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Abstract

We obtain a necessary and sufficient
condition for L'-convergence of a modified cosine
sum which generalizes a result of Kumari and Ram
[4]. We also deduce a result of Garrett and
Stanojevi¢ [1] as a corollary of our result.
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1. Introduction

Definition 1.1. A null sequence {ax} is said to be
of bounded variation BV if ¥ |Aay < o , where
Ady = A—ays1.

Definition 1.2. A null sequence {ac} belongs to the
class S[5] if there exists

a monotone sequence {Ax} such that Zk_ 1Ak <o,
and |Aay < Ay, forall k.

Definition 1.3. A null sequence {ac} belongs to
class C[1] if for every € >0, there exists >0,
independent of n, and such that

dx< e, foralln,

Cn(8) = IB‘ T Aay Dy(X)
0 |k=n
where Dy(x) denotes Dirichlet’s kernel.
Let us consider the cosine series
1.1 fx)= (a/2) + E_lak cos kx,

and let S,(x) denote the partial sum of (1.1) and
limy_. Sa(X) = f(X).

Regarding L!-convergence of (1.1), Teljakovskii [6]
proved the following result :

Theorem A. Let {a} € S. Then, || Sh(X) — f(X)||
=0(1), ifand only if aylog n = 0(1), n—oo.

Garrett and Stanojevi¢ [1] extended Theorem A in
the following manner :

Theorem B. Let {a} ¢ BV n C. Then
[[Sn(x) —f(X)|| = o(1), if and only if a, log n = o(1),
n—o.
Later on, Garrett, Rees and Stanojevi¢ [2] proved
that S C n BV.

Kumari and Ram [4] introduced a new
modified cosine sum

n n

1.2) f.(x)= (a/2) + kzl Zk A(ayfj) k cos kx,
=, J:

and proved the following result :
Theorem C. Let {a} € S and a,log n = o(1),
n—oo, then

() = fa (Il = 0o(1) , n—o0.

In this paper, we obtain a necessary and
sufficient condition for the L*-convergence of the
limit of (1.2) which generalizes Theorem C and
deduce Theorem B as a corollary from our result.

2. Lemma

We require the following lemma for the
proof of our theorem :
Lemma 1[3]. Let D,(X), Dn(x) and F,(X) denote
Dirichlet, conjugate Dirichlet and Fejér kernels
respectively, then

Fa(X) = Da(X) = [1/(n+1)] D'a(X) .
3. Result

We shall prove
Theorem 1. Let {a} ¢ BV n C, then
[[f(X) = fa(X)|| = o(2), if and only if a, log n = o(1),
nN—00 .
Proof. Using Lemma 1 and summation by parts, we
get

n n
3.1) fux) = (a/2) +k2 % A(ay/j) k cos kx
=1 j=

n —
= (ap/2) + %_1 ax €0S kKX — (a1 / (n+1)) D'y (X) .

n
= (ay/2) + k2=1ak €0S KX — ap+1 Dn(X) + @+ Fn(X)

Sn(X) — an+1 Dn(X) + ana Fn(x)
n-1
EO Aay Dk(X) + AanDn(X) +ann Fn(X) :

2110|Page



Nawneet Hooda / International Journal of Engineering Research and Applications (IJERA)
ISSN: 2248-9622 www.ijera.com Vol. 2, Issue5, September- October 2012, pp.

Now,

OI | f(x) — f.(x) | dx = OI |k_z AayDy(X) —Aa,Dy(X)
— a1 Fn(X) | dx

0

< | | 2 AaeD(x) | dx
0 k=n

+ g |Aa2nDa(X)|dX + [ans1 | ] Fa(X) dx
0

0 T o0

=[ | £ AaD(x) [dx + | | £ AaD(x) |dx
0 k=n 3 ks

=n

+ g |A2,Dy(X)|dX  + | @ns| (/2)

<(eld)+ 2 |Aay [csc (x/2) dx +
k=n 3

42 D00l + (<14)

=(eld) + kZ |Aay| [-2 log |csc (8/2) — cot (6/2)] ]
=n
+ |Aay| [ IDa(X)|dx + (/4) < e,
0
sinceg [Dn(X)] dx behaves like log n for large n and
{a} ¢ BV nC. Also, using (3.1)

Io|an+1 Dy(X)| dx < ({ ISn(X) — £, (X)]dx +
a1 Ian(x) dx

gg [f(x) — f.(X)|dX + (7/2) an+y
This completes our result.

Corollary 1. Let {a} ¢ BV n C, then
ISa(x) — f(X) || = o(1), if and only if a, log n = 0(1),
n—00 .

Proof. We have

T = 10l = [ 160 ~ 1,09 + 00 — Su(xx

< {160 = 09X + T [F2(0) = Sa00) | dx

0 0

< 0J|f(x) — f,(x)|dx + OI | @+1 Dn(X) | dX
+OI|an+1Fn(x)|dx

< J [f(x) — f,(x)|dx + OI |ans1Dn(X) | dX + (/2)ans1 .

Also,

E [an+1Dn(X)|dx < I:|fn(x) — Sn(X)|dx
+ ;It|an+1 Fa(X)] dx
< ;Ir [f(X) = Sp(X) | dx + (1/2) an+1

Sinceg a1 Dn(X)| dx behaves like a, log n for large

values of n, and by our

theorem lim,_,.. | [f(x) — f.(x)| = 0, Theorem B of
0

Garrett and Stanojevi¢ follows.
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