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ABSTRACT

In this work, we derive some theorems involving distribution of non — zero zeros of generalized Mittag — Leffler
functions of one and two variables. Some of the theorems obtained here for the distribution of zeros of the
derivative of the generalized Mittag — Leffler function are applied to explore the infinitely divisible probability
density function for the generalized Mittag — Leffler function
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l. INTRODUCTION
The classical Mittag — Leffler function of one parameter is given by [4]
Ep(2) = Bicorgpry 2B € CR(B) > 0. )
The Mittag — Leffler function given in Eqgn. (1) reduces to the exponential function e when g =1, it

interpolates between pure exponential e? and geometric function (1 —z)™! =Y%_,z",|z| < 1. The direct
generalization of this function in the two parameter form is given by Wiman [16]

By (D) = Sicorgmrry 2B Y € CREB) > 0,R(y) > 0. ()
Prabhakar [12] (in 1971) introduced a generalized Mittag - Leffler function El‘;y (z) involving three parameter
of order p = [R(B)]~* inform

B}, (D) = Ticomgas 2" 2,B,7,8 € CR(B) > 0,R() > 0,R(8) > 0. 3)

Here, in our work we use a relation (see Mathai and Haubold [10] ) in the form

d\™ m
(£) B3, @) = (O)nEL g @). )
Shukla and Prajapati [13] also introduced another generalization in the form
ES9(2) = Tioros® 2, 8,7,6 € CR(B) > 0,%() > O,RE) > 0, € OHUN.  (5)

_ I(6+qn) 14 S+r—1

Here, (8)g, = o and when q € N, (8)4, = r=1( . )n . (6)
Recall that from Eqns. (1), (2), (3) and (5), we have the relations ;') (z) = Ef ,(2), Eg')(2) = Ep, (2),
Eg1(2) = Eg(2). (7
Appllcatlon of the technique of Egn. (4) in Eqn. (5), we obtain

d m
(L) ES2(2) = 8)mq Epi 0 (2). (®)

Clearly, with the help of Eqgns. (7) and (8), we get the equality (d ) E‘Y 1( ) = (iz)m Eg’y (2).

Now let G(z) = E[‘f_'f(z),z, B,v,6 € C,R(B) >0,R(y) >0,R(6)>0,q€ (0,1)UN,G(0) = %y) Then for

F(z) = (f;((zz))) as on using Eqn. (8),we have

QIO
Eé‘.q @) ) (9)
By

F(z) =
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1. INFINITE PRODUCT FORMULA FOR ONE VARIABLE GENERALIZED MITTAG -
LEFFLER FUNCTION
To derive infinite product formula for generalized Mittag — Leffler function, we use following theorems:

The theorem of Laguerre (see Titchmarsh [15, p. 268])

Let f(z) be a polynomial,

f(@) =ay+ a1z +ayz* + -+ a,z?, (10)

all of whose zeros are real; and let ¢(w) be an integral function of genus 0 or 1, which is real for real w, and all
the zeros of are real and negative, that is

¢w) = ae® [I7_; (1+--)e @r, a, > 0,a >0,k >0, forall values of . € N, (11)
Then the polynomial
9(2) = app(0) + a;0(Dz + a0 (2)z* + - + a, ¢ (p) 2" (12)

has all its zeros real, and as many positive, zero and negative zeros as f(z).
The generalization of the theorem of Laguerre, stated in Eqgns. (10) — (12), is given as follows:

The theorem of Titchmarsh [15]
Let ¢ (w) be defined in Egn. (11) and f(z) is an integral function of the form

f(2) = e+ i, (1+2), (13)
the numbers b and z, being all positive. Let

n) n
f@) = Yo anz" 0, =2, F0(0) = T f(@) atz = 0. (14)
Then g(2) = ¥7—g anp(n)z" (15)

is an integral function, all of whose zeros are real and negative.

The theorem of Peresyolkova [11]
If there are three transformations mapping the set {(o,y): 0 < ¢ < 1,y > 0} into itself:

. ). B o A (o,y —1),fory>1;
a0 > (Gr)Bon = (Gr+3)icom {7 T L

Putw, = {(0,1):3 <o <Ly e [t - 11| u[> 2]}, w, = aw, u BW,. (17)
Denote by W; by least set containing W, and invariant with respect to A,B,C. Then the set W, can be
represented by

(16)

W, =u (AkuBkizcks | Akni Bknz ckn3) (18)

where, the union is taken over all n = 1,2,3, ... and over all 3n — tuples (kq1, k12, k13; -} kn1, Kn2, ky3) Of nON

negative integers. Then for (o,y) € W;, all zeros of E;(z,y), where,E,;(z,y) = Zf:oﬁ , are negative and
vy

simple.

In consequence of the theorem of Peresyolkova [11], given by Eqgns. (16) — (18), we may state that:

Theorem 1.
Let there exists three transformations mapping the set {(%y) 0<B<2,y> O} into itself:

(l,y— 1),fory > 1;

A:(é.y)ﬁ(i,y);B:(%,y)ﬁ(jy+B);C:(%,y)—> (l[;—1) for0 <y <1 (19)
L , <1
PutWa={(%,y):1<ﬁ<2,ye[B—l,l]u[ﬁ,Z]},Wb:AWaUBWa. (20)

Denote by W; by least set containing W, and invariant with respect to A,B,C. Then, the set W, can be
represented by

W; =u (AkuBkizckis | Akni Bknz ckn3)py, (21)

where, the union is taken over all n = 1,2,3, ... and over all 3n — tuples (kq1, k12, k13; -} kn1, Kn2, ky3) OF nON
negative integers. Then for (%,y) € W, all zeros of Eg , (z), defined by Eqn. (2), are negative and simple.

Proof: In the theorem of Peresyolkova [11] replace o by tl? , and then we prove our this theorem.

The complex zeros of Mittag — Leffler function were studied by Wiman [16] and found that the asymptotic
curve along which the zeros are located for 0 < § < 2 and showed that they fall on the negative real axis for
B =2
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Hilfer and Seybold [5] also studied the location of zeros of generalized Mittag Leffler function as function of g,
for the case 1 < B < 2 and noted that with increasing § more and more pairs of zeros collapse onto the negative
real axis.

By above mentioned theory of Laguerre, (see Titchmarsh [15], Peresyolkova [11], Wiman [16], and Hilfer and
Seybold [5]), we state that:

Theorem 2. Let ¢p(w) be defined in Eqn. (11), {anz"}n : 0 be the bounded sequence, and there exists
limn_,ooa—“l > 1, thus f(2) is the integral function defined by f(z) = Yy ¢ a,z",
an+1 2

Then, g(z) = X7~ a,¢(n)z" (22)
is an integral function, all of whose zeros are real and negative.

Corollary 2. If 6§ >0, a, = %z” ,p(w) = F(ﬁ;ﬂ/)’ and there be an integral function such that f(z) =
w_ Oan (5)qn .
Then, for §d>0, ;—"% > 1asn — o when 0 < g < 1and then for (%,y) € W,, given in theorem 1, g(2) =
n+1
w  (gn 1 . . . .
w0 n‘f TG z™ Dbe an integral function having zeros real and negative. (23)
a, _ T(gn+s) T(n+2)1

= L < .
(Here s = Tantq18) [t D) z becomes greater than one as n — o, when 0 < g < 1, for this we apply the

asymptotic formula due to Erde’lyi [2] given by

I(s+a) _ a—b 1 _ _ 1 . an . T'(gn+6) F(n+2)l -
F(s+b) - [1 + (a b)(a +b 1) +0 (sz)] ass = OO)' to get hmn_m an+1 rllgrz}or(qn+q+6) r(n+1) z
llm(qT(n)1 q—>1 when0 < g <1) (24)

n—-oo

Theorem 3. For z,8,y7,6 € C,R(B) > 0,R(y) > 0,R(6) > 0,q € (0,1) UN, there exists an infinite product
formula of generalized Mittag — Leffler function in the form

B SN (PR (oI e z oz

510 = oenp 22 My ((14.2) exo - 2]) @

Proof: To prove this theorem, we consider the sequence of integrals in the form
_ 1 F(t) _ .

In_ﬁfcnt(t—)dtv n=12,..,i =+(-1). (26)
where, F(z) = (‘(’;((Z))) G(2) = E(2), ¥2,8,7,8 € CR(B) > O,R(Y) > 0,R() > 0,g € (O, UN. (C,} is
the sequence of the circles about origin such that C, includes all non — zero zeros (z,) (Vk = 1,2,...n), of
generalized Mittag — Leffler functions Elf_‘f (2), all z;, are positive real. That s

El‘f’f (z,) # 0,and E;f";’ (—z,) =0Vk =1,2,3,.. (Since, Craven and Csordas [1], Peresyolkova [11], Hilfer
and Seybold [5] have proved that E1 1(z) has negative real zeros and then due to theorem of Laguerre, (see

Titchmarsh [15, p. 268]) and corollary 2, E; ]’f (z) also has negative real zeros.)

Further, C,, is not passing through any zeros. Then, F is uniformly bounded on these circles. So, let |[F| <
M.Therefore, Eqn. (26) gives us |1, | < ,where, R,, denotes the radius of C,.
Hence then, lim,,_,, I, = 0as R, - © for n — oo, 27)

Now we use the techniques due to theorem of residue (see Titchmarsh [15, p. 111] , Hochstadt [6, p. 254], and
Kumar and Srivastava [ 9]) and Eqgn. (27) to obtain

_ O
F@) =t~ T (28)
Then, making an appeal to the results in Egns. (9) and (28), we find
_ (8)T() © _z .
G(2) = ) z] [Tie=1 ((z + 7, ) exp [ ]) K is any constant. (29)
Further use the result of Eq. (9) that G(0) = — |n Eqn. (29) to find
: (30)

B
Finally, with the aid of Eqns. (29) and (30) we find Eqgn. (25).
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I1l.  APPLICATIONS
In this section, we use our theorem 3 to obtain the distribution of zeros of derivative of generalized
Mittag — Leffler function [13] and to find out the probability density function of this function. This approach
may be used for developing and finding extensions of related functions for further researches in this field.
3.1 The distribution of the zeros of derivative of generalized Mittag — Leffler function
For the distribution of zeros of derivative of generalized Mittag — Leffler function [13], we derive following
theorem:

Theorem 4. For z,8,v,8 € C,R(B) > 0,R(y) > 0,R(6) >0, € (0,1) UN, (Eg"f (2) ) has only real simple

zeros except z = 0 and these interlace with zeros of E‘sq(z) z=x+1iy,i =+(-1).
Proof: We make an appeal to the theorem 3 to get

E1@)  @ero

Bl TG Lie=1 Zk<Zk+z) (31)
The |mag|nary part of right hand side of Eqgn. (31) is given by
2=t (x+Zk+y2) (32)

Obviously, if in Egn. (32), we put y = 0, it vanishes and hence all zeros of ( q(z) ) are real and simple.
Further from Eqn. (31), for real z, we get

@ (B50) _

1

dz Eg'}q/ (2) h Zk:l (z+2)? (33)
From, Eqn. (33), we get

90
(@) o (34)

dz 55"1 (2)

(%)’

Here, the Egns. (31) and (34) show that the function > has infinity of poles, but is of negative slope.

E y
Hence between any two zeros of the function Ep’ b (z) there must be precisely one of ( q(z) )

3.2 The infinitely divisible probability density function for the generalized Mittag — Leffler function

Takano [14] has described the infinite divisibility of normed conjugate product of gamma function and
Kumar, Pathan and Chandel [ 8] have obtained infinitely divisible probability density functions of Bessel and
Legendre functions through their infinite product formula of Hochstadt [ 6] and Kumar and Srivastava [ 9],
respectively, and then used them in finding out the distributions of the densities involving non — zero zeros of
Bessel and Legendre functions and applied them to obtain their infinite divisibility.

To obtain the probability density functions, we make an appeal to the Eqgn. (25) of theorem 3 and find
that in the form

84 (i ES (—iz) = (2 T A
Egl(i2)Ep) (—iz) = (F(y)) Po1 <<1 + (Zk) )) (35)
Now, from the Eqgn. (35), we get the infinitely divisible probability density function
1Nt e (@)’
(F(V)) Eg:z(iz)Eg:g(—iz) T k=1 (((Z)2+(Zk)2)) (36)
Now consider the function
H,(z) = %,A is any constant, —o < z < . (37
[Mg=1(z°+2*)
We know that
A _ n 1
i1 (z%+2,%) AXi=1 I oq jre (—2i2+2;2) (2% 42, %) (38)

Also we have for z > +\/— (See Hochstadt [6, p 268])
Jy exp[-t{(z% + zD)? — pB}Jo(tp)dt = Tz)
(39)
Here J,(.) is zero order Bessel function and J,(z) = 1 — z S+ AN AR

2242 224242
Then make an appeal to the Egns. (38) and (39) in Eqn. (37) to get
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@) = 4 [ Jo(t) T e [ =/ (G2 + 27 = pP) de (40)
J=1j#

From Eqgn. (40), let us choose that

h,(t) = AZ]’,§=1,l+ZZexp[—t\/{(z2 + 2,22 — p2}],vz > i\/ﬁ,p >0andt>0. (41)
oy j (22 +2;2)

Since for n = 1,we have [[/_y ;. (—z* + %) = 1, so that

hy (t) = A exp|—t/{(z? + 2,2)? — p?}|,Vz > *,[p,p > 0 and t > 0, (42)
and
1 1
hy(t) = A {m exp [—t\/{(zz +22)% = ,02}] + mexp [—t\/{(ZZ +2,%) - Pz}]}

vz > +,/p,p>0and t > 0. (43)
Here the function h,, (t) is always positive for all z > i\/ﬁ,p > 0andt > 0, hence it is a density function

¥z > +[p,p>0andt>0.
By the techniques of Takano [14], we may prove that its Laplace transformation is infinitely divisible and thus
from Eqns. (37) and (40) H,, (z) is infinitely divisible and

2
thus lim,, ., H, (z) = lim,,, ——=lim [T} - <(L)) is also infinitely divisible. Now make an appeal

- 1(Zk2) n—oo (2)%+(zx)?
2
to the Egn. (36) and above hmH (2), finally, we may say that the density function (r( )) ﬁ
Els’,y(lz)E[)’,y(_Lz)

infinitely divisible.

3.3 Another Distribution function
Further, we make an appeal to the Eqn. (36) and find that

1\?2 1 z
log{(Tl’)) Sq(Z)ESq( Z)} Zk 1{10g (1 B (_) )},V; <Lk=123.. (44)

IV.  THE INFINITE PRODUCT FORMULA PRODUCT OF TWO VARIABLE
GENERALIZED MITTAG - LEFFLER FUNCTION
On the other hand, Garg, Manohar and Kalla [3] have generalized the Mittag — Leffler - type function and
defined a two variable generalized Mittag — Leffler function
_ Y1, @15 Y2, B x) _ aym ¥2)gqin x™ ym
E (x,y) = E; (51’0{2”32; 8,, t3; 83, B3 |y = Ym=0Xn= O (81 +azm+Byn) [(62+azm) [(63+B3n) (49
Here, y1,v2, 61,02, 83, %,y € C,min{ay, az, a3, By, B2, B3} > 0.
Recently, Kumar and Pathan [7] have defined another two variable generalized Mittag — Leffler function in the
form
(6)1')1 nxm n
Eqp (6 9) = Zinco Diico e s, Y,y 0, 8,8 € 6 R(@) > 0,R(B) > 0,R(8) > 0. (46)
We now generalized this Mittag — Leffler function of two variables defined in Eqn. (46) in the form
(5) _ Vo © ) m+nx"y"
Eqpy 00 ) = im0 Zn=0 it em a7 (47)
provided that x,y,a, 8,8,y € C,R(a) > 0,R(B) > 0,R(5) > 0,R(y) > 0.
For evaluating the infinite product formula of generalized Mittag — Leffler function, defined in Eqn. (47), we
present following theorem:

The theorem of Craven and Csords [1]:
Let @ > 2 and y > 0. Then there exists a positive integer m, := my(a,y) such that

E(m)(x) e OM’C ,m=m, be of Laguerre — Polya class that it is entire function. Thus the
T'(a(m+n)+y) n!
T(m+n+1) o0 . .- . .
sequence {F(a(m+n)+y)}n —0 is a meromorphic Laguerre multiplier sequence for all non negative integers m
sufficiently large. (48)

Theorem 5. For x,y,a, 8,8,y € C,R(a) > 2,R(B) = R(a),R() > 0,R(y) >0, and {(6)n %}n: 0 be the

bounded sequence. Then the function Eé‘_s};y (x,y) defined in Eqgn. (47) be of Laguerre — Polya class.

Proof: Make an appeal to the Eqgns. (47) and (48) we may Write
6) _ o r(g+n+m)x™ (5+n)
Eaﬁy( J’) r(5)2n 0, &am= Omlr(a(m+§n)+y) T(S)Zn 0 aﬁy ( )
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(Here, we have EC(x) = ESY (). (49)
Now make an application the theorem of Craven and Csordas [1] in Eqn. (49), the two variable generalized
Mittag — Leffler function be of Laguerre — Polya class.

Again, making an appeal to the Egns. (3) and (47), we have an integral function

ESR, (6 y) = Biiso(®)n S ES R, () (50)
Finally, use the theorem 2 in Egn. (50) the function ES/;W (x,y) has negative real zeros.
Theorem 6. For x,y,a,B8,8,y € C,R(a) > 2,R(B) = R(a),R() >0,R({y) >0, and {(S)n}n: 0 be the
bounded sequence. Then the function Eo(t‘_s};y (x,y) has the infinite product formula

) Vo yro1 (6+n)rn+y) w x _x
Eﬂrﬁi}’ (x' y) - n=0(5)n n! I'(Bn+y) €xp [ I'(a+pn+y) x] Hk:l <(1 T xk) €xp [ xk])' (51)
Proof. Make an appeal to the Eqn. (7) and theorem 3 in Egn. (50) to get the result (51).

V. CONCLUDING REMARKS inverse in the complex plane, Integral
Notice that the so-called generalized Mittag- transforms and Special functions (Taylor and
Leffler function EZ,(z) of Prabhakar involving ;532;'%3(??%2)2’ Vol. 17, No. 9, (September
three parameter is indeed a familiar hypergeometric [6]. H. Hochstadt, The Functions of Mathematical
function 1F% | k being a positive integer. That Physics, (Dover Publications, Inc. New York,
means that our results of this paper can be extended 1986).
to generalized hypergeometric functions. Infinite [7].  H. Kumar and M. A. Pathan, On the results
product formula of one variable generalized Mittag involving statistical characteristics, operational

formulae of special functions and anomalous
diffusion, 1 — 17. (Communicated).
[8]. H. Kumar, M. A. Pathan and R. C. Singh

— Leffler function obtained in this paper used to
evaluate the infinitely divisible probability density

functlop depen.dlng upon non - z€ro zeros of Chandel, On the distributions of the densities
generalized Mittag - Leffler function can be involving non — zero zeros of Bessel and
rewritten in the form of familiar generalized Legendre functions and their infinite
hypergeometric functions and their extensions. divisibility, ~ Proyecciones  Journal  of
Similarly, the distribution of the zeros of Mathematics, Vol. 29 (3) (December 2010),
derivative of generalized Mittag — Leffler function 165-182.

and infinite product formula of two variable [0]. H. Kumar and S. Srivastava, On some

sequence of integrals and their applications,
Bull. Cal. Math. Soc., 100 (5), (2008), 563 —
572.

generalized Mittag — Leffler function given in this
paper may be developed in terms of generalized

hyp_ergeometric functions of more than one [10]. AM. Mathai and H. J. Haubold Special
variables. Functions for Applied Scientists, (Springer,
It is also interesting to note that the results derived 2008).

in this paper may be helpful for the computing of [11]. 1. N. Peresyolkova, On distribution of zeros of
several related problems consisting of one and generalized functions of Mittag — Leffler type,
two variable generalized Mittag — Leffler functions Matematychni Studii, 13, (2000), 157 — 164.
through their non — zero zeros. [12]. T. R. Prabhakar , A singular integral equation

with a generalized Mittag — Leffler function in
the kernel, Yokohama Mathematical Journal,
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