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ABSTRACT 
In the present investigation heat transfer character due to viscous dissipation and magnetic field applied to 

unsteady boundary layer fluid flow past a stretching sheet is investigated. The equations governing the unsteady 

boundary layer fluid flow are constructed and non-dimensionalized. The non-dimensional equations are 

discretized using implicit finite difference method of Crank-Nicolson type.  The results obtained are interpreted 

and discussed using graphs. The study is carried out for different Hartmann and Eckert number (Pr = 0.71 and 

7.0). Heat transfer effects are studied by plotting the temperature profiles and local Nusselt number.  It is 

observed that increase in Eckert number enables increase in temperature profile and subdues the local Nusselt 

number.  
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I. INTRODUCTION 
Heat transfer along with mass transfer over a 

stretching sheet has received significant attention 

among researchers and applied scientists due to its 

various applications in industries. Applications 

include engineering design such as design of building 

components for energy consideration, control of 

pollutant spread in ground water, heat exchangers, 

solar power collectors. Along with other physical 
effects, Magnetic and viscous dissipation effect also 

play significant role in the behavior of the boundary 

layer flow[3,4].  

Effect of  transverse magnetic field applied to 

fluid flow past a moving surface has been widely 

studied by various researchers. Pop and Na[2] have 

studied the effect of magnetic field over a permeable 

stretching sheet. Anderrson and Bech[3] have included 

the magnetic effect over non-Newtonian fluid past a 

stretching sheet. Chiam[4] studied the heat transfer 

and magnetic effect over the boundary layer fluid flow 

past a stretching sheet. Heat transfer effects were also 
studied by Datti et al.[8], Siddheshwar et al.[6], 

Mukhopadhyay et al.[7].   

The contribution of  viscous dissipation being 

lower compared to other physical parameter namely 

magnetic field,  it is often neglected as part of study. It 

must be noted that viscous dissipation cannot be 

always be neglected as can observed from the 

investigation carried out by Salama et al.[11], Jha et 

al.[12], Ragueb et al.[13], Pantokratoras et al.[14], 

Bareletta and Magyari [15], Chen and Tso [16], and   

Zhang and Ouyang [17]. The importance of viscous 
dissipation is also highlighted in the research articles 

by Celata et al.[9] and Kumaran et al.[10].  

In the present investigation, heat and mass transfer 

effects are studied over unsteady boundary layer fluid 

flow in the presence of transverse magnetic field and 

viscous dissipation. As far as the authors knowledge is 

concerned the present investigation has not been done 

earlier and hence carried out here.    

  

II. GOVERNING EQUATIONS 
Consider a stationary viscous incompressible 

fluid maintained at a temperature 
T over a stretching 

sheet which is initially held stationary. yx , are the 

horizontal and vertical directions.  At 0t , the 

sheet is stretched horizontally with a linear velocity 

proportional to x , where   is the stretching 

parameter. Also, a transverse magnetic field of 

strength 
0B  is applied in the vertical direction to the 

fluid flow. Using the assumptions for boundary layer 

approximations [1], the governing equations 

describing the conservation of mass, momentum and 

energy along with viscous dissipation are given by, 
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
 TTvu ,0,0 , 

:0t  

:0,0  xy  

wTTvxu  ,0, , 

:0,  xy  


 TTu ,0 , 

:0,  xy  


 TTu ,0 , 

where  , 0B ,  , , , , pc , wTT 
 ,  are electrical 

conductivity of the fluid, imposed magnetic strength, 

density of the fluid, thermal diffusivity, kinematic 

viscosity, coefficient of viscosity, specific heat at 

constant pressure, temperature of the fluid at infinity, 

and sheet temperature adjacent to the fluid.  

Introducing the following non-dimensional variables 
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the original governing equations reduces to  
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along with the initial and boundary conditions given 

by  

:0t  

:0, yx  

0,0,0  Tvu , 

:0t  

:0,0  xy  

,10  Tvxu  

0,  xy  

0,0  Tu , 

0,  xy , 

0,0  Tu , 

where the variables are the corresponding 

dimensionless quantities and M , Pr , Ec are the 

magnetic parameter, Prandtl number and Eckert 

number respectively. 

Further, after obtaining the solutions of the dependent 

variables it is useful to calculate the values local 

Nusselt number which is given (in dimensionless 

form) by the formula, 
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III. NUMERICAL SOLUTIONS 
In order to obtain the numerical solutions of 

the above equation, the equations are discretized using 
implicit finite difference method of  Crank-Nicolson 

type. The scheme is unconditionally stable and is 

convergent. The order of convergence is 
22 yxt   i.e., it is second order in time, first 

order along horizontal direction and second order 

along vertical direction.  

The domain of computation was fixed as x = 0 to 1, 

and y as 0 to 25. The time interval was taken as 0.008, 

interval along x-direction as 0.0667(= 1/150), interval 

along y-direction as 0.1. The converges criteria was 
set as 0.00005. 

The local Nusselt number are obtained using Newton-

Cotes closed formula for numerical differentiation at x 

= 1. 

 

IV. RESULT AND DISCUSSION 
In this section the nature of the fluid flow is 

illustrated.  It must be noted that the nature of velocity 

with respect to the magnetic field is already studied in 
the literature and neglected here for brevity. However, 

the effect of magnetic field on the temperature profile 

and local Nusselt number is discussed and illustrated 

with various plots (Figs. (1-21)).  

In order to prove the authenticity of the results the 

computed values of the velocity profiles and local skin 

friction are compared with the exact solution of the 

velocity and local skin friction at steady time with 

magnetic effect. The Figs.(1-4) shows the difference 

between the computed values and exact solutions of 

dimensionless velocity and local skin friction for 

various values of magnetic parameter. The plots show 
that the obtained results are good for small values of 

magnetic parameter M. 

 
Fig. (1) Error for horizontal velocity 
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Fig. (2) Error for horizontal velocity 

 

 
Fig. (3) Error for vertical velocity 

 

 
Fig. (4) Error for local skin friction 

 

The Figs. (5-7) depict the difference of 

temperature profiles at Pr = 0.71 and M = 0.0, 0.05, 
1.0 for Ec = 0.0, 0.2, 0.4, 0.8,1.0.  It is observed that 

the effect of viscous dissipation has mild effect on the 

heat transfer effect that is as the viscous dissipation 

increases the heat transfer effect increases. Similar 

observation is made with respect to M also. 

 
Fig. (5) Temperature difference at Pr = 0.71, M = 0.0 

 
Fig. (6) Temperature difference at M = 0.05 

 

 
Fig. (7) Temperature difference at M = 1.0 

 

 The physical nature of the fluid does not 

change in the case of Pr = 7.0 except for the 

magnitude. This can be observed from the subdued 

temperature profiles (compared to Pr = 0.71) shown in 

Figs. (8-10). 

 

 The Figs. (11-13) describe the transient 

nature of the fluid flow at Pr = 0.71, M = 0.0, 0.05, 

1.0, and Ec = 1.0. The plot describes the difference in 

magnitude of the profile between the 50th iteration and 

100th, 150th , 200th,….(i.e., iteration Mod 50), steady 
state. It can be observed from the plots that as the 

steady state is approached the change in difference of 

transient temperature diminishes.  

 
Fig. (8) Temperature difference at Pr = 7.0, M = 0.0 
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Fig. (9) Temperature difference at M = 0.05 

 

 
Fig. (10) Temperature difference at M = 1.0 

 

 
Fig. (11) Transient temperature difference at Pr = 

0.71, M = 0.0, and Ec = 1.0 

 

 Similar observations can be made from the 

Figs. (14-16). It must be noted that as the magnetic 

parameter, M and Eckert number, Ec increases the 
steadiness gets delayed. 

 
Fig. (12) Transient temperature difference at Pr = 

0.71, M = 0.05, and Ec = 1.0 

 

 
Fig. (13) Transient temperature difference at Pr = 

0.71, M = 1.0, and Ec = 1.0 

 

 
Fig. (14) Transient temperature difference at Pr = 7.0, 

M = 0.0, and Ec = 1.0 

 

 
Fig. (15) Transient temperature difference at Pr = 7.0, 

M = 0.05, and Ec = 1.0 
 

 
Fig. (16) Transient temperature difference at Pr = 7.0, 

M = 1.0, and Ec = 1.0 

 
 The profiles in Figs. (17-22) describe the 

local skin friction profiles for Pr = 0.71 and Pr = 7.0 

for M = 0.0, 0.05, 1.0 and Ec = 0.0, 0.2, 0.4, 0.6, 0.8, 

1.0. It is clear from the observation of the plots that as 
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magnetic parameter and viscous dissipation increases 

the Nusselt number decreases. 

 
Fig. (17) Steady local Nusselt number at Pr = 0.71, M 

= 0.0, and Ec = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0 

 

 
Fig. (18) Steady local Nusselt number at Pr = 0.71, M 

= 0.05, and Ec = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0 

 

 
Fig. (19) Steady local Nusselt number at Pr = 0.71, M 

= 1.0, and Ec = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0. 

 

 It can be observed (Figs. (20-22)) that as Pr 

changes from 0.71 to 7.0 the local Nusselt number 

increases significantly. 

 
Fig. (20) Steady local Nusselt number at Pr = 7.0, M = 

0.0, and Ec = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0 

 
Fig.(21) Steady local Nusselt number at Pr = 7.0, M = 

0.05, and Ec = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0 

 

 
Fig. (21) Steady local Nusselt number at Pr = 7.0, M = 

1.0, and Ec = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0 

 

V. CONCLUSION 
In this investigation,  the effect of Eckert 

number and Magnetic field on unsteady boundary 

layer fluid (Air and Water) are studied. It is observed 

that the effect of Prandtl number  increase leads to 

much better profile as Eckert number increases. Eckert 
number tends to decrease the local Nusselt number 

which is again enhanced by increase in strength of 

magnetic field.  
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