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ABSTRACT 
In this study, the gear ratio optimization problem for the vehicles is considered to minimize total fuel 

consumption amount for a given distance and road gradient. The aim of the study is to find best gear ratio values 

for a gearbox that provide the best consumption value for the vehicle. In order to analyze the fuel consumption 

changes for a gearbox, fuel consumption formulations, which have a nonlinear structure, are presented based on 

the total energy requirement of the vehicle. To solve this nonlinear optimization problem, a differential 

evolution algorithm (DEA) is proposed which is one of the popular evolutionary optimization algorithms. In 

computational studies, the DEA is tested on a vehicle set by considering different road conditions. The results of 

the experiments show that the proposed DEA is capable to find effective solutions for the problem where an 

improvement is obtained for each experiment according to the real fuel consumption amount of the vehicles 

given at their technical reports. 
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I. INTRODUCTION 
The automobile manufacturers develop 

various technology to reduce fuel consumption 

amount of the vehicles. These improvements are 

carried out in various part of the vehicle, such as 

engine, transmission, car body, etc. A remarkable 

amount of reduction on the consumption provides 

competitive benefits for the firms. Therefore, various 

researches are focused on how to bring down the 

vehicle’s consumptions. 

This study considers the gear ratio 

optimization problem of the vehicles, where the 

objective is to find best ratio values for the gearbox 

of a vehicle. There have been several approaches on 

gearbox optimization dwelt on different problem 

type to increase the efficiency of the system. Mohan 

and Seshaiah [1] proposed a genetic algorithm for 

spur gear set optimization, where its center distance, 

weight and tooth deflections are taken into account 

as objective function. Zhou et al. [2] developed an 

approach to optimize the economy performance of a 

two-speed electric vehicle by combining gear 

shifting schedule design and gear ratio selection. The 

authors tested their solution approach based on the 

powertrain model simulation by using different test 

driving cycles. Kim et al. [3] introduced a fuel 

economy optimization method for parallel hybrid 

electric vehicles by using continuously variable 

transmission, which maximizes the overall system 

efficiency while meeting the desired performances. 

On the basis of gear ratio optimization problem, Barr 

[4] proposed global gear ratio optimization approach 

for the motorsport applications to make the vehicles 

faster. Their approach aims to find the best gear 

ratios that ensures the minimum overlap time for the 

motorsports cars. Ahangar et al. [5] studied the fuel 

consumption and gearbox efficiency in fifth gear 

ratio for a vehicle brand. Robinette and Wehrwein[6] 

used Monte Carlo Simulation approach for the 

automatic transmission gear ratio optimization. 

Goharimanesh et al. [7] selected the best gear ratios 

by using the Taguchi method where different levels 

of the gear ratios are tested with a design of 

experimental analysis. 

Distinctly from the existing studies on 

gearbox, this paper contributes to the literature by 

introducing a differential evolution algorithm (DEA) 

to optimize gear ratio for the vehicles. For the 

considered gear ratio optimization problem, the 

gearbox performance analyzed for different road 

conditions. In this context, the remaining of the 

paper organized as follows. In Section 2, the 

considered problem for the gearbox optimization is 

defined with fuel consumption formulations. Section 

3 introduces the proposed DEA, and Section 4 

shows the computation results formed in order to test 

the efficiency of the DEA. Finally, conclusion part is 

given Section 5. 

 

II. PROBLEM DEFINITION 
In this study, the gearbox transmission 

values are analyzed to obtain the best ratios for the 

gear set that minimizes the fuel consumption amount 

of the vehicles. Regarding the gearbox transmission 

rates, the fuel consumption amount for a given 

distance is determined by using the total energy 

requirement of the vehicle. This energy is basically 

equal to total resistance forces (𝐹𝑇) that the vehicle 
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is exposed while it is going with a constant speed or 

acceleration/deceleration period. In detail, the 𝐹𝑇  

includes four main resistance forces: the rolling 

resistance (𝐹𝑅𝑜 ), the aerodynamic resistance (𝐹𝐴𝑒 ), 

the acceleration resistance (𝐹𝐴𝑐𝑐 ), and the grade 

resistance (𝐹𝐺). These resistance forces are 

determined for a given acceleration and gravity 

amounts by using the Equations (1-4), where 𝑓 is the 

rolling resistance coefficient, 𝑚 is the vehicle 

weight, 𝑔 is the gravitational constant, 𝑐𝑑  is the 

aerodynamic coefficient, 𝐴 is the frontal surface area 

of the vehicle, 𝜌 is the air density, 𝑣 is the speed of 

vehicle, 𝜆 is the transmission variable (𝜆 = 1.04 +
0.0025 × 𝑖2, 𝑖 is the overall gear ratio obtained from 

the gear ratios), and 𝑎 is the acceleration value of the 

vehicle [8]. 

𝐹𝑅𝑜 = 𝑓 × 𝑚 × 𝑔                                                    (1) 

𝐹𝐴𝑒 = 𝑐𝑑 × 𝐴 × 𝜌 ×
𝑣2

2
                                         (2) 

𝐹𝐴𝑐𝑐 = 𝜆 × 𝑚 × 𝑎                                                   (3) 

𝐹𝐺 = 𝑚 × 𝑔 × 𝑠𝑖𝑛𝛼                                               (4) 

As a result of the calculation of the 

resistance forces, the fuel consumption amount of a 

vehicle is calculated by using the Equations (5-7), 

where 𝑃𝑇  is thetotal power at wheels, and 𝑢𝑝  is the 

fuel consumption value per unit power. 

𝐹𝑇 = 𝐹𝑅𝑜 + 𝐹𝐴𝑒 + 𝐹𝐴𝑐𝑐 + 𝐹𝐺                                (5) 

𝑃𝑇 = 𝐹𝑇 × 𝑣                                                           (6) 

𝑐𝑜𝑛𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛 = 𝑢𝑝 × 𝑃𝑇                                    (7) 

In order to calculate the total fuel 

consumption amount of the vehicles for a given 

distance, the total power and consumption 

formulations are developed as a function of time 

which are defined with Equations (8-11), where 

𝑡𝑚𝑎𝑥  is the finish time of the drive [9]. 

𝐹𝑇 𝑡 = 𝐹𝑅𝑜 𝑡 + 𝐹𝐴𝑒 𝑡 + 𝐹𝐴𝑐𝑐  𝑡 + 𝐹𝐺 𝑡    (8) 

𝑃𝑇(𝑡) = 𝐹𝑇(𝑡) × 𝑣(𝑡)                                           (9) 

𝐶𝑜𝑛𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛(𝑡) = 𝑢𝑝 × 𝑃𝑇(𝑡)                       (10) 

𝑇𝑜𝑡𝑎𝑙𝑐𝑜𝑛𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛 =  𝑢𝑝 × 𝑃𝑇(𝑡)𝑑𝑡

𝑡𝑚𝑎𝑥

0

   (11) 

As it is seen from the equations described 

above, the gear ratio set of the gearbox is one of the 

major variables for the fuel consumption 

calculations, which directly affects the vehicle speed 

and also acceleration resistance. Therefore, the aim 

of the study is to find best value set of the gear ratios 

(𝑖𝑗 , 𝑗 = 1,… , 𝐽 where 𝐽 is the number of gears in 

gearbox) for the gearbox that minimizes the total 

fuel consumption amount of the vehicles. To analyze 

the best ratio values for the gearbox, the following 

three assumptions are considered: 

- The physical coefficients, such as air density, 

rolling resistance coefficient, aerodynamic 

coefficient, etc., and technical variables for the 

vehicles except the gear ratios are assumed as 

constant. 

- The road conditions are assumed as stable 

during the travelling distance. 

- For the fuel consumption amount for a given 

distance, the vehicles first accelerates to the 

maximum speed limit, then goes with a constant 

speed and decelerates in order to stop. The 

Equations (8-11) are practiced with respect to 

this three stage movement for the vehicles. 

 

III. PROPOSED ALGORITHM 
To solve the nonlinear optimization 

problem described above, in this study DEA is 

proposed as a solution approach which is one of the 

evolutionary optimization algorithms introduced by 

Storn and Price [10]. As with all evolutionary 

optimization algorithms the DEA works with a 

population that is formed with continuous variables, 

where the population is evolved on each generation 

by using three main operators: mutation, crossover, 

and selection [11, 12]. At the beginning of the 

algorithm the population is initialized randomly by 

using the Equation (12), where 𝑁𝑃 is the number of 

population, and 𝑖𝑗
𝑚𝑖𝑛  and 𝑖𝑗

𝑚𝑎𝑥  are the minimum and 

maximum value of the gear 𝑗, respectively. 

𝑖𝑗 ,𝑛 ,0 = 𝑖𝑗
𝑚𝑖𝑛 + 𝑟𝑛𝑑 ∗  𝑖𝑗

𝑚𝑎𝑥 − 𝑖𝑗
𝑚𝑖𝑛   

𝑗 = 1… , 𝐽;      𝑛 = 1,… ,𝑁𝑃                        (12) 

In each generation, the mutation, crossover 

and selection operations are executed for each 

individual, respectively. For the mutation operation, 

the offspring vector (𝑜𝑗 ,𝑛 ,𝑘) for the individual 𝑛 is 

formed by using the Equation (13), where 𝑟1, 𝑟2, and 

𝑟3 are the random numbers 

(𝑟1 , 𝑟2, 𝑟3 ∈  1,2, ,… ,𝑁𝑃 ;  𝑟1 ≠ 𝑟2 ≠ 𝑟3 ≠ 𝑛), and 

𝑀𝐹 is the mutation factor [13]. 

𝑜𝑗 ,𝑛 ,𝑘+1 = 𝑖𝑗 ,𝑟3 ,𝑘 + 𝑀𝐹 ×  𝑖𝑗 ,𝑟1 ,𝑘 − 𝑖𝑗 ,𝑟2 ,𝑘  

𝑗 = 1,… , 𝐽;           𝑛 =,… ,𝑁𝑃                        (13) 

To increase the potential diversity of the 

perturbed offspring vector, a crossover operation is 

carried out after the mutation operation, which is 

shown in Equation (14), where 𝑢𝑗 ,𝑛 ,𝑘  describes the 

trial vector for selection [13]. 

𝑢𝑗 ,𝑛 ,𝑘+1 =  
𝑜𝑗 ,𝑛 ,𝑘+1𝑖𝑓𝑟𝑛𝑑 ≤ 𝐶𝑅𝑜𝑟𝑗 = 𝑗𝑟𝑛𝑑

𝑖𝑗 ,𝑛 ,𝑘𝑜𝑡𝑒𝑟𝑤𝑖𝑠𝑒
  

𝑗 = 1,… , 𝐽;          𝑛 = 1,… ,𝑁𝑃                     (14) 
In selection operation, if the trial vector has 

an equal or lower objective function value than its 

target vector, it replaces the target vector in the next 

generation. Otherwise, the target vector remains in 

place in the population for at least one more 

generation. Equation (15) describes the selection 

condition for the DEA [14]. 

𝑖𝑗 ,𝑛 ,𝑘+1 =  
𝑢𝑗 ,𝑛 ,𝑘+1𝑖𝑓𝑓 𝑢𝑗 ,𝑛 ,𝑘+1 < 𝑓 𝑖𝑗 ,𝑛 ,𝑘 

𝑖𝑗 ,𝑛 ,𝑘𝑜𝑡𝑒𝑟𝑤𝑖𝑠𝑒
  

𝑛 = 1,… ,𝑁𝑃                                                   (15) 
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Mutation, crossover, and selection 

operations are repeated for the generations until a 

stopping criterion is met by the algorithm. For the 

proposed DEA, a maximum iteration number is used 

as a stopping criterion, which is commonly used 

most of the population based algorithms. According 

to the description above, the pseudo code of the 

proposed DEA is presented in Fig. 1. 

 

1: Initialize the DEA parameters 

2: Generate initial solution 

3: Do 

4: For𝑛 = 1to𝑁𝑃 

5:           Randomly generate 𝑟1 , 𝑟2 , 𝑟3, and 𝑗𝑟𝑛𝑑  

6:           Apply mutation operation for individual n and generate offspring vector (𝑜𝑗 ,𝑛 ,𝑘) 

7:           Apply Crossover operation and generate trial vector 𝑢𝑗 ,𝑛 ,𝑘+1 

8: If𝑓 𝑢𝑗 ,𝑛 ,𝑘+1 < 𝑓 𝑖𝑗 ,𝑛 ,𝑘 Then 

9:                Select the trial vector (𝑢𝑗 ,𝑛 ,𝑘+1) for the next generation 

10: Else 

11:                Select the existing vector (𝑖𝑗 ,𝑛 ,𝑘) for the next generation 

12: End If 

13: Next 

14: Until (Stopping Criteria) 

Figure 1. Pseudo code of the proposed DEA 

 

IV. COMPUTATIONAL STUDIES 
In order to test the performance of the 

proposed DEA a problem set is formed, which 

includes the technical data of 10 different type 

vehicles. Some of the major data of the vehicles 

required for the fuel consumption calculation are 

given in Table 1. The DEA is performed for each 

vehicle type in different road conditions by changing 

the road gradient (0%, 1%, 3%, and 5%) and 

distance to be travelled (1 km, 10 km, and 100 km). 

For these experiments the DEA is applied 50 times 

for each instance of vehicle type and the best 

solution of the runs is taken into account for 

computational comparisons. The solutions of the 

experiments are divided into three groups due to the 

distance to be travelled by the vehicles, which are 

shown in Table 2-4. In these tables, also 

comparisons between the real fuel consumption 

amount (FCA) of the vehicles given at their 

technical reports and the new fuel consumption 

amount (FCA*) obtained by DEA solutions are 

presented as the percentage fuel consumption 

reduction (%FCR) for each gradient level. The 

comparison metric %FCR is calculated as follows: 

%𝐹𝐶𝑅 =
𝐹𝐶𝐴 − 𝐹𝐶𝐴*

𝐹𝐶𝐴
× 100%

Table 1. Major Technical Data of the Vehicles 
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Table 2. Computational Results for the Distance Level 1: 1 km 

 
 

Table 3. Computational Results for the Distance Level 2: 10 km  

 
 

Table 4. Computational Results for the Distance Level 3: 100 km  

 

For the 1 km travelling distance, where the 

solutions of this case are given in Table 2, the new 

gearbox ratios obtained by DEA provide more than 

2.00% reduction on fuel consumption amount for 

most of the experiment. Especially, for the low road 

gradient ratios, this improvement is higher 2.50%. 

According to the average %FCR, the reduction on 

the fuel consumption amounts with respect to the 

FCA are 3.06%, 2.79%, 2.37%, 2.06 for the gradient 

rate 0%, 1%, 3%, and 5%, respectively. 

Similar to the first distance level, a 

consumption saving on each vehicle type is provided 

for the other travelling distance levels by the DEA 

solutions. However, the reductions on fuel 

consumption amounts are less than 1% in general. 

For these experiments, the average %FCR based on 

the gradient level of road ranges between the 0.38-

0.97% for the 10 km travelling distance and 0.04-

0.12% for the 100 km travelling distance. 

As a result of the computational studies, it 

can be seen from the results that the proposed DEA 

is capable to find effective solutions for the gearbox 

ratios that provides a considerable reduction on fuel 

consumption amount for the vehicles with respect to 

their existing values given in their technical reports. 

Another outcome can be emphasized on the effects 

of travelling distance to the %FCR. The results show 

that the rise on distance directly affects the %FCR 
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values, where the %FCR amounts for the long 

distances are smaller with respect to the solutions of 

the experiments executed for the short distances. 

This situation can be explained by the gear changes 

in a travelling time, where the vehicle uses the last 

gear for a long time on a long distance travelling 

while the gears are shifted frequently in a short 

distance travelling. Therefore, the gearbox 

optimization studies on real-life applications can be 

formed by considering the potential values of the 

physical conditions. 

 

V. CONCLUSION 
This paper addresses a DEA based 

optimization approach for the gear ratio optimization 

for the vehicle gearbox in order to minimize total 

fuel consumption amount. In this context, a fuel 

consumption calculation formulation based on the 

vehicle technical specifications is taken into account. 

The proposed DEA optimizes the gear ratios with 

respect to the fuel consumption amounts for a given 

distance and road condition. In computational 

studies, the DEA is tested on different type vehicles 

for various road conditions. The experimental results 

show that the proposed DEA is capable to find 

effective solutions for the gear ratio optimization, 

where a reduction on fuel consumption is provided 

for each case. Especially for the short distance cases, 

the proposed DEA obtained more than 2% savings 

on fuel consumptions according to the real fuel 

consumption amount of the vehicles given at their 

technical reports. 
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