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Abstract

We study modified cosine and sine sums
and obtain necessary and sufficient conditions for
the integrability and  LP-convergence of these
modified sums. We deduce the result of Ul’yanov
[4, cf.1] as corollary from our results. We also
obtain stronger result than that of Rees and
Stanojevic¢ [3, Theorem 1].

1. Introduction
Let us consider the series

a ©
(L1) f)= -2 + > a, coskx,
2 k2

(1.2) f(x)= iak sin kx .
k=1

We know that the functions f(x) and f(x)
defined by the series (1.1) and (1.2) for a, ¥ 0 can be
non-summable.  Ul’yanov [4, cf. 1] obtained
following result concerning the integrability of | f |°
and| f |’, foranyp provided0<p<1land<ax>a
null sequence of bounded variation.

Theorem A. If the sequence < ax > satisfies the
condition ax — 0 and X |Aay| < +oo, then for any
p, 0<p<1,wehave

P

liMyse T| f(x)-S,(x)| dx=0,

p
dx=0,

T

limy .. j

=7

f(X) - Sn(X)

where S,(X) and S,(x) are the partial sums of the
series (1.1) and (1.2).

Concerning the series (1.2),the following theorem is
well known:

2000 AMS Mathematics Subject Classification :
42A20, 42A32.

Theorem B [1]. Let f(x) = Zan sin nx where
n=1
Aa,>0and lim,,,a,=0,then felL[0, n].

However, there is no known analogue of theorem B
for the cosine series.

Hooda [2] et al. introduced new modified cosine
sums as

(1.3) fu(x)= Gj[al + Zn:Azak}
2 k=0
+ i[akﬂ 15 iAzaj } cos kx,
k=1 j=k

and here sine sums as

(14) fix)

n n
:Z[akﬂ + Y Ala, } sinkx,
k=1 j=k
and studied these sums for convergence. We give
the necessary and sufficient conditions for the
integrability and LP—convergence of these modified
sums. We deduce Theorem A as corollary of our
theorems , obtain stronger result than that of Rees of
Stanojevi¢ [3, Theoreml] and an analogue of
theorem B for the cosine series. However, we shall
consider only (1.3), as the results for (1.4) can be
obtained by slight modifications.

2. Main Results

We prove the following results :

Theorem 1. If the sequence {a,} satisfies the
conditions a, — 0 and X |Aa,| < o ,then for any p,
0O<p<y,

z P

limo.. |00 = f,()] dx=0,

-

FO) = (%)

p
dx =0.

T

lim, .. j

— 7!
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Theorem 2. Leta, — 0, then

(i) f(x) = lim,_,., f,(x) exists, and

(ii) fe L'[0,n].

This result is stronger than Theorem 1 of Rees and
Stanojevi¢ [3] and provides an analogue of Theorem
B for the cosine series for these types of sums.

3. Proofs of Main Results

Proof of Theorem 1. We have

(3.1) fu(x)= Gj{al + ZH:AZak }

k=0
n n
+Z T i ZAZaj cos kx
k=1 =k
— (1/2)[30 —8n+1 + ans2 ]

n
i Z [ak — an+1 + ans2] COS kX
k=1
n
= (a0/2) — (/2)Adnes + ),y €08 KX
k=1

n
— Adni Z cos kx
k=1

n
= (ap/2) + Z ay cos kx
k=1

—Aa (Z coskx+ (E)j
pamy 2

= Sn(X) — Aaye1 Di(X)

where Dy(x) = (1/2) + cos x + ...
represents Dirichlet’s kernel.

+ cos nx

Using Abel’s transformation, we get
n-1

(32) (9= Y, AaDX)

k=1
+ a,Dn(X) — Aans Dp(x)

n
= Z Aay Dy(X) + an+2 Dn(X) .
k=1

Now,
) -f0)= Y AaD(x)
k=n+1
— an+2Dp(X) forx = 0.
This means

If0x) — fa(x)

2T & g
S[NJ [kZJAak|+|an+2|}

and therefore,

s

[ 109~ fi00P o

- = P % dx
< 27| la,..|+ D |Aa|

k=n+1 - X 8
— 0asn—owo.
A similar argument is also valid for f(x) — f,(x) .

Corollary 1. From relation (3.1), we have

s

[ 1760 = 5160 P dx

-

s

= [ 1109600 + f00-S:00P dx

-

s

< j | (%) —F,(P dx

=7

s

#1600 - 8,09 P dx

=0

s

= [ 1100 -£,6917 o

-
# [ 1 A2 Dy P o

-

Now,
T

[ 12 D, 0P dx

-
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v p >
< J' 2 Aa,,|” ox (i) Now , f(x)= A%y (k+1) Fy(x), x#0
. |X| n+1 k=0

Integrating term by term, we get

= 2° [Adnulf j (dx/x)

fx) dx = (/2) D, (k+1) A%

k=0

ot—y

— 0 asn—w.

= (n2)ag< .

Also Iimn%J‘ [f(x) — f.(x))” dx = 0 by our
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B
0< Azak (k+1) F(x)
k

>

I
o

< (CI' %) (ap — Aay),

n
50 limy_y, Z (k+1) A%y Fi(x) always exists for
k=0
x =0 and a, — 0 which proves the first part.

612|Page



