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Abstract
The paper studies the degree

approximation of conjugate of a 277 -periodic
Lebesgue integrable function f by using modified

partial sum of its conjugate Fourier series by
generalized matrix mean in generalized Holder
metric.
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1. Definition and Notation

The following definitions will be used
throughout the paper (see Zygmund [8] p.16,42, [5]
p.2,49 and [3] ).

() The space Lp [—71', ﬂ]includes the space

of all 277 -periodic Lebesgue integrable continuous
functions defined in [—7, 7] with p-norm given by

sup| f (1)

yp=o0

2 %
I~ leopee|” e
0
2
[If@dt 0<p<t.
0
(i) w(s)=w(s, f)=sup|f(x+h)=f(x)]
0<h<é

when p =0, is called the modulus of continuity
w, (3)=w, (3, f) _sup||f x+h)—f(x)]

is called the integral modulus of continuity.

W (8)=wi? (5, 1)
= sup | f (x+h)+ f(x=h)=2f (x)|

0<h<é
is called the integral modulus of smoothness.
(iii) The Lipschitz condition is given by

[f (x+h)— £ ()]

Su
AT

0<h<§

¢ <K (+ve constant) when p=c0

P <K (+ve constant )

when 0< p <co.

(iv) The Holder metric space H , is defined by

H, ={feC,,:[f ()= F(y)|<K[x-y["iK>00<a<1

with Holder metric induced by the norm

[FC-f(y)

I£1L =]l +supA“ (x,y)= sup |f (t)|+sup

te[-7,7] XY |X-— y|a

f(x)—f

where A“f (x,y):M and 0 for
[x=y]

a=0.
(v) A normed linear space which is complete
in the metric defined by its norm is called Banach
Space.
(vi) The generalized Holder metric space

H (a, p)is defined by
H (@ p)={ 1 e L3 f ()= £ (x)], < K[n]"]

where K > O(constant), 0< o<1 and 0< p<oo.
Also the metric given by

|f(x+h)-f (x)||p
T

]

=||f||p +supA“f(x+h,x)=||f||p +sUp
h h

and||f||(0’p) =| f ||p fora =0, is called generalized

Holder metric.
(viiy H (a, p)is a complete normed linear space

and hence a Banach space for 0 < p <1.
Also H(a,»0)=H,.
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(viii)A generalized matrix M =(m, (i)) €7 is said to be regular if

”M"—SUpZ|mnk |<00 and Zmnk i) —>1as N — couniformlyin i.

(ix) Let f el [-7,z];p=1, bea 27z -periodic Lebesgue integrable function.

Then the conjugate Fourier series of f at t = X, is given by

f (x)=§:{aksin(kx)—bk cos(kx)} ; @
where a, =%j”” f (t)cos(kt)dt
and b, =§j_’; £ (t)sin(kt)dt.

The following notations shall be used throughout the paper.
1—cos(nt)

Ij: (t) y 2tan(%)

v, (t)=%[f (x+1)— f (x=1)]

()= 2o ()= 1)

is called Dirichlet’s modified conjugate kernel.

£ 0 1- kt
3 (i) = 3o, (i) ) o
k=0 2tan(%)
Aa (i) => mnk(i)L(kt) @®)
k=0 2tan (%)
IO 2tan(/) — -2 __dt is called conjugate function of f (X)
( ) AU,
—dt 4)
A& / 2tan(%)
where & _fl (—) 0) is very small positive number.
= ___[l//x n (5)

is called modified n" partial sum of conjugate Fourier series of f (X)given by (2).

M (S, (X)) =2 my (i)S5 (%) 6)
k=0

uniformly in i, provided the series exists for each n, which is called the matrix

transformation of S, (X).

I (i:x) =M (S (x))- f(x,?ﬂj )
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2. Introduction
Chandra [1] and Sahney have determined
the degree of approximation of a function

belonging to Lip a by (C,1),(C,5) and

(N, p, ) means. In 1981, Quereshi discussed the
degree of approximation of conjugate of a function
belonging to Lip & and Lip (&, p) by (N, pn)

means of conjugate series of a Fourier series. In
2000, Shyam Lal [4] determined the degree of
approximation of conjugate of function belonging

to weighted class W ( Lp,ﬁ(t)) by matrix means

of conjugate series of Fourier series. Also in 2001,
G.Das, R.N.Das and B.K.Ray[3] studied the degree
of approximation in same direction using infinite
matrix mean in generalized Holder metric.

The objective of the present paper is to
study more comprehensively the result of
G.Das,R.N.Das & B.K.Ray[3] by generalized
matrix mean.
3.Result
In this paper we have studied the degree of

approximation of conjugate function of f (X) by

modified partial sum of its conjugate Fourier series
by generalized matrix mean in generalized Holder
metric i.e.

(8.p)

uniformly in i.

The following lemma will be required for establishing the theorem.

Lemma.
Let O<p=<oo.

Then (a) [, (t)”p <w, (5, f)

and (b)

Proof.

(a) For p =1 and by Minkowski’s inequality, we have

Hf (x+0)= f (x=1)f dx<{j|f (x+)= f ( |dx}l {T|f(x)—f(x—t)|pdx}p

Wy ()=, (t)"p SK”f (x+t+y)—f (X+t)||p :where K > 0 (constant).

and for 0 < p <1, we have by modified Minkowski’s inequality

2Jir|f (x+t)=f (x—t)|pdxs2f|f (x+t)-

:>supr (x+t)—f(x- tH <sup||f (x+t)=f(x)]

0<t<o 0<t<s

27
x)|pdx+ .|.|f (x

) f (x—t)|pdx

<2sup | f (x+t)=f(x)]

0<t<o

= sup
0<t<s

= . ()], <w, (8.1)
(b) Now

[f(x+0)—F (x=1)]
? ||

0<t<o
P

<sup|[f(x+t)—f(x)|

Vo (1) =y, (1) = %[f(x+y+t)—f(x+y—t)—f (x+t)+f (x—t)]

= 2L (xrtry)= ()45 £ (x=0) = F (x—t+y)]
By Minkowski’s inequality for p>1 and 0< p <1 separately, we get

Vs (-1 (O, <5 (x+t4y)-

f (x+t)||p +%||f (x—t)—f(x—t+ y)||p
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<K||f(x+t+y)-f (x+t)||p :where K > 0 is a constant
which establishes the lemma.
Theorem.
If for p>1,0<B<a<1 and for positive increasing sequences (&,) and (7,) such that & <, and

m, (i)/=0(n,)and f e H (a, p), then

M =(mnk (i))er (space of regular matrices) such that i k?

B
&+ &l {ni+ log [Z—J}
HE(i;x)H(M):O(l) n n _ g1+ gl 0<a<l
i iy I{logéwéf(logﬁn)” a1 }
uniformly in i.
Proof.

The equation (7) can be written as

7 (i:%) =M (S;(x)) - f[x’gzj

k=0
27 > .\ | 1—cos(kt 27 2 . L
= ==y, ()] D m, (i) # dt+= [y, (1) Zmnk(')—t dt
g = 2tan () Tx k=0 2tan ()
o 2
(provided the change of order of summation is permitted)
2E Z .\ | 1—cos(kt 27 = .| cos(kt
= ——J'z//x(t) > my (i) # dt+—jz//x(t) > m, (i) —(t) dt
g k=0 2tan () T k=0 2tan ()
2 o 2
=—3§} (t)K*(i-t)dt+£T (t)H, (i;t)dt ®)
T ! l//x n\" e ) l//x n\"
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|t‘ Z N 1 cos(tkt)
2tan(j
2
<3 my, (i)| 2 ('.'|1—cos(kt)|£2)
= 2tan(tj
2
<23 m,, (i) [-.-Ztan(ljzt for OStSﬂ'j
tis 2
2
=
oft)
= N:(i;t)‘zo(t’l) 9)
Alsofor p>10<a<land f eH(a, p),
[ (x+t)= 1 (), =O({) (10
v, (0), < Sup | (x+)= £ ()], =O(Hf") (by a0y
()], =0(") 1)

l//x+y (t) —Yy (t)"p
v, (t)”p (by Minkowski’s inequality )

Again

< Wy (t)”p +
N o(|t|“)+o(|t|"’) (by (11))

= vy (8)-w (0)], =O(11) (12
Consider (I X+Yy)- I, (i;x)”
Y % .
. 2 e/
! Wy (1 (|;t)dt+;;[{wx+y(t)—l//x(t)}Hn(|;t)dt
a0 p
2%
S;I l//x+y l//x || I t ‘dt+ j l//x+y ‘//x || I1t)‘dt
0 i
én
=l +1, (say) (13)
2?
where |, :;.([ W,y (1) -, || )‘dt
%
- % ! o(|t|"’)o(r1)dt (by (12) and (9))
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=—0(1) (14)

V4
Also by Abel’s transformation for — <t <,

g « (i)cos(kt) _IlmLi { nk+l()}+Snmnn()};

sin(n 1Jtcos[ j (see[2].8])
2 2

where S, = Zn:cos(kt) =

) B sin k+l tcos u
= [2m (i)cos(i4) 1t 2 Mo (1) My (1) [ 2, Jt (Zj - 1t
Sm(ZJ Sm(Z) Sln(zj
= O(t) ()~ (0)
= 0(t™)g, (i)
= ki‘;mnk(i)cos(kt)‘zo(t‘l) (i) for Z<t<z (15)
and I, =%T Wiy (O = (1] H; (ist)|dt
= %fo(w) imnk(i)L(kt) dt (by (12))

S 2tan (t)
Z, 2

imnk (i)cos(kt)‘dt ( 2tan(%} >t for0<t< ;r)

SN

Il ey Ih N =y

SHEN)

o(|t|°’ )o(t-l)o(t-1)¢n (i)t (by (15)
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T

r ta—l

= O(l)¢n(i) a-1
| logt  a=1 |

O<axl

& 0<a<l

=0O(1)g, (i 16
W40 0ge oot (16)
Further order estimates for I, and I, can be obtained as follows
2 ”i g ._
| :;j Wy (8 )—1//X(t)||p |t\dt+ jy/w —, (t || (i) dt
0 V4
n
=l +1, (say) (17)
= 1-cos(kt
C0f {5 2
A 2tan ()
2
o sinz(kztj i sinz(kztj
sz mnk(i)|—t + Z mnk(i)|—t
ke:0 tan (j k= +1 tan (j
2 2
E NG z ol kA? . (kt) |kt
skzz(; m, (i) —(t) +k;+1 m (i) T ( sm(Ej <5 j
4tan| — s 4tan| —
2 2
i e e ot t
<> |my (i)| 7, [—j-ﬁ- > |my (i) (—j [-:Ztan(—)ztj
k=0 2 k=n,+1 2 2
7Tn ©
- o(0) Sym. ()2 + 3 . )
= k=n,+1
= O(t) [O (7,)+0O(7, ]( Z e ( |<ooand by necessary condition of theorem)
= [K; (i;t) =0(t)0(n, ) (18)
Again by lemma (b), .., (t) =, (t)] = O(|y|a) (19)

Now |, =

k)ll\)
!—.\“:

NIN
o!—.q‘mo

[y (0) = (1) | (i)

o(|y| ) o(t)dt  (by(18),(19))
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= o(|y|a)o(77n)o [%}

n

= 2o(\y") (20)

2é o = . 1_ kt
= = Jo(yl")[X m (i) L(t) dt (by (19))
T x 2tan(j

_ o(|y|“)1no(tl) 3

I
)

e
=<3

\_/

1

)
=—-

i
\_/
SNy F [ty F [ne—in|y 3

<

O

_

\_/

=0(|y") %dt

- o{)fout

:O(|y|“)log{g—:] (21)
Hence | _I11+I12—O(|y| )[n—ﬂog(é ﬂ 22)

Combining (14) and (22), we get for 0< f<a <1
B (18
=17 Il[ ‘”J

[ fof 2 on2]

—o(lyf)er< 1t (’7_}} 23
(Iv)a {nn+og : (23

(i)t

R >

Wx+ y Wx ||

Also |, =EI
7[71'
&
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=%]:O(|y| ) (t ) « ()cos(kt)[dt by (19) and 2tan2>t)
&
=0(]y") [ o(t*)o(t*)a, (i)at (by (15))
a
= O(|y[") (i)t 2t
4

e
= &, ()O(Iy") (24)
Combining (16), (24), we have for 0< f<a <1
e
—|a | a

IZ 2 72

00T | gt e, et ]

_ g O<a<l
=0 s f
(Iyl )¢n(l){§f(log§n)l_ﬂ o, (25)

L (i x+y) =1 (i;x)”pslﬁl2

B
B _ Yl O<a<l

B\ gp-a I o) i3 n
=0o()y")& {Un+og(§n]} +0(y )¢n(.){§nﬂ(log§n)l_ﬂ ;azl}

s
L 4
(isx+ y) - T (i) 74 {;*"’9[2 j}
= sup 5 E=0(1) ! ! (26)
n,y=0 Vi i O<a<l
+¢() éﬁ(logg) w0 |
Further |[i." (i; X)Hp
2%
;j |t\dt+ .[(//X )N, Ha i)t
0 i
N VURE "
- Zfo(Jo(t)aus 2 fof 3 m )2C°S([t>) d
0 z k=0 tan
&

(using (11) in both integrals & (9) in 1% integral )
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ki;mnk(i)cos(kt)‘dt ('.'2tan(%)2t]

= O(l)jgt“‘ldt +0(1) f t“o(t™)

T

_ E B T a-1 -1 :
_0(1)[0[}0 +o(1)£t O(t™)4, (i)t (by (15))
&
= o(l)§+0(l)¢n(i)1t“‘2 dt
Sn
i 0<a<l J
=0(1)&" +0(1) (1) a-1
logt ya=1 |z
én
o N 0<a<1
=& O(l)+o(1)¢“(l)[log§n i
. L e EHT %S
S (|,X)Hp=0(1)|:§n +¢”(I){Iog§n gl H @7)

Adding (26) and (27), we have

AU

r I~n*(i;x+y)—l~n*(i;x)H
b (i), + sup T

&1+ O<a<l

n

B
P i T 7 |1“ i
=0(1)| &7 + &% —+log| = (i (28)
e {ﬂn+ g[fn]} +¢<){Iog§n+§nﬂ(log§n)lﬁ v

Hence the result follows.
This completes the proof of theorem.

4. Corollaries
Using the above theorem the following two corollaries can be established.

Corollaryl
If for p>1,0<f<a<lfeH(a,p)and M =(mnk (l)) is a lower triangular matrix of non-negative real

n
numbers with monotonic increasing in k such thatz m, (I) —1as N — oo uniformly in i, then
k=0

i;X = n“ +n'/j_g +m_ (i nlia(“nﬂ) 0<a<l
G )H(ﬁp)o(l)[ [1 J n,n(){logmnﬂ(logn)lﬁ - H

Proof.
Let p>10<pg<a<] fe H(a, p).

Let M =(mnk(i)) be a lower triangular matrix of non-negative real numbers with monotonic increasing in k

n
such that Y my, (i) —>1as N — oo uniformlyini i.e.
k=0

My (i)=0,m (i)<m,, (i) vk=0,1,2..,n-1 and Y m, (i)—>1 as N — oo uniformly in i.
k=0
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Choose &, =1, =n.

Then 37 K2|my, (i) = 3 K |my (i)]
k=nm,+1 k=n+1
= (n+1)"x0+(n+2)° x0+...
= 0(n) (29)

=-m,,()+m, (i)+m,, (i)
3 2mn.n(i)_mn0(i)
< 2m,, (i)
=¢,(i)=0(m,, (i)) (30)

Clearly all conditions of theorem are hold.

Fj(i;x)‘ O(l){n“+n“(n5]+0(mnn(i)){ e (1+n”) i0<0!<1H

Iogn+n/’(logn)1fﬂ a=1

=o(1){na [1+ nﬁﬁ}mm(i){ () ;O<a<1H (31)

logn+n”(logn)” ;a=1

Hence

(8.p)

This establishes corollary 1.
Corollary 2

If for p>1,0<pB<a<lfeH(a,p)and M =(mnk (l)) is a lower triangular matrix of non-negative real

n
numbers with monotonic decreasing in k such thatz m,, (I) —1as N —> oo uniformly in i, then
k=0

Hﬁ(i?x)”(ﬁp)zo(l)[n”[1+nﬂ§J+mn,o(i){ 0 (1+1v) :0<a<1H

logn+n”(logn)”  ;a=1
Proof.
Let p>1,0<f<a<l feH(a,p).

Let M =(mnk (I)) be a lower triangular matrix of non-negative real numbers with monotonic decreasing in k

n
such that Y my, (i) —>1as N — oo uniformlyini i.e.
k=0

My (i)=0,m (i)=m,, (i) vk=0,1,2..,n-1 and Y m, (i)—>1 as N — oo uniformly in i.
k=0
Choose &, =71, =n.
Then 3 k2|m,, (i) = 3 k2

my, (i)
k=n,+1 k=n+1

= (n+1)" x0+(n+2)° x0+...
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= 0(n) (32)
0 M, (1) =y (V)
M, (1) =m, o (1)

0{mnvk(i)—mn,kﬂ(i)}
(i)_mn,l(i)}+{”‘.1,1(i)_ nln,z(i)}+"'+{”1rw,n(i)_ mn,n+1(i)} ( mn,n+1(i) ZO)

(Mo
Moo (i)
=¢,(i)=m,, (i) (33)

Clearly all conditions of theorem are hold.

Also ¢, (i)=

k

S

I Il Il
ER

= nl’“(1+n") O<a<l
Hence [11(i:x)| =0 n+n” | n'« |+ mq (i) 1
(#.p) logn+n”(logn)” ;a=1
P n"“(1+n”) 0<a<l
=0(1)| ™| 1+n @ |+m, i . (34)
Iogn+n”(logn)7ﬁ =1
This establishes corollary 2.
Remark ] the class Lip (0:, p) by means of
The above result improves the result of G. . A [ .
Das, R. N. Das and B. K. Ray [3] taking modified Z‘();‘gg%"’)‘te series, Indian J. Pure Applied,
partial sum S: (X) of conjugate Fourier series of [7] E.C Titchmarsh (University of Oxford), A
f(X)in place of §n(x) (see [8]). thepry .of functions (1939), (Oxford
University Press, New York)
[8] A. Zygmund,Trigonometric series (1977)
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