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Abstract

The concept of triple connected graphs
with real life application was introduced in [9] by
considering the existence of a path containing
any three vertices of a graph G. In[3], G.
Mahadevan et. al., was introduced the concept of
triple connected domination number of a graph.
In this paper, we introduce a new domination
parameter, called restrained triple connected
domination number of a graph. A subset S of V
of a nontrivial graph G is called a dominating set
of G if every vertex in V' — S is adjacent to at least
one vertex in S. The domination number ®G) of
G is the minimum cardinality taken over all
dominating sets in G. A subset S of V of a
nontrivial graph G is called a restrained
dominating set of G if every vertex in V — § is
adjacent to at least one vertex in S as well as
another vertex in V - S.  The restrained
domination number #(G) of G is the minimum
cardinality taken over all restrained dominating
sets in G. A subset S of V of a nontrivial graph G
is said to be triple connected dominating set, if S
is a dominating set and the induced sub graph
<S> is triple connected. The minimum
cardinality taken over all triple connected
dominating sets is called the triple connected
domination number and is denoted by y,. A
subset S of V of a nontrivial graph G is said to be
restrained triple connected dominating set, if S is a
restrained dominating set and the induced sub
graph <S> is triple connected. The minimum
cardinality taken over all restrained triple
connected dominating sets is called the restrained
triple connected domination number and is
denoted by y... We determine this number for
some standard graphs and obtain bounds for
general graph. Its relationship with other graph
theoretical parameters are also investigated.
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1. Introduction
By a graph we mean a finite, simple,
connected and undirected graph G(V, E), where V

denotes its vertex set and E its edge set. Unless
otherwise stated, the graph G has p vertices and g
edges. Degree of a vertex v is denoted by d(v), the
maximum degree of a graph G is denoted by A(G).
We denote a cycle on p vertices by C, a path on p
vertices by P,, and a complete graph on p vertices
by K. A graph G is connected if any two vertices of
G are connected by a path. A maximal connected
subgraph of a graph G is called a component of G.
The number of components of G is denoted by
w(G). The complement G of G is the graph with
vertex set V in which two vertices are adjacent if
and only if they are not adjacent in G. A tree is a
connected acyclic graph. A bipartite graph (or
bigraph) is a graph whose vertex set can be divided
into two disjoint sets V; and V, such that every edge
has one end in V; and another end in V,. A complete
bipartite graph is a bipartite graph where every
vertex of V; is adjacent to every vertex in V,. The
complete bipartite graph with partitions of order
[Vi=m and |[V,|=n, is denoted by Kp, A star,
denoted by Kj .1 is a tree with one root vertex and p
— 1 pendant vertices. A bistar, denoted by B(m, n) is
the graph obtained by joining the root vertices of the
stars Ky and Ky,. The friendship graph, denoted
by F, can be constructed by identifying n copies of
the cycle C; at a common vertex. A wheel graph,
denoted by W, is a graph with p vertices, formed by
connecting a single vertex to all vertices of Cp.;. If S
is a subset of V, then <S> denotes the vertex
induced subgraph of G induced by S. The open
neighbourhood of a set S of vertices of a graph G,
denoted by N(S) is the set of all vertices adjacent to
some vertex in S and N(S) U S s called the closed
neighbourhood of S, denoted by N[S]. A cut -
vertex (cut edge) of a graph G is a vertex (edge)
whose removal increases the number of
components. A vertex cut, or separating set of a
connected graph G is a set of vertices whose
removal results in a disconnected. The connectivity
or vertex connectivity of a graph G, denoted by k(G)
(where G is not complete) is the size of a smallest
vertex cut. The chromatic number of a graph G,
denoted by x(G) is the smallest number of colors
needed to colour all the vertices of a graph G in
which adjacent vertices receive different colours.
For any real number x, [x] denotes the largest
integer less than or equal to x. A Nordhaus -
Gaddum-type result is a (tight) lower or upper
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bound on the sum or product of a parameter of a
graph and its complement. Terms not defined here
are used in the sense of [2].

A subset S of V is called a dominating set
of G if every vertex in V' — S is adjacent to at least
one vertex in S. The domination number ®{G) of G
is the minimum cardinality taken over all
dominating sets in G. A dominating set S of a
connected graph G is said to be a connected
dominating set of G if the induced sub graph <S> is
connected. The minimum cardinality taken over all
connected dominating sets is the connected
domination number and is denoted by .

A dominating set is said to be restrained
dominating set if every vertex in V — S is adjacent
to atleast one vertex in S as well as another vertex in
V - S. The minimum cardinality taken over all
restrained dominating sets is called the restrained
domination number and is denoted by y,.

Many authors have introduced different
types of domination parameters by imposing
conditions on the dominating set [11, 12]. Recently,
the concept of triple connected graphs has been
introduced by J. Paulraj Joseph et. al.,[9] by
considering the existence of a path containing any
three vertices of G. They have studied the properties
of triple connected graphs and established many
results on them. A graph G is said to be triple
connected if any three vertices lie on a path in G.
All paths, cycles, complete graphs and wheels are
some standard examples of triple connected graphs.
In[3], G. Mahadevan et. al., was introduced the
concept of triple connected domination number of a
graph. A subset S of V of a nontrivial graph G is said
to be a triple connected dominating set, if S is a
dominating set and the induced subgraph <S> is
triple connected. The minimum cardinality taken
over all triple connected dominating sets is called
the triple connected domination number of G and is
denoted by y«(G). Any triple connected dominating
set with yy vertices is called a yy -set of G. In[4, 5,
6], G. Mahadevan et. al., was introduced
complementary triple connected domination
number, complementary perfect triple connected
domination number and paired triple connected
domination number of a graph and investigated
new results on them.

In this paper, we use this idea to develop
the concept of restrained triple connected
dominating set and restrained triple connected
domination number of a graph.

Theorem 1.1 [9] A tree T is triple connected if and
onlyif T =Py p>3.

Notation 1.2 Let G be a connected graph with m
vertices vy, Vy, ...., vin. The graph obtained from G by
attaching ny times a pendant vertex of P, on the
vertex vi, N, times a pendant vertex of P, on the
vertex v, and so on, is denoted by G(n.P,, NP,
N3Py, ..., NPy ) where n;, ;> 0and 7 <i<m.

Example 1.3 Let vy, V5, V3, V4, be the vertices of K.
The graph K4(2P,, 2P,, 2P3, P3) is obtained from K,
by attaching 2 times a pendant vertex of P, on vy, 2
times a pendant vertex of P, on v,, 2 times a pendant
vertex of P; on v; and 1 time a pendant vertex of P,
on v4 and is shown in Figure 1.1.

Figure 1.1 : K4(2P,, 2P,, 2P3, Ps3)

2. Restrained Triple connected domination
number

Definition 2.1 A subset S of V of a nontrivial graph
G is said to be a restrained triple connected
dominating set, if S is a restrained dominating set
and the induced subgraph <S> is triple connected.
The minimum cardinality taken over all restrained
triple connected dominating sets is called the
restrained triple connected domination number of G
and is denoted by y.(G). Any triple connected two
dominating set with y vertices is called a . -
set of G.

Example 2.2 For the graphs G;, G,, Gz and Gy, in
Figure 2.1, the heavy dotted vertices forms the
restrained triple connected dominating sets.

Figure 2.1 : Graph with y = 3.

Observation 2.3 Restrained Triple connected
dominating set (rtcd set) does not exists for all
graphs and if exists, then y..(G) > 3.
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Example 2.4 For the graph Gs, Gg in Figure 2.2, we
cannot find any restrained triple connected
dominating set.

Figure 2.2 : Graphs with no rtcd set

Throughout this paper we consider only connected
graphs for which triple connected two dominating
set exists.

Observation 2.5 The complement of the restrained
triple connected dominating set need not be a
restrained triple connected dominating set.

Example 2.6 For the graph G; in Figure 2.3, § =
{vi, V4, Vp} forms a restrained triple connected
dominating set of Gs. But the complement V — S =
{vs, vs} is not a restrained triple connected
dominating set.

Figure 2.3 : Graph in which V=S is not a rtcd set
Observation 2.7 Every restrained triple connected
dominating set is a dominating set but not
conversely.

Observation 2.8 Every restrained triple connected
dominating set is a connected dominating set but not
conversely.

Exact value for some standard graphs:

1) For any cycle of order p > 5,
yrtc(Cp) =p- 2.
2) For any complete graph of order p
>5, yrtc(Kp) =3.
3) For any complete bipartite graph of

order p > 5, Yre(Kmn) = 3.
(wherem, n>2andm+n=p).

Observation 2.9 If a spanning sub graph H of a
graph G has a restrained triple connected
dominating set, then G also has a restrained triple
connected dominating set.

Observation 2.10 Let G be a connected graph and
H be a spanning sub graph of G. If H has a
restrained triple connected dominating set, then
Yre(G) <vne(H) and the bound is sharp.

Example 2.11 Consider the graph Gg and its
spanning subgraph Hg and Gy and its spanning
subgraph Hyg shown in Figure 2.4.

Vi vV, V3 Vg
Hg:
V.
Vg Vs Ve 4
Vi V>, Vi
i m 9
V3 V4 Vs
Figure 2.4

For the graph Gg, S = {v1, V4, Vo} is a restrained triple
connected dominating set and so y.(G4) = 3. For
the spanning subgraph Hg of Gg, S = {v1, V4, V2, Vs} is
a restrained triple connected dominating set so that
Yrie(Hg) = 4. Hence y(Gs) < yre(Hs). For the graph
Go, S = {v1, Vo, V3} is a restrained triple connected
dominating set and so y(Gg) = 3. For the spanning
subgraph Hg of Gg, S = {vi, V», V3} is a restrained
triple connected dominating set so that y..(Hy) =
3.Hence ye(Go) = ¥ rie(Ho).

Theorem 2.12 For any connected graph G with p >
5, we have 3 < y(G) < p - 2 and the bounds are
sharp.

Proof The lower and bounds follows from
Definition 2.1. For Kg, the lower bound is attained
and for C,4 the upper bound is attained.

Theorem 2.13 For any connected graph G with 5
vertices, y.(G) = p - 2 if and only if G = K, Cs,
Fa, Ks — €, Ky(P2), C4(P2), C3(P3), C3(2P2) and any
one of the following graphs given in Figure 2.5.

227|Page

V3

Vs



G. Mahadevan, Selvam Avadayappan, V. G. Bhagavathi Ammal, T. Subramanian /
International Journal of Engineering Research and Applications (IJERA) ISSN: 2248-9622
www.ijera.com Vol. 2, Issue 6, November- December 2012, pp.225-229

X
Gy Y z Gy Y
u v u

X
Gy Y z Gs: Y
u v u

X
Gy Y z Gg: Y
u v u

Figure 2.5

Proof Suppose G is isomorphic to Kg, Cs, F, K5 — ¢,
K4(P,), C4(P2), C3(Ps), Cs(2P,) and any one of the
given graphs in Figure 2.5., then clearly y(G) = p
- 2. Conversely, Let G be a connected graph with 5
vertices, and y(G) = 3. Let S = {x, y, z} be the
Yre(G) —set of G. Take V — S = {u, v} and hence <V
-S>=K, =uv.

Case (i) <S> = P; = xyz.

Since G is connected, x (or equivalently z)
is adjacent to u (or equivalently v) (or) y is adjacent
to u (or equivalently v). If x is adjacent to u. Since S
is a restrained triple connected dominating set, v is
adjacent to x (or) y (or) z. If v is adjacent to z, then
G = Cs. If vis adjacent to y, then G = C4(P,). Now
by increasing the degrees of the vertices of K, = uv,
we have G = G; to Gs, Ks — e, C3(Ps). Now let y be
adjacent to u. Since S is a restrained triple connected
dominating set, v is adjacent to x (or) y (or) z. If v is
adjacent to y, then G = C3(2P,). If v is adjacent to y
and z, x is adjacent to z, then G = K,(P,). Now by
increasing the degrees of the vertices, we have G =
Gg to Gg, C3(2P2)

Case (ii) <S> = C3= xyzx.

Since G is connected, there exists a vertex in
Cs say x is adjacent to u (or) v. Let x be adjacent to
u. Since S is a restrained triple connected
dominating set, v is adjacent to x, then G = F,. Now
by increasing the degrees of the vertices, we have G
= Gy, Ks. In all the other cases, no new graph exists.
The Nordhaus — Gaddum type result is given below:

X X
V4 . V4
Gs: Y
v u v
X X
Z . Z
Gg: Y
v u v
X X
Z K Z
Gy Y
v u v

Theorem 2.16 Let G be a graph such that G and G
have no isolates of order p > 5. Then

(1 Yrie(G) + Yre(G) < 2p -4

(i) Yre(G). ¥ie(G) < (p — 2)* and the bound is
sharp.

Proof The bound directly follows from Theorem
2.12. For cycle Cs, both the bounds are attained.

3 Relation with Other Graph Theoretical
Parameters

Theorem 3.1 For any connected graph G with p > 5
vertices, ync(G) + k(G) < 2p — 3 and the bound is
sharp if and only if G = K.

Proof Let G be a connected graph with p > 5
vertices. We know that x(G) < p — 1 and by
Theorem 2.12, y1(G) <p — 2. Hence y(G) + k(G)
< 2p — 3. Suppose G is isomorphic to Ks. Then
clearly yn.(G) + «(G) = 2p — 3. Conversely, Let
¥e(G) + k(G) = 2p — 3. This is possible only if
Yie(G)=p—-2and «(G)=p-1.Butx(G)=p-1,
and so G = K, for which y,(G) =3 =p -2 . Hence
G =K.

Theorem 3.2 For any connected graph G with p >5
vertices, yic(G) + x(G) < 2p — 2 and the bound is
sharp if and only if G = K.

Proof Let G be a connected graph with p > 5
vertices. We know that y(G) < p and by Theorem
2.12, y1(G) < p — 2. Hence y1(G) + x(G) < 2p - 2.
Suppose G is isomorphic to Ks. Then clearly y(G)
+ x(G) = 2p — 2. Conversely, let y(G) + x(G) =
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2p — 2. This is possible only if y(G) = p — 2 and
x(G) = p. Since x(G) = p, G is isomorphic to K, for
which y(G) =3 =p — 2. Hence G = K.

Theorem 3.3 For any connected graph G with p >5
vertices, yne(G) + A(G) < 2p — 3 and the bound is

Proof Let G be a connected graph with p > 5
vertices. We know that A(G) < p — 1 and by
Theorem 2.12, y1(G) < p. Hence y(G) + A(G) <
2p — 3. For Ks, the bound is sharp.
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