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ABSTRACT

In this paper we investigated the
properties of functions defined in terms of the
guotient of the analytic representations of convex
and starlike functions. In particular, we consider
the class G, consisting of normalized functions f.
We determine values of b for which

G, € S*(a),1/2<a <1 and also find values
of b for which G, < K. It is known that K
S*(1/2), showing that G, < S*(1/2)-K . we

also find values of b for which Gy, is not starlike
and not univalent.
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1. INTRODUCTION:

A function f of the complex variable ‘z’ is
analytic in an open disc if it is analytic at each point
in that disc.

An analytic function f on a domain D is
said to be univalent if it does not take the same

value twice i.e, f(z,)=# f(z,) for all pairs of

distinct points z; and z, in D.

A conformal mapping of the unit disc onto
a domain starlike with respect to the origin is said to
be starlike function.
Let S denote the class of functions f normalized by

f(0) = f'(0) —1= Othat are analytic and univalent
in the unit disk A = {Z :|Z| <l}. A function fin S
is said to be starlike of order &z, 0 < <1, and is
denoted by S* (a) if Re {Zf "(2)/ f(Z)}> a,
ZeA

and is said to be convex and is denoted by K if Re
{1+ zZf"(2)/ f ’(z)} >0,zeA. Mocanu studied
linear combinations of the representations of convex
and starlike functions and defined the class of « -
convex functions. S.S. Miller was shown that if

Re {a(L+ 2t "(2)/ £'(2))+ (L-a)zf '(2) 1 T (2)} >0 2

for z € A, then fis starlike for ¢ real and convex

fora > 1.

In this paper we investigated the properties
of functions defined in terms of the quotient of the
analytic representations of convex and starlike
functions. In particular, we consider the class G,
consisting of normalized functions f defined by

G, - 1+2f"(2)/ f'(2) | <bzeA
zf'(2)/ T (2)
We determine values of b for which

G, cS*(a),1/2<a <1 and also find values
of b for which G, < K It is known that K< S*(1/2).
Show that G, € S*(1/2)—K we also find

values of b for which G, is not starlike and not
univalent.

Let T (P) denote the class of function f(z) of the
form

&
f(z)=2z" + Zakzk (pen={1, 2, 3
k=p+1
Which are analytic and P-valent in the open
unitdisk U = {z:z ec and [7] <1}

In this paper D? denotes the q"- order
differential operator, for a function f (z) e T(P) .

DIf(z) =

I o |

Pt p-q Z k!
(p-0q)! ke pe1 (K=Q)!
(p>q; pen:geng)

To prove our result, we need the following Lemma
given by jack.

1.2. Lemma: Suppose '@’ is analytic for
M
4<r,@0)=0 and |o(z,) = ﬁT'_wr(zﬂ

then z,0'(z,) = ko(z,), k >1.
1.3. Theorem: Let

b=[L-a(p,q)}/2a(p,q) ,
1 <a(p,q)<l. Then G, < S*[Of(p,Q)] ’

with extremal function z /(1— Z)Z[l—a(p,q)].
Proof: It is well known that if @(z) is analytic in
A with ®(0)=0 , then
Re 1+ [1_ 2&( P, q)]a)(z)
1-w(2)

}>a(p,q), ZeA,
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if and only if @w(z) is a Schwarz function, i.e.

|a)(z)| <1 for z € A with »(0) =0.

Let p (z) be an analytic function defined by
(1.3.1)

2t'(z)  _1+[1-2a(p,9)]e(2)

p(z) =

f(z) (p-q) 1-0(2)

Differences on both sides we get

[f (2)(p-a)][f'(z) + 2f "(z)] - [zF "(2) f '(2)(p - Q)]

p'(z) = [f(z)]2 (p—0q)°
2@ _, [f@e-ollte: £ @-r o @e-gl, f@e-o
p(2) [f@)] (p-0)* 7f'(2)

_[f@p-)] [f'@2) + 2 "@)]- [zt (@) F(2)(p - 9)]

')\ 1(z) (p-0)

'@ _ f@(p-q)f"(2)+ f(@)(p-a)f'(2) -

F'@)(p-a)zf '(2)

p(z) f'(z)- f(z)-(p-0)

zp'(2) & zf "(2) b, zf '(2)
p(z) f'(2) f(2)
K zf "(2) R zp'(2) y zf '(2)

f'(z) p(@) (2

7f(2) _ 2p'(2) _
ey e +p(2)(p-0)
zp'(2)

+p(z)(p—q) L6

1+ ")/ f'2) ] _,| _
zf'(2)/  (2) -
zp(z) |2 apq]zw() |
\1+1 2ler(p, @) o(2)P|
If f ES* (p,q), then by Lemma 1.2 there is a

Z, €A for  which |a)(zo)| =1 and
2,0'(2,) > w(z,). It follows from (1.3.2) that

| zp'(z) |, 2fi-a(p.q)]

2| 2
(p=a)lp(z)F| [22(p.0)]
Which contradicts our hypothesis.
This completes the proof of the Theorem.
By taking p=1, g=0, we have the following corollary
which states as follows

1.4. Corollary: If ( ) ( )a)( )
zf'(z) 1+(1-2a)wlz
P = 1ol
then
_#H'@) _ ), @)
T P

‘(nzf"(z)/f'(z)] l‘_|zp @ | | 20-)w@) |
@@ )7 |p@P| i+ - 20w@)P

By above theorem, we have the following corollary

1.5. Corollary: Gy — S*(ll 2)
Proof: By putting b=1, p=1, g=0 in Theorem 1.3 we
get the proof of the corollary.

fe S*(ll 2), then

Theorem: If

1+2f"(z) T'(2) _ p(2) B 2 4 B
<{ Q@) }_%}_ AR 1‘Fﬁlf(”/f(”(p ”}—4<1 for

:{—Zp'(z) +1}1
[p(2)F(p-a)

Zp'(2)

P@R(p-a)

and
(1.3.2)

zp(z) | 2l a(p,q)ze'(z) |
\1+1 2le(p, a)Jo(2)F |

zf'(z)/ £ (z)(p—q)
|7 < (2v3-3)!/2 = 0.68-
#f'(z) 1
(P-a)f(z) 1-w@)

Where w (z) is a Schwarz function. We need to find
the largest disk |Z| <R for
which

Proof: Let P(z) =

zp'(z

| pz( ) |:|zw'(z)|<1.
(@) (p-q)

Dieudonne found the region of values for the

derivatives of Schwarz functions. This led to the

sharp bound.
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(1.6.1)
' < 2\2
W(Z)|— (1+r )2 ’ rZ\/E—l
arfi-r?)
_ , 1412
Since |ZW(Z)|S 5 =1 for
40—
r=(2J3-3f

Which completes the proof of the theorem.
1.7. Theorem: Gy K

Proof: G, =S’ (1/2) , for
zf'(2) _ 1
(P-a)f(z) 1-w(z)

for some Schwarz function w(z).
Putting o =12 in (1.32) we get

feG < |ZW'(Z)| <1 forz e A, which means

f € Gy satisfies

that zw'(z) also be a Schwarz function.
1+2f"(z)  w'(2)

e =
(p-a)f() 1-w(2)
construct a Schwarz function Q(z) = zw'(z) for

Sinc is sufficient to

which

(1.7.1) Re LLO@) <0
1-w(z)

At some point Z € A.

Let

A={ZEAZ|Z—ZO|<1O_5, Zg =€ =ei9°}

And ¢(z) = (zo +£)[(1—£z)i - }
Where n is large enough so that |¢(Z)/Z| <107

for zeA—A and |Im¢(z)| -

for ze A . Define Q by Q (z) = 0.9999

[z+¢#(2)].
We first show that ) (z) is a Schwarz
function and then show that the inequality (1.7.1)

holdswhenZ = Zq.

If zeA—A
Then

(2)| < 0.9999(7| +|¢h(2)]) < 0.9999(1.0001) <1

IfzeA,z=2,—ce” 0<g<107, and note
that —2c0sfp < Re ¢(z) <0.

If Re(z +¢(z)) = 0, then
z+Reg(z) <|z| <1.
If  Re(z+ ¢(z2))<0,then

2+ Re g(2)| < | Cos g + ) + (5in by +£)2 <L+ 4e <1+ 26 <1.0001
Thus, If Z € A,
[(z)) <0.9999|z + Reg(z)| +|Img(z)| < 0.9999(L.0001) +10°° =1.

Therefore, €(z) is a Schwarz function.

Now we show that (1.7.1) holds at zZ =Zg for
Q(z) .

Since

‘%—4 =|w'(z)| < 0.0002 for ze A—A
z

We  write  W(z) =2z +7(2) where
|7(z)| < 0.0003 for z€ A.
Note that
2 1+Qfz,
o) Joe 2 | - el 0, s )

= Re{(1- 09999z, )1— 2, - 1(z,))}
<1-1.9999c0s6), +0.9999c0s26, + 277(z, )|

<1-1.9999c0s{7Z/; )+ 00006 < 0.

Hence, the function f for
1+2f"(z) 1+Q(z2)

f'(z)(p-q) 1-w(z)

Which completes the proof of the theorem.
1.8. Theorem: G, < k for b <~/2/2.

Proof: Since f €eG, G, < S"(1/2).
zf'(2) _ 1
f(2)(p-q) 1-w(2)

Where w is a Schwarz function. For f € G, we

which

must be in G; —K .

We write

take «a=1/2 in (132) to obtain
2w/ (z)| <212 and
|W(z)|<\/§/2, ZeA.

We have to show that

1769 |Page



arg[

1+ zw’(z)j

Dr. B. Krishna Gandhi, Dr. M.Aparna / International Journal of Engineering Research and
Applications (IJERA) ISSN: 2248-9622 www.ijera.com
Vol. 2, Issue 5, September- October 2012, pp.1767-1771

(18.1)
Re{ 1+ zf "(2) } _ Re{1+ zw'(z)} 0
f'(z)(p—0) 1-w(2)

<larg@+ zw'(2))| +|arg(l— w(z))|

1—w(z)

T T
<Z 4=
4 4

the result follows.
Mac Gregor found the radius of convexity

for S"(1/2) to be (2\/5—3)“2 L68 -—————F

- Since G, = S (1/2) we know that the radius
of convexity is at least this large.

1.9. Corollary: If f eG,, \/E/ZSbSZL
then f is convex in the disk |Z| <212b.

Proof: If |ZW'(Z)|<1 for  zeA , then

|zw'(z)| <t for |z| <t <1.
If f eG,,then |ZW'(Z)| <b for zeA. Hence
zw'(z)| < V212, then |z < J212b.

Now we illustrate this by examples
1.10. Examples: Theorem 1.3 gives order of
starlikeness for G, when O0<b<1 with

G, < S"(1/2). our method do not extend to b>1,

but we expect the order of starlikeness to decrease
from % to ‘0’ as ‘b’ increase from ‘1’ to some value

b, after which functions in G, need not be

starlike. We do not have a sharp result for b>1, but
the next example shows that the univalent functions

in G, are not necessarily starlike for b>11.66.
The function h(z) = z(1—iz)"™ is spiral-
like and hence, in S because

(1.10.1)
, 2
Re{e”iMM}:i ﬂ >0
h@) | V2| p-if*
Since h (Z) = (l+.z) )
h(z) (1-iz2)
We see that h is not starlike for

7] <4, J2/2<a<l.

Thus, f(z)= fa(z):h(az)/a is not starlike

forzeA.
By putting
, l+az

@) =22, t@)=r
(1-aiz)

We have

(1.10.2)

zp'(2) \: (1+i)az\§ J2a <11.66

(p(2))?| |@+az)?|” 1-a)?

for a sufficiently close to +/2/2 . Hence,

feG,-S(0)

for b=11.66.

We show that the function in G, need not

be univalent. It is shown for h(z) = z(1—iz)""
then g(2) =J.@dt =(l—iz)' =1 isnotin S

0

because a(z,) =9(-z,) for
2, =i(e” =1)/(e*" +1),
|ZO|—O.996 ————— we conclude that for

f(z)=g(cz)/c, c=0.997, 4 for ‘b’ sufficiently large.
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