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Abstract

The fractional Fourier transform (FrFT) was first introduced as a way to solve certain classes of ordinary and
partial differential equations arising in quantum mechanics. FrFt has established itself as a powerful tool for the
analysis of time-varying signals, especially in optics. FrFt has found applications in areas of signal processing
such as repeated filtering, fractional convolution and correlation, beam forming, optimal filter, convolution,
filtering and wavelet transforms, time frequency representations.  In this paper operational calculus for
Generalized fractional Fourier transform are obtained.

Keywords: Generalized function, Fractional Fourier transform, Fourier transform, signal processing, Test

function space.

I.  Introduction
The Fourier transform is one of the most
important mathematical tools used in Physical optics,
linear system theory, signal processing and so on [1].
The conventional Fourier transform can be regarded as
a % rotation in the time-frequency plane and the FrFT

performs a rotation of signal to any angle. Moreover,
fractional Fourier transform serves as an orthonormal
signal representation for chirp signal. The Fractional
Fourier transform is also called rotational Fourier

documents. The FrFT is also related to other time-
varying signal processing tools such as Wigner
distribution, Short time Fourier transform, Wavelet
transform [2].

In our previews work we have defined in [3, 4] as,

1.1. Conventional fractional Fourier transform:
The FrFT with parameter ¢ of f(x) denoted
by FrFT{f (x)} performs a linear operation given by

FrFT{f(x)} = F,(w)

transform or angular Fourier transform in some
=J FO) k(,w) e (1.1)
Where
ka (x,u)= 1_21%’:“eZsilna[(x2+u2)CDS°(_2xu] ......... (12)

1.2 The test function space E:

An infinitely differentiable complex valued
smooth function ¢ on R" belongs to E(R™) if for each
compact set1 c S,, where S, = {x;x € R", |x| < 0,a >
0, 1€Rn.

1o, @ = ofID% 0]
<o, Wherep=1,2, 3.....

Thus E(R"™) will denote the space of all
¢ € E(R") with suppose contained inS,. Note that the
space E is complete and therefore a Frechet space.
Moreover we say that f is a fractional Fourier
transformable if it is a member of E*, the dual space of
E.

FrFT{f(x)} = F,(u) = (f(x), K,(x, 0)) ,
where
KQ(X, u) = Cl(x eiCZQ[(XZ‘FUZ)COS a—2xu |

FrFT has many applications in solution of differential
equations, optical beam propagtioan and spherical
mirror resonators, optical diffraction theory, quantum
mechanics, statistical optics, signal detectors, pattern
recognition, space image recovery etc. [5, 6].

In the present work Generalization of the FrFT is
presented by kernel method. Scaling property,
Modulation theorem, and Parsvels theorem is proved
for Generalized Fractional Fourier transform.

I1.  Distributional Fractional Fourier
Transform
The  Distributional  fractional
transforms of f(x,y) € E(R™) can be defined by

......... (3.1)

Fourier
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1 —icota _ 1

h C,, = , C,, = -
where b1q 21 207 2sina

The right hand side of (3.1) has a meaning as the application of f € E* to k,(x,u) € E.

I11.  Scaling Property

1- 1+
a)[( a)‘rzcota 2 u cosec at

FrFT{f(ax)} = —{FrFT g)}w), where g(x) = ez{( a
Proof:

FTFT{f(x)(u)}_ Ciy f f(x)elcza[(x +u?)cos a—2xu] dx

B

FrFT{f(ax)}(w) = Cy, f f(ax)eZSma [(x?+u?) cos a—2xu] ;..

puttingax =1, x = 5

~adx=dt
iu? cot

FrET{f(@0)}w) = Cy e 2 f ezcota( )2 iu (é) cosec a f(,[)%

P22 —
_ C;a ew[ ez[1+ ] (‘L’)z cot a e—l u cosec a[ %]Tf(f)df
—o0

u? o i[1—a? 1-a
_ Cia e%[ €2T cot @—iu T cosec a ez[—az—]r cot a— lu( )cosec arf(T)dT
a —0

® ; i 1—a2] 1-a
_ lf CL em[(rz+u2)cos°(_2.[u] ez[—az— 72 cot a— 1u( )cosec a rf( 1)dt
—o0

a

Cll{FrFT o2 1__2_ T cot a— zu(l )cosec arf( )} (u)

1
= ~{FTFT g()}(w)

Wherel ggx) _ eé[l_a ]T cot a— 1u(1 )cosec an(T)
— 62{( aa)[( +a)T cot a—2 ucosec ar]}f(T)

IV.  Parseval’s Identity for Fractional Fourier transform
If FrET{f(x)} = F,(w) and FrFT{g(x)} = G, (w) then

i [ feg(dx = [7 F, WG, (w)du
.. © 0 |=————2
i. [ IfPdx = [ [F,@)| du
Proof: By definition of
FrFT{g(x)}(u) = G, (uw) = Clae%uz cot aj e%xz cot a—i u x cosec a glodx e (4.1)

—00

using inversion formula of FrFT{f (x)}

1 (* 1 ’ 2m L [(x?+u?)cos «—22u]
= | —— =" 7w G d
gx) 2m)_, sina 1—icot0c N ()

1 i 2
— —yx“cota f ——u cot a+ix u cosec a G wdu
V2m sinav1 —icota J_ W
Taklng complex conjugate we get
- 1 2
X) = efx cot a f —u cot a—ix u cosec a G wWdu
9 \V2m sinav1+icotaJ_, ( )

Now

® _ ® 1 i
x x dx — f x dx - eix cot a .I- —u cot a—ix u cosec a G u du)
f-mf( )9() _oof( ) (\/ﬁ sinav1 + icota J_, W

— 1 wa—w)du 1 1—icota foo ezix2 cot ae%uz cot @ —ixu coseca f(x)dx
sinaV1 + icota J_, V1 —icota 2w o
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\/1+ tZ‘f Go(w) f lwmf ezl rit)eos 2] £y | du
Sma ico —

1 f ___
= G (u)F u)du
sinaV1 + icot?al_, ° «()

! f G,(WF,(wWdu

sina cosec a

f f(x)g(x)dx—f G, (WF, (uw)du

—0o0

Hence proved
i) Let f(x) =g(x) then F,(u) =G,(u) and FE,(u) = G,(u) then
eq" (4.2) becomes

| rer@ar= | kR
=>f If(x)lzdxzf |Fa(u)|2du

V.  Modulation property for FrFT
If FrFT{f(ax)}(u) denotes generalized fractional Fourier transform of f(x) then
FrFT{f (x) cos ax}(u)

L . . i
= Tl S ([FLRT )t o el (u — asin) + [FrFT (e "0 “](u + asina)}

Proof: ‘
FrFT{f(x)}(u) — Cla —u cot a f e%xz cot a—iu x cosec a f(x)dx
FrFT{f (x) cos ax}(u) -

el 4o

[ " © i, ¢ aei —iax
su” cot a FX~“cota—iu x cosec a
Cipe2 f ez — fx)dx

00
—u cot a f

Cla —u cot a f {( x cot a—i (u cosec a—a)x) ( x2 cot a—i x (u cosec a+a))}
= +|e2 x)dx
2 fC0

— Cla —u cotaJ {
2

_ C1a {J eiu cot aeix cot a—i cosec a(u -a sin a)xf(x)dx
—00

2
o0
+f ezu cot aezx cot a—i x cosec a(u +a sin a)f(x)dx}

x cot a—i u x cosec aelax>+<eix cot a—iu x cosec a —Lax)} f(x)dx

x cot a—i cosec a(u -asin a)x) + (e%xzcot a—i x cosec a(u +a sin a))} f(x)dx

o 2 .
_ C21a {J e%(u —asin a)? cot @giuacosag % L cos asin ae%xzcot a—icosec a(u -asin a)xf(x)dx
—00
* L(u+a sin @)% cot @ _—; lzicoso&sin a ixz cot a—i x cosec a(u +asin a)
+ | ez eTtuacosaemy e? f(x)dx

—00
2; ©
—a“i . L .
Cia ez cosusina } Livacosa 67[x2+(u -asin @)?] cot @ =i x (u—asin a)cosec "‘f(x)dx
2

o
. L 2 : 2 . .
_ = ta _
fe-iuacosa f ez[x +(u+a sin a) ]CO ae i x (u +a sin a)cosec “f(x)dx}
—00

—00

Cla __iaZ
—2e2
2

+ J. 67[XZ+(u+a sin a)Z] cot Apo—ix (u +a sin a)cosec af(x)e—i u a cos adx}
00

o
cosasin a {f e%[x2+(u ~asin @)?] cot @ o—i x (u—asin a)cosec af(x)ei uacos ady
—o0

Cla __iaZ

=Tez cosasin @ (IErET f(x)el @t a](y —asina) 4+ [FrFT f(x)e ' * 2t a¢](y + asina)}

6. If {FrFT{f (x)}}(u) denotes generalized fractional Fourier transform of f(x) then

WWW.ijera.com 1465 |Page



V.D.Sharma Int. Journal of Engineering Research and Application Www.ijera.com
ISSN : 2248-9622, Vol. 3, Issue 5, Sep-Oct 2013, pp.01-05

{FrFT{f (x)} sin ax}(u) ‘
= (-i) sz 9_71“2 cosasin @ (/prET f(x)el v @t @] (y — g sin )
+ [FrFT f(x)e t*acta](y + asina)}

Proof: .
[FTFTf(x)](u) — Cla —u cot a f e%xzcot a—iu x cosec a f(x)dx
-~ [FrFT f(x) sinax](u) -

0 .
L .
—u COtlZ'[< eEXZCOt a—Lu x cosec a

= (,,e? sinax f(x)dx

_ Lot a
= Claez

eiax _ e—iax
x cot a—iu x cosec a
—— ) f@ax

i )
x cot a—iu x cosec a _j >x“cot a—iu x cosec a _—
ezax) _ (62 lax) f(x)dx

88

Cla —u cot a

II
88

L2 cot a—i
x cot a—i (u cosec a— a)x) (ezx cot a—i x (u cosec a+a)>} fx)dx

Cla —u cot a

[
f
f

x cot a—i cosec a(u -asin a)x) (e%xz cot a—i x cosec a(u +asin a))} f(x)dx

C1 i
— Z.a f ezu cot aezx cot a—i cosec a(u -asin a)xf(x)dx
l —0

o0
_f eZuz cot aezx cot a—i x cosec a(u +a sin a)f(x)dx
—00

0 i 2 .
— gl.a {f e%(u —asin a)? cot @ giuacos ae%cosasin ae%xz cot a—i cosec a(u -a sin a)xf(x)dx
l —00

0 . 2 .
i . 2 i —a“i . i 2 . .
s(u+asin a)“cota  — —5—cosoasin a 5 x“cot a—i x cosec a(u +asin a
—f 62( ) e tuacsaeo g ez ( )f(x)dx}

—00
2 0 7
—a“i . L .
_ glia g 7 Cosusina {ei uacos a f ei[x2+(u -asin @)?] cot X =i x (u—a sin a)cosec af(x)dx
—o0

| .
_e—i uacos a f 67[x2+(u+a sin a)Z] cot ae—i x (u +a sin a)cosec "‘f(x)dx}
—00

—i . © .
— gl.a eTaZ cosasin a {f ef[x2+(u -a sin a)Z]cot ae—i x (u—a sin a)cosec af(x)ei Uacos @y
l —0

© .
_ f 67[x2+(u+a sin @)?] cot =i x (u +a sin a)cosec af(x)e—i u a cos adx}

—00

Cy, =t . ) )
= (—i) 21a g7 @' cosasin H[FrFT f(x)et* 2t @) (u — asina) + [FrFT f(x)e ™ * 4t @] (y + asina)}

Generalized Fractional Fourier Transform

Er. f(x) [FrFT f(x)](w)

0

1. f(ax) 1 FrET {e%{(la;a)[(lﬂl) 72 cot a—i ucosec a T]}f(_[)} du
a

2. cos ax f(x)

1 |1—icota _i . )
> Te_fazcowsma{[FrFTf(x)el“““’t”‘](u—asina)

+ [FrFT f(x)e '* 4t @](y + asin a)}

3. sin ax f(x) , . ‘
—1) |1—icota _i ; .
(2) o e_fazc"t‘”ma{[FrFTf(x)el““COt“](u—asina)

+ [FTFT f(x)e ** %t ] (y + asina)}

4 | Gf(x)+Cg(x) C[FrFT f()](w) + Co[FrFT g(x)](w)

WWW.ijera.com 1466 |[Page




V.D.Sharma Int. Journal of Engineering Research and Application
ISSN : 2248-9622, Vol. 3, Issue 5, Sep-Oct 2013, pp.01-05

Www.ijera.com

> e 1_21%15“{(1 + écosec a) FrET(e ™ xf (x))(w)

(B 2) prrr(e-or () )
6. F(x) (—icota) FrFT{x f (x)}(w) + (i u cosec @)FrFT{f (x)}(w)
7. Fx —xo) o3 0% cot i x cosec FrFT{etx %0 cosec @ 1)}y
8. e f (x) eazsg—"“em(u_a sina)eos @ {ErET(f(x)) Hu — a sina)

VI.  Conclusion
|
n this paper Modulation theorem, Scaling property,
Parsvels theorem is proved for Generalized Fractional
Fourier transform.
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