l2ds

t
While by Lemma 3.2, it is easy to see that
SUpym Aym (8) < 00, so letting h(t): =
lim supy, o0y (t) and taking into account the
Fatou’s lemma,we yield that

h(@®) < T [, k(h(s)).
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Now, applying the Lemma 3.1 immediately reveals
h(t) = 0 for any te [0,T].This further means
{x"(t),ne N} is a Cauchy sequence inL?.So
there isa x € L?such that

_ su
lim,, fOtIE 0 SII)S Sllx"(s) —x (s)|*ds = 0.

In addition, By Lemma 3.2, it is easy to follow that
E |lx(®)||> < C; In what follows, we claim that x
(t) is a mild solution to (1.1). On one hand, by
(H3),

EllG(t X" = Gt XPII?

e A [ a) e -
(-4)6(t,x)] ||2
sup

<N IPKEE (27 < ("6 —x ®IP
-0,

whenever n— co. On the other hand, by (H3) and

Lemma 2.3, compute fort € [0,T]

E||J; AT(t = )G (s, X,™) = G (s, X,) ds||2
=TE [} | (-4) T -
~A—a Gs,Xsn—A—a Gs,Xs2ds

T Su
STKERE <y <00 —x @lFds

-0, as — oo,
While, applying (H2) the Holder’s inequality and
[9, Theorem 1.2.6] and letting n - oo,
we can also claim that for t € [0,T]

ft T(t —s)[F(s, X 1) — F(s,X(s))]ds
0

-0
Hence, taking limits on both sides of (3.1),
X@®) =T®[0) + G(O,f)]t

—G(t X, J AT(t — s)G(s, X, ds
0

2
E

+ ft T(t —s)F(s,X,)ds
0

+ ftT(t —s)o(s)ds +
0

Remark 3.1: If G = 0, that is K; = 0, then,
obviously, the condition (3.11) must be satisfied.
Consequently, our results can be reduced to some
results in [1]. In other words, in this special case
,we generalize [1]

Remark3.2:  In this work, we consider the
existence and uniqueness of mild solutions to
SNFDEs driven by a fractional Brownian motion
under a non-Lipschitz condition with the Lipschitz
condition being regarded as special case and a
weakened linear growth assumption. Therefore,
some of the results in [2] are improved to cover a
class of more general SNFDEs driven by a
fractional Brownian motion.
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