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l. INTRODUCTION

Motivated by the definition of S-valued
graph [2], Chandramouleeswaran and others [9]
introduced the notion of semi ring valued graphs.
In [5] and [8] the authors discussed regularity
conditions on S-valued graphs. In [7] we have
defined degree regularity on edges of S-valued
graphs. The theory of domination was initiated by
Berge [1] and was studied by many researchers.
Motivated by the works on domination in crisp
graph theory in [3] and [4] the authors introduced
the notion of vertex domination and strong-weak
vertex domination on S-valued graphs respectively.
In [6] we have introduced the notion of vertex-edge
mixed domination in S-valued graphs and proved
several results. In this paper we introduce the
notion of strong and weak vertex - edge mixed
domination on S-valued graphs.

Il. PRELIMINARIES
In this section, we recall some basic definitions that
are needed for our work.
Definition 2.1: [2] A semi ring (S, +, .) is an
algebraic system with a non-empty set S together
with two binary operations + and . such that
(1) (S, +, 0) is a monoid.
(2) (S, .) is asemigroup.
(3) Foralla,b,c € S,a.(b+c)=a.b+a.cand
(@+b).c=a.c+b.c
4)0.x=x.0=0,Vx €S.
Definition 2.2:[2] Let (S, +, .) be a semiring. A
Canonical Pre-order < in S defined as follows: for

a, b €S, a<b if and only if, there exists an
elementc € Ssuchthata+c=h.
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Definition 2.3: [1] A subset D < V of vertices in

a graph G = (V, E) is called a vertex dominating set
in G if every vertex v € V is either an element in
D or is adjacent to an element in VV — D. A subset D

C V is a vertex dominating set of G, if V v € V

-D,N(vV)ND=¢

Definition 2.4: [1] A subset D < V is an
independent set of G, if u v € D,
Nu)N{vi=¢

Definition 2.5: [1] A subset D < V is an
Independent dominating set of G if D is both an
independent and a dominating set.

Definition 2.6: [9] LetG=(V,E CV X V) bea
given graph with V, E # ¢ . For any semiring (S,
+, .), a semi ring-valued graph (or a S-valued
graph), G° is defined to be the graph
G*® =(\V,E,o,w) where o:V—>S and
w : E — Sis defined to be

(xy)= min{c(x),a(y)}.ifo(X)=a(y)ora(y)=c(x)
77710, otherwise

For every unordered pair (x,y) of EC v XV, We
call O, aS- vertex setand ¥ :a S-edge set of G°.
Definition 2.7: [9] If o (v) = a; V v € V and
some a € S then the corresponding S-valued graph
G® is called a vertex regular S-valued graph.
Definition 2.8: [3] Consider the S-valued graph G*
=(V, E CV X V). The open neighbourhood of v;

in G° is defined as the set
Ng(v;) = {(vj,o-(vj)where(vi,vj) e BE,w(v,v;) e S)}
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Definition 2.9: [3] The closed neighbourhood of v;
in G® = (V,E,o,w) is defined to be the set
Ng[vi]1=Ns(vpHU {(Vi 'O-(Vi ))}

Definition 2.10: [8] The degree of the vertex v; of
the S- valued graph G® is defined as

d ) = v )1 | Where lis the
egs (V) (((V%l/é((v, v,) J

number of edges incident with v; .
Definition 2.11: [7] Let G° = (V,E,o,w)bea
S- valued graph. The degree of the edge e is

defined as deg, () = { Z'/’((e ), mJ where m

e;eNg (e)
is the number of edges adjacent to e.
Definition 2.12: [5] A S- valued graph

G’ = (V,E,o,w)is said to be a S-Star if its

underlying graph G is a Star along with S-values.
Definition 2.13: [3] A vertex v € D of

G® = (V,E,o,w)is said to be an S-isolate
vertex if Ng(v) < V-D.
Definition 2.14: [4] A subset D < V is said to be

a strong weight dominating vertex set if

(1) D is a weight dominating vertex set.

(2) For each vertex v € D; degs(u) < degs(v), V
u € Ng[v].

Definition 2.15: [4] A subset D <V is said to be a
weak weight dominating vertex set if

(1) D is a weight dominating vertex set.

(2) For each vertex v € D; degs(v) < degs(u), V
u € Ng[v].
Definition 2.16: [6] Consider the S-valued graph

G*® =(\V,E,o,p). LetD < V. If every edge of

G® is weight m- dominated by any vertex in D, then
D is said to be a ve- weight m- dominating set.

I1l. STRONG VERTEX - EDGE MIXED

DOMINATION ON S-VALUED

GRAPHS

In [4] the authors have discussed strong
and weak weight domination in S-valued graphs.
They have studied the vertices in G®, dominating
the other wvertices in its neighbourhood by
comparing the weights and degrees.

Similarly in our earlier paper [6] we have
discussed  ve-weight m-dominating set by
comparing the weight of the vertices which
dominates the edges in the sub graph induced by
the closed neighbourhood of the vertex.

Here we study the weight of the vertices
which dominates the edges in the sub graph
induced by the closed neighbourhood of the vertex
under consideration (Example 3.1) along with their
degrees (Example 3.2).
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In this section, we introduce the notion of strong
vertex - edge mixed domination in S-valued graph,
analogous to the notion in crisp graph theory, and
prove some simple results.

Example 3.1:

v4(£)
In this S-valued graph G°, clearly D; ={vi,vs, Vs,
vz}, Dy ={V1,V2, Vs, Vs, V7}, D3 ={V1,V5, V3, Vs, Vg},
D4 ={Vv1,V2, V3, Vs, V7, Vg } are all ve- weight m-
dominating sets.

Also in this S-valued graph G, there is no strong
ve- weight m- dominating set.

Example 3.2:

vﬁ(b) es(b) vgbl

es(a)

v 1(a)
e fo) e,{b)

el(a

L EICE CarYeR/
In this S-valued graph G°, clearly D; ={V,,vs,
Ve}, Do ={V,, V3, Vs, Vg} are strong weight
dominating vertex sets.

Also in this S-valued graph G, there is no strong
ve- weight m- dominating set.

Definition 3.3: Consider the S-valued graph

G’ = (V,E,o,w). Asubset D < V is said to be
a strong ve- weight m- dominating set, if (1) D is
a ve- weight m- dominating (2) For each vertex v

€ D, degs(e) < degs(v) Ve, e<NS[V]> .

Example 3.4: Let (S ={0, a, b, c}, +, ) bea
semiring with the following Cayley Tables:

+]0Ja[b]c .10] alb|c
0[0fa|b]c 0j0jo|0]o0
alala|blc al0|0|alo
bbb |[Db]|Db blo|a|b|c
cleclec|b]c cl0|0jc]c

Let < be a canonical pre-order in S, given by

0 <0,0<a0=<b0<ca<aga<bac<
c,b<bc=<bc=<c

Consider the S - graph G° = (V, E,ow),
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Define 0:V — S by

O-(Vl) = O'(V4) = G(V7) = a,O'(VZ) = O-(Ve) = C,G(V3) = O-(Vs) =h.
and

w:E—>S by

v(e)=w(e,)=y(e,)=v(e)=v(e) =y(e) =ay(e,)=y(e)=c.

Clearly D ={vs, vs} is a strong ve- weight m-
dominating set.

Definition 3.5: Consider the S-valued graph
G® =(V,E,o,w). Asubset D < V is said to be
a strong ve- weight m- dominating independent set,
if

(1) D is a strong ve- weight m- dominating set.

@) 1fu,v € Dthen N (U) N (v,o(v))=¢.

Example 3.6: Let Let (S={0,a, b, c}, +, .) bea
semiring with the canonical preorder given in
example 3.4. Consider the S- valued graph G*:

wic)

V:(La) e{a}

eéc}l

Define o:V — S by

O'(V1) = O'(Vs) = O'(V7) = a,O'(VZ) = U(V4) = er(V3) = O'(Ve) = O'(Vs) =C.

and w:E—>S by

wie)=we)=ywE)=w(e)=vw(e)=vey) =ay(e,)=y(e) =y =v(,) =c

Clearly D = {v,, v,} is a strong ve- weight m-
dominating independent set.

The following theorem is obvious.

Theorem 3.7: A subset D < V of a S- valued
graph G® is a strong ve- weight m- dominating
independent set iff D is a strong ve- weight m-
dominating set.

Theorem 3.8: In a S-Star, the strong ve- weight m-
dominating set is unique.

Proof: Let G® be a S-Star. Let the pole v, have the
maximum weight.

Then € € <NS [V1]>, Ve eG®. Also
deg; (e, )=<degs (v,) Ve, € <Ns [V1]>-

Hence {v.} is the strong ve- weight m- dominating
set.

Remark 3.9:(1) In a S- Wheel, there will be no
strong ve- weight m- dominating set, since every
spokes will have maximum degree than all vertices.
(2) In a Complete graph KnS , for n > 3 there will

be no strong ve- weight m- dominating set, since
every edges will have maximum degree than all
vertices.

(3) In a Complete Bipartite graph Km’ns , form, n>

3 there will be no strong ve- weight m- dominating
set, since every edge will have maximum degree
than all vertices.

IV. WEAKVERTEX - EDGE MIXED
DOMINATION ON S-VALUED
GRAPHS

In this section, we introduce the notion of weak
vertex - edge mixed domination in S-valued graph,
analogous to the notion in crisp graph theory, and
prove some simple results.

Definition 4.1: Consider the S-valued graph

G’ = (V,E,o,w). Asubset D < V is said to be
a weak ve- weight m- dominating set, if

(1) D is a ve- weight m- dominating set.

(2) For each vertex v € D, degs(v) < degs(ej)
Ve, e<NS[V]> .

Example 4.2: Let (S={0, a, b, c}, +, .) bea
semiring with the following Cayley Tables:

Let < be a canonical pre-order in S, given by

0 <0,0<a0<hb0<ca<aga<bac<
c,b<bc=<bc=<c

Consider the S - graph G° = V,E,ow),

b

+[0|a c 0| alblc
0f0{a|b]|c 0/0]0|0]0
alalalb]c alol 0l alo
b{b|b[Db|Db blo| alb]|c
clcl{c|b]|c cl|0|0lc|c

\.r4{bll

7 V?Sb)
eéa)
%,{a} eéa}

wial
2
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Define 0:V — S by
o(v) =c,0(v,) =a,0(V;) = o(v,) = o (vs) = o(Vs) = o (v;) =b.

and w:E—S by

v(E) =) =yE)=cyE)=vE) =) =ay(e)=y(g) =b
Clearly D; ={vs, V4, Vs, V7} is a weak ve- weight m-
dominating set.

Also D, ={vs, V4, Vs, Vs, V7} IS a weak ve- weight
m- dominating set.

Definition 4.3: Consider the S-valued graph

G® =(V,E,o,w). Asubset D < V is said to be

a minimal weak ve- weight m- dominating set, if
(1) D is a weak ve- weight m- dominating set.

(2) No proper subset of D is a weak ve- weight m-
dominating set.

In the example 4.2, D; ={V3,V4,Vs, V7} is a minimal
weak ve- weight m- dominating set.

Definition 4.4: Consider the S-valued graph

G*® =(V,E,o,w). Asubset D < V is said to be

a maximal weak ve- weight m- dominating set, if
(1) D is a weak ve- weight m- dominating set.

(2) there is no weak ve- weight m- dominating set
D’ C VsuchthatD C D’C V.

In the example 4.2, D, ={V3,V4,Vs, Vs V7} IS @
maximal weak ve- weight m- dominating set.
Definition 4.5: Consider the S-valued graph

G® =(V,E,o,w). Asubset D < V is said to be

a weak ve- weight m- dominating independent set,
if

(1) D is a weak ve- weight m- dominating set.
(2)ifuyv € Dthen Ng(U)N(V,o(V))=¢-

In the example 4.2, D; ={v3,v4,Vs, V7} is a weak
ve- weight m- dominating independent set.
Theorem 4.6: In a tree G° a ve- weight m-
dominating set D will be strong ve- weight m-
dominating set if all the wvertices of D are
intermediate vertices. If the vertices of D are
pendent vertices then D is a weak ve- weight m-
dominating set.

Proof: Let G° be a tree. Let D < V be a ve -
weight m- dominating set. If all the vertices of D
are intermediate vertices, then for every vertex v €

D, degs (e; ) < degs (v) Ve € (Ns[v]). Hence
D is a strong ve- weight m- dominating set.

If all the vertices of D are pendent vertices, then for
every vertex v € D, degs (V) < degs (6) Ve €
(Ng [V]) . Therefore D is a weak ve- weight m-

dominating set.

Theorem 4.7: A weak ve- weight m- dominating
set D of a graph G° is a minimal weak ve- weight
m- dominating set of G° iff every vertex v € D
satisfies atleast one of the following properties;
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(1) there exist a vertex u € V - D such that N (u)
{D x S}={(v, o (V))}

(2) v is adjacent to no vertex of D.

Proof : If each v € D satisfies at least one of the
above two properties, then D — {v} is not a weak
ve- weight m- dominating set.

.. D is a minimal weak ve- weight m- dominating
set.

Conversely, assume that D is a minimal weak ve-
weight m- dominating set of G>.

Then for each v € D, D-{v} is not a minimal weak
ve- weight m- dominating set of G>.

.". there exist a vertex u € V - (D - {v}) that is
adjacent to no vertex of (D-{v}).

If u =v, then v is adjacent to no vertex of D.

If u# v, then D is a weak ve- weight m-
dominating set and u ¢ D = u is adjacent to
atleast one vertex of D. However u is not adjacent
to any vertex of D — {v} = N, (u) ) {D x S} =
{lv, o (V)}.

Theorem 4.8: If D  V of G® is a minimal weak
ve- weight m- dominating set without S- isolate
vertices then V -D is also a weak ve- weight m-
dominating set of G°, whenever G° is vertex
regular S- valued graph.

Proof: Assume that G° =(V, E,o, be a
7

vertex regular S- valued graph.
Let v € D then by theorem 4.7,
(1) there exist a vertex u € V - D such that N (u)

N {D x S}={(v, c (M)}

(2) v is adjacent to no vertex of D.

In the first case, v is adjacent to some vertex in 'V -
D.

In the second case, v is an S- isolate vertex of the
subgraph spanned by (D) .

But v is not S- isolated in G°.

Hence v is adjacent to some vertex of V - D:

Thus V - D is a weak ve- weight m- dominating set
of G® whenever G® is vertex regular S- valued
graph.

Remark 4.9: In the above theorem, the vertex
regularity of G® is essential. That is, if the graph G°
is not vertex regular then the theorem fails as given
by the following example.

In the example 4.2, Dy = {V3,V4,Vs, V;} is @ minimal
weak ve- weight m- dominating set.

And V - Dy = {vy,V5,V6}.

Since the vertices of V - D; has minimum weight,
V - D, is not a weak ve- weight m- dominating set.
Theorem 4.10: A subset D < V of a S- valued
graph G° is weak ve- weight m- dominating
independent set iff D is a maximal independent
vertex set in G° .

Proof: Clearly every maximal independent vertex
set D in G® is a weak ve- weight m- dominating
independent set.
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Conversely assume that D is weak ve- weight m-
dominating independent set. Then D is independent
and every vertex not in D is adjacent to a vertex of
D and therefore D is a maximal independent vertex
setin G°,

Theorem 4.11: Every maximal independent vertex
set D in G® is a minimal weak ve- weight m-
dominating set.

Proof : Let D be a maximal independent vertex set
in G° . Then by theorem 4.10, D is a weak ve-
weight m- dominating independent set.

REFERENCES

[1]. Berge C Theory of Graphs and its
Applications, Methuen, London, (1962 ).

[2]. Jonathan Golan Semirings and Their
Applications, Kluwer Academic Publishers,
London.

[3]. Jeyalakshmi.S and Chandramouleeswaran.M:
Vertex domination on S- Valued graphs,IOSR
- Journal of mathematics IOSR Journal of
Mathematics. e-ISSN: 2278-5728, p-ISSN:
2319-765X. Volume 12, Issue 5 Ver. IV, PP
08-12

[4]. Jeyalakshmi.S and Chandramouleeswaran.M:
Strong and Weak Vertex Domination on S-
Valued Graphs,International Journal of Pure
and Applied Mathematics. e-ISSN: 1314-
3395, p-ISSN: 1311-8080. Volume 111 No. 4
2016, PP 563-575.

[5]. Jeyalakshmi.S, Rajkumar.M, and
Chandramouleeswaran.M: Regularity on S-

[9]. Rajkumar.M., Jeyalakshmi.S and
Chandramouleeswaran.M: Semiring-valued
Graphs , International Journal of Math. Sci.
and Engg. Appls. , Vol. 9 (111), 2015, 141 -
152.

WwWw.ijera.com

DOI: 10.9790/9622-0709046165

Since D is independent, certainly every vertex of D
is adjacent to no vertex of D. Thus, every vertex of
D satisfies the second condition of theorem 4.7
Hence D is a minimal weak ve- weight m-
dominating set in G°.

Theorem 4.12: Every weak ve- weight m-
dominating independent set D in G® is a minimal
weak ve- weight m- dominating set.

Proof : The proof follows from the theorem 4.10
and the theorem 4.11.

Graphs, Global Journal of Pure and Applied
Mathematics. ISSn 0973-1768 Volume 11,
Number 5 (2015), pp. 2971-2978

[6]. Kiruthiga Deepa.S and
Chandramouleeswaran.M: Vertex - Edge
Mixed Domination on S- Valued Graphs
,International Journal of Pure and Applied
Mathematics (2017), Vol No.112, pp 139-147
ISSN: 1314-3395, doi:
10.12732/ijpam.v112i5.16

[7]. Mangala Lavanya.S, Kiruthiga Deepa.S and
Chandramouleeswaran.M: Degree Regularity
on edges of S- valued graph,lOSR - Journal of
mathematics.,Volume 12,issue 5,ver VII(sep-
Oct 2016),pp 22-27.

[8]. Rajkumar.M., and Chandramouleeswaran.M :
Degree regular S valued Graphs , IMRF
International Research Journal , VVol. 4 Issue 2
, Kerala (2015).326 - 328.

|
International Journal of Engineering Research and Applications (IJERA) is UGC approved !
Journal with SI. No. 4525, Journal no. 47088. Indexed in Cross Ref, Index Copernicus (ICV |
80.82), NASA, Ads, Researcher Id Thomson Reuters, DOAJ. |

- - - - - - - - - = - - -]

|
S.Kiruthiga Deepa. “Strong and Weak Vertex-Edge Mixed Domination on S - Valued Graphs.” !
International Journal of Engineering Research and Applications (IJERA) , vol. 7, no. 9, 2017, |
1
|

65|Page




