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1.Introduction

Levine [16] introduced the concept of
generalized closed sets in topological space and a
class of topological spaces called T :, spaces. The
investigation of generalized closed sets leads to
several new separation axioms. Andrijevic [3]
introduced a new class of generalized open sets in a
topological space, the so-called b-open sets. This type
of sets was discussed by EKkici and Caldas [11] under
the name of y-open sets. The class of b-open sets is
contained in the class of semi-pre-open sets and
contains all semi-open sets and pre-open sets. The
class of b-open sets generates the same topology as
the class of pre-open sets. Since the advent of these
notions, several research paper with interesting
results in different respects came to existence(
[1,3,7,11,12,20,21,22]). Extensive research on
generalizing closedness was done in recent years as
the notions of a generalized closed, generalized semi-
closed, a-generalized closed, generalized semi-pre-
open closed sets were investigated in [2,8,16,18,19].
In this paper, we have introduced a new generalized
axiom called ngb-separation axioms. We have
incorporated 7gb-D;, mgb-R; spaces and a study has
been made to characterize their fundamental
properties.

2. Preliminaries

Throughout this paper (X, 1) and (Y, 1)
represent non-empty topological spaces on which no
separation axioms are assumed unless otherwise
mentioned. For a subset A of a space (X,1) , cl(A)
and int(A) denote the closure of A and the interior of
A respectively.(X, T ) will be replaced by X if there is
no chance of confusion.

Let us recall the following definitions which
we shall require later.
Definition 2.1: A subset A of a space (X, 1) is called
(1) a regular open set if A= int (cl(A)) and a regular
closed set if A= cl(int (A));

(2) b-open [3] or sp-open [9], y —open [11] if A C

cl(int(A))uint (cl(A)).

The complement of a b-open set is said to be
b-closed [3]. The intersection of all b-closed sets of X
containing A is called the b-closure of A and is
denoted by bCI(A). The union of all b-open sets of X
contained in A is called b-interior of A and is denoted
by biInt(A). The family of all b-open (resp. a-open,
semi-open, preopen, B-open, b-closed, preclosed)
subsets of a space X is denoted by bO(X)(resp.
aO(X), SO(X), PO(X), BO(X), bC(X), PC(X)) and
the collection of all b-open subsets of X containing a
fixed point x is denoted by bO(X,x). The sets SO(X,
X), aO(X, x), PO(X, x), BO(X, x) are defined
analogously.

Lemma 2.2 [3]: Let A be a subset of a space X. Then
(1) bCI(A) = sCI(A) N pCI(A) = AU[Int(CI(A))
NCI(Int(A)];

(2) biInt(A) = sInt(A) U pInt(A) = AN [Int(CI(A)) U
CI(Int(A)];

Definition 2.3 : A subset A of a space (X, 7) is called
1) a generalized b-closed (briefly gb-closed)[12] if

bcl(A) C U whenever A C U and
Uis open.

2) ng-closed [10] if cl(A)CU whenever AC U and U
is w-open.

3) mgb -closed [23] if bcl(A)CU whenever A CU and
U is m-open in (X, 1).

By nGBC(t) we mean the family of all ngb- closed
subsets of the space(X, 1).

Definition 2.4: A function f: (X, t) — (Y, o) is called
1) mgb- continuous [23] if every f(V) is ngb- closed
in (X, 1) for every closed set V of (Y,0).

2) mgb- irresolute [23] if f(V) is ngb- closed in(X, 1)
for every ngb -closed set V in (Y, o).

Definition[24]: (X, t[1) is ngb-T, if for each pair of
distinct points X, y of X, there exists a mgb -open set
containing one of the points but not the other.
Definition[24] : (X, t) is ngb-T, if for any pair of
distinct points X, y of X, there is a gb -open set U in

X such that xeU and y¢U and there is a mgb -open

set V in X such that yeU and x&V.
Definition[24] : (X,t) is ngb-T, if for each pair of
distinct points x and y in X, there exists a ngb -open

set U and a mgb -open set V in X such that xeU,
yeVand UNV =.
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Definition: A subset A of a topological space (X, 1)
is called:

(i) ) D-set [ 25] if there are two open sets U and V
such that U #X and A=U -V .

(ii) sD-set [5] if there are two semi-open sets U and V
such that U #X and A=U -V.

(iii) pD-set [14 ] if there are two preopen sets U and
V such that U #X and A=U -V .

(iv) aD-set [6] if there are two U,V€aO(X,t) such
that U#X and A=U-V.

(v) bD-set [15] if there are two U,VEBO(X,t) such
that U#X and A=U-V.

Definition 2.6[17]: A subset A of a topological space
X is called an g ,D-set if there are two g , open sets
U,V such that U#X and A=U-V.

Definition 2.7[4]: X is said to be (i)rgo-Ry iff rgo-

{x} =G whenever x€GERGaO(X).
(i1) rgo-Ry iff for x,y €X such that rga-{)_(} # rgo-
{y} .there exist disjoint UVERGaO(X)such that

rga-{X} €U andrga-{y} V.

Definition[13]: A topological space (X, 1) is said to
be D-compact if every cover of X by D-sets has a
finite subcover.

Definition[15]: A topological space (X, 1) is said to
be bD-compact if every cover of X by bD-sets has a
finite subcover.

Definition[13]: A topological space (X, 1) is said to
be D-connected if (X, 1) cannot be expressed as the
union of two disjoint non-empty D-sets.
Definition[15]: A topological space (X, 1) is said to
be bD-connected if (X, ) cannot be expressed as the
union of two disjoint non-empty bD-sets.

3. mgb-D-sets and associated
axioms

Definition 3.1: A subset A of a topological space X
is called ngb-D-set if there are two U,VernGBO(X, 1)
such that U#X and A=U-V.

Clearly every mgb-open set U different from X is a
ngb-D set if A=U and V=0.

separation

Example 3.2: Let X={a,b,c} and
={®,{a},{b},{a,b},X}.Then {c} is a ngb-D-set but
not ngb-open.Since nGBO(X, 7)={

@,{a},{b},{b,c}{a,c}.{a,b},X}.Then U={b,c}#X
and V={a,b} are mgb-open sets in X. For U and V,
since U-V={b,c}-{a,b}={c},then we have S={c} is a
ngb-D-set but not mgb-open.

Theorem 3.3:Every D-set,aD-set,pD-set,bD-set,sD-
set is wgb-D-set.

Converse of the above statement need not be true as
shown in the following example.

Example 3.4:Let X={a,b,c,d} and
={®D,{a},{a,d},{a,b,d}{a,c,d},
X}.nGBO(X,7)=P(X).Hence mgb-D-set=P(X).{b,c,d}

is a mgb-D-set but not D-set,aD-set,pD-set,bD-set,sD-
set.

Definition 3.5: X is said to be
() ngb-Dy if for any pair of distinct points
x and y of X ,there exist a mgb-D-set in
X containing x but not y (or) a ngb-D-
set in X containing y but not x.
(i) ngb-D; if for any pair of distinct points
x and y in X,there exists a ngb-D-set of
X containing x but not y and a ngb-D-
set in X containing y but not x.
(iii) ngb-D, if for any pair of distinct points
x and y of X there exists disjoint mgb-D-
sets G and H in X containing x and y
respectively.
Example 3.6:Let X={a,b,c,d} and
={d,{a},{a,b},{c,d},{a,c,d}, X}, then X is =ngb-D;,
i=0,1,2.
Remark 3.7
(1) If (X, 1) is mgb-T;, then (X, 1) is ngb-D;.i=0,1,2.
(i1) If (X, 1) is mgb-Dj,then it is ngb-D; 1.i=1,2.
(ii) If (X, 1) is mgb-Tj,then it is wgb-T;.1.i=1,2.
Theorem 3.8: For a topological space (X, t).the
following statements hold.
(i) (X, 1) is mgb-Dy iff it is mgb-Ty
(ii) (X, 1) is mgb-Dy iff it is Tgb-Dy
Proof: (1)The sufficiency is stated in remark 3.7 (i)
Let (X, 1) be ngb-D,.Then for any two distinct points
X,YEX, atleast one of X,y say x belongs to ngbD-set G
where ygG.Let G=U;-U, where U;#X and U; and
U,enGBO(X, 1).Then x€U;-For y¢G we have two
cases.(a)y ¢ U; (b)yeU; and y € U, In case (a), xeU;
but ygU;;In case (b); y € U, and x¢U, Hence X is
ngb-Ty
(2) Sufficiency: Remark 3.7 (ii).
Necessity: Suppose X is ngb-D;Then for each
distinct pair x,yeX ,we have ngbD-sets G; and G,
such that xeG; and y¢G;; x¢G, and yeG,. Let G;
=U;-U, andG, =U;z -U,. By x&G, it follows that
either x¢U; or x€ Usand x € U,
Now we have two cases(i)x €Uz By y €G we have
two subcases (a)y € U; By x € U;-U, it follows that x
€U;-(Uu Uj) and by y € Us-Ugwe have y € Us;-

32|Page



D.Sreeja, C.Janaki / International Journal of Engineering Research and Applications

(IJERA)

ISSN: 2248-9622

www.ijera.com

Vol. 2, Issue 5, September- October 2012, pp.031-037

(U1U U4).Hence (Ul'(U3U U4)) n U3'(U1U U4):
®.(b)yeU; and yeU, ,we have xe U;-U,

RS U,.=> (Ul'Uz)ﬂUZZ(D.

(ii)xeU;z and xeU,We have y €Us-Uy; xeU,=(Us-
U,) NU4&=®.Thus X is ntgb-D..

Theorem 3.9: If (X, 1) is ngb-D;, then it is ngb-T,
Proof: Remark 3.7 and theorem 3.8

Definition 3.10: Let (X,t) be a topological space.
Let x be a point of X and G be a subset of X. Then
G is called an mgb-neighbourhood of x (briefly ngb-
nhd of x) if there exists an mgh-open set U of X

such that x eUCG.

Definition 3.11: A point xeX which has X as a ngb-
neighbourhood is called mgb-neat point.

Example
3.12:LetX={a,b,c}.t=={D,{a},{b},{a,b},X} . aGBO(X,
1)={®D,{a},{b},{a,b},{b,c},{a,c}, X}. The point {c}
is a mgb-neat point.

Theorem 3.13: For a ngb-T, topological space (X, 1),
the following are equivalent.

(1)(X, 1) is a mgb-D;

(i1)(X, ) has no mgb-neat point.

Proof: (i) =(ii).Since X is a tgb-Dy,then each point x
of X is contained in an ngb-D-set O=U-V and hence
in U.By definition,U#X.This implies x is not a mgb-
neat point.

(if)=(i) If X is mgb-Ty,then for each distinct points x,
yeX, atleast one of them say(x) has a ngb-
neighbourhood U containing x and not y. Thus U#X
is a mgbD-set. If X has no mgb-neat point, then y is
not a mgb-neat point. That is there exists mgb-
neighbourhood V of y such that V #X. Thus y € (V-
U) but not x and V-U is a ngb-D-set. Hence X is mgb-
Dl.

Remark 3.14 : 1t is clear that an ngb-T, topological
space (X, 1)is not a mgb-D; iff there is a mgb-neat
point in X. It is unique because x and y are both ngb-
neat point in X, then atleast one of them say x has an
ngb- neighbourhood U containing x but not y.This is
a contradiction since U #X.

Definition 3.15: A topological space (X, t) is ngb-
symmetric if for x and y in X, x € ngb-cl({y}) =y €
ngb-cl({x}).

Theorem 3.16: X is ngb-symmetric iff {x} is ngb-
closed for x eX.

Proof: Assume that x € ngb-cl({y}) but y¢ ngb-
cl({x}).This implies (mgb-cl({x})° contains y.Hence
the set {y} is a subset of (ngb-cl({x})¢ .This implies
ngb-cl({y}) is a subset of (ngb-cl({x})°. Now (mgb-
cl({x})° contains x which is a contradiction.
Conversely, Suppose that {x}cEerGBO(X, 1) but
ngb-cl({y}) which is a subset of E® and x ¢E. But this
is a contradiction.

Theorem 3.17 : A topological space (X, 1) is a ngb-
T, iff the singletons are ngb-closed sets.

Proof:Let (X, 1) be ngb-T;and x be any point of X.
Suppose 'y €{X}". Then x #y and so there exists a
ngb-open set U such that yeU but x &U.

Consequently, y eu c({x})".That is
(O =u{Ulye({x3})°} which is mgb-open.
Conversely suppose {x} is ngb-closed for every xeX.
Let x, yeX with x#y.Then x#y =y € ({x})*.Hence
({x})° is a mgb-open set containing y but not X.
Similarly ({y})° is a mgb-open set containing x but
not y. Hence X is mgb-T;-space.
Corollary 3.18 : If X is ngb-Ty, then it is mgb-
symmetric.
Proof: In a mgb-T; space, singleton sets are mgb-
closed. By theorem 3.17 , and by theorem 3.16 , the
space is Tgb-symmetric.
Corollary 3.19: The following statements are
equivalent
(1)X is mgb-symmetric and ngb-T,
(i1)X is mgb-T,
Proof: By corollary 3.18 and remark 3.7 ,it suffices
to prove (1) =(2).Let x#y and by mgb-T, ,assume
that xeG; c ({y})¢ for some G;eErGBO(X).Then x¢
ngb-cl({y}) and hence y & ngb-cl({x}).There exists a
G, € nGBO(X, 1) such that yeG,c({x})". Hence (X,
T) is a mgb-T; Space.
Theorem 3.15: For a mgb-symmetric topological
space(X, 1), the following are equivalent.

(1) Xismgb-Ty

(2) Xismngb-D;

(3) Xismgb-Ty,

Proof: (1)=(3):Corollary 3.19 and
(3)=(2)=(1):Remark 3.7 .

4. Applications

Theorem 4.1: If f : (X, 1)—=(Y, o) is a ngb-
continuous surjective function and S is a D-set of
(Y,0 ), then the inverse image of S is a ngb-D-set of
(X, 1)

Proof: Let U; and U, be two open sets of (Y, ¢ ).Let
S=U;-U, be a D-set and U;#Y.We have f(U,)
enGBO(X,1) and f'(U,) enGBO(X, 1) and f*(U,)
#X Hencef (S)=F*(U;-U,)=F*(U))-f* (U,).Hence f
1(S) is a mgb-D-set.

Theorem 4.2 J: If f: (X, 1) — (Y, o) is a ngb-
irresolute surjection and E is a mgb-D-set in Y,then
the inverse image of E is an ngb-D-set in X.

Proof: Let E be a ngbD-set in Y.Then there are ngb-
open sets U; and U, in Y such that E= U;-U, and
U£Y .Since f is ngb-irresolute,f*(U,) and f(U,) ngb-
open in X.Since U; #Y,we have fl(Ul) #X.Hence
YE) = F{(U-U,) = FL(Uy)- FY(U,) is a mgbD-set.
Theorem 4.3: If (Y, o) is a D; space and f:(X, 1) —
(Y, o) is a mgb -continuous bijective function ,then
(X, 1) is a mgb-D;-space.

Proof: Suppose Y is a Djspace.Let x and y be any
pair of distinct points in X,Since f is injective and Y
is a Dispace,yhen there exists D-sets S, and Sy of Y
containing f(x) and f(y) respectively that f(x)&S, and
f(y)@Sx. By theorem 4.1 %(S,) and f*(S,) are ngb-D-
sets in X containing x and y respectively such that
xef*(S,) and ygf'(S,).Hence X is a ngb-D;-space.
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Theorem 4.4: If Y is ngb-Dy and f: (X,1)— (Y,0) is
ngb-irresolute and bijective, then (X,7) is ngb-D;.
Proof: Suppose Y is ngb-D; and f is bijective, ngb-
irresolute.Let x,y be any pair of distinct points of
X.Since f is injective and Y is mgb-D; there exists
ngb-D-sets G, and Gy of Y containing f(x) and f(y)
respectively such that f(y) €G, and f(x) &G, By
theorem 4.2 , f(G,) and f*(G,) are mgbD-sets in X
containing x and y respectively.Hence X is ngb-D;.
Theorem 4.5: A topological space (X, 1) is a ngb-D;
if for each pair of distinct points x,yeX,there exists a
ngb-continuous surjective function f: (X,1) — (Y,0)
where (Y,0 ) is a D; space such that f(x) and f(y) are
distinct.

Proof: Let x and y be any pair of distinct points in
X, By hypothesis,there exists a =ngb-continuous
surjective function f of a space (X, t) onto a D;-
space(Y, o )such that f(x)#f(y).Hence there exists
disjoint D-sets S,and S, in Y such that f(x)eS, and
f(y)eS,.Since f is mgb-continuous and surjective,by
theorem 4.1 f(S,) and f*(S,)are disjoint ngb-D-sets
in X containing x and y respectively.Hence (X, 7) is a
ngb-D;-set.

Theorem 4.6: X is ngb-D; iff for each pair of
distinct points X, yeX ,there exists a mgb-irresolute
surjective function f: (X,7) — (Y,0),where Y is ngb-
D, space such that f(x) and f(y) are distinct.

Proof: Necessity: For every pair of distinct points X,
y €X, it suffices to take the identity function on X.
Sufficiency: Let x £y €X.By hypothesis ,there exists
a mgb-irresolute, surjective function from X onto a
ngb-D; space such that f(x) #f(y).Hence there exists
disjoint ngb-D sets Gy G, cY such that f(x) eG4 and
f(y) €Gy. Since f is mgb-irresolute and surjective, by
theorem 4.2, f1(G,) and *(G,) are disjoint ngb-D-
sets in X containing x and y respectively. Therefore
X is mgb-D; space.

Definition 4.7: A topological space (X, 1) is said to
be ngb-D-connected if (X, t) cannot be expressed as
the union of two disjoint non-empty ngb-D-sets.
Theorem 4.8: If (X, 1) — (Y, o) is mgb-continuous
surjection and (X, 1) is mgb-D-connected, then (Y, o)
is D-connected.

Proof: Suppose Y is not D-connected. Let Y=AUB
where A and B are two disjoint non empty D sets in
Y. Since f is mgb-continuous and onto, X=f*(A)uf
Y(B) where f1(A) and f*(B) are disjoint non-empty
ngb-D-sets in X. This contradicts the fact that X is
ngb-D-connected. Hence Y is D-connected.

Theorem 4.9: If (X,t1) — (Y,0) is mgb-irresolute
surjection and (X, 1) is mgb-D-connected, then (Y, 6 )
is ngb-D-connected.

Proof: Suppose Y is not mgb-D-connected.Let
Y=AUB where A and B are two disjoint non empty
ngb-D- sets in Y.Since f is mgb-irreesolute and
onto,X=FY(A)uf'(B) where f'(A) and f'(B) are
disjoint non-empty ngb-D-sets in X.This contradicts
the fact that X is mgb-D-connected. Hence Y is ngb-
D-connected.

Definition 4.10: A topological space (X,t) is said to
be ngb- D-compact if every cover of X by ngb-D-sets
has a finite subcover.

Theorem 4.11:1f a function f: (X,1) — (Y,0) is ngb-
continuous surjection and (X,tr) is mgb-D-compact
then (Y, o) is D-compact.

Proof:Let f: (X, ©) — (Y,0) is mgb-continuous
surjection.Let {A;ieA} be a cover of Y by D-
set.Then {f*(A):ieA} is a cover of X by mgb-D-
set.Since X is mgb-D-compact,every cover of X by
ngb-D set has a finite subcover say{f*(A),f
YAy)... FH(A)}.Since f is onto{A A, A, is a
cover of Y by D-set has a finite subcover.Therefore
Y is D-compact.

Theorem 4.12: If a function f: (X,t) — (Y,0) is ngb-
irresolute surjection and (X, 1) is mgb-D-compact
then (Y, o) is mgb-D-compact.

Proof:Let f: (X, 19 — (Y, o) is mgb-
irresolutesurjection.Let {A;:ieA} be a cover of Y by

ngb-D-set.Hence Y= AThen X=F'(Y)=F'(U A)=
I 1
U f *(A).Since f is mgb-irresolute,for each iea {f

I
Y(A):ien} is a cover of X by mgb-D-set.Since X is
ngb-D-compact,every cover of X by ngb-D set has a
finite subcover ,say{ f*(A,), f*(A,).... £(A)}.Since
fis onto,{A1 A, Ay is a cover of Y by ngb-D-set
has a finite subcover.Therefore Y is ngb-D-compact.

5.tgb-R, spaces and agh-R; spaces

Definition 5.1: Let (X, t ) be a topological space then
the mtgb-closure of A denoted by mgb-cl (A) is defined
by ngb-cl(A)=N { F |F € a1GBC (X, t) and FDA}.
Definition 5.2: Let x be a point of topological space
X.Then zngb-Kernel of x is defined and denoted by
Ker g {x}=N{U:UernGBO(X) and x€U}.

Definition 5.3: Let F be a subset of a topological
space X .Then mgb-Kernel of F is defined and
denoted by Ker .., (F)=N{U:UerGBO(X) and

FcU}.

Lemma 5.4: Let (X, 1) be a topological space and x
€ X.Then Ker r,(A) = {x €X| ngb-cl({x})NA #D}.
Proof:Let x € Kerg(A) and ngb-cl({x})NA = ©.
Hence x ¢X-—ngb-cl({x}) which is an mgb-open set
containing A. This is impossible, since x € Kery,
(A).

Consequently, ngb- cl({x})NA #® Let ngb- cl({x})N
A #® and x €Ker .4 (A). Then there exists an mgb-

open set G containing A and x ¢G. Let y € ngb-
cl({x})NA. Hence G is an ngb- neighbourhood of y

where x ¢G. By this contradiction, x € Ker .q,(A).
Lemma 5.5: Let (X, 1) be a topological space and x

€ X. Then y € Kerg,({x}) if and only if x € ngb-
CI{y}).
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Proof: Suppose that y & Ker .,,({x}). Then there
exists an tgb-open set V containing x such that y ¢V.
Therefore we have x ¢ngb-cl({y}). Converse part is
similar.

Lemma 5.6: The following statements are equivalent
for any two points x and y in a

topological space (X, 1) :

(1) Ker zg ({x}) #Ker zgn({Y});

(2) mgb- cl({x}) # ngb-cl({y}).

Proof: (1) = (2): Suppose that Ker ,u({X}) # Ker
=({Y}) then there exists a point z in X such that z

€X such that zeKer .,,({x}) and z & Ker ,,({y}). It
follows from z € Ker ,.,({x}) that {x} N ngb-cl({z})
#® .This implies that x € ngb-cl({z}). By z ¢Ker
=o({Y}), we have {y}Nngb- cl({z}) = ®. Since x €
ngb-cl({z}) , ngb-cl({x}) C ngb-cl({z}) and {y} N
ngb-cl({z}) = ®. Therefore, ngb-cl({x}) # ngb-
cl({y}). Now Ker q,({x})# Ker ({y}) implies that
ngb-cl({X}) # ngb-cl({y}).

(2) = (1): Suppose that ngb-cl({x}) # ngb-cl({y}).
Then there exists a point z € X such that z € ngb-

cl({x}) and z & =mgb-cl({y}). Then, there exists an
ngb-open set containing z and hence containing x but
noty, i.e., y & Ker({x}). Hence Ker({x}) #Ker({y}).
Definition5.7: A topological space X is said to be
ngb-Ry iff ngb-cl{x}<=G whenever xe Ge nGBO(X).
Definition5.8: A topological space (X,7) is said to be
ngb-R; if for any x,y in X with wgb-cl({x})#ngb-
cl({y}).there exists disjoint mgb-open sets U and V
such that ngb-cl({x})SU and ngb-cl({y})SV
Example 5.9: Let
X={a,b,c,d}.1=={®,{b},{a,b},{b,c},{a,b,c}, X} nGBO
(X,1)=P(X)Then X is tgb-Rqand ngb-R;.

Theorem 5.10 : X is ngb-Ry iff given x#y€; ngb-
cl{x}# ngb-cl{y}.

Proof: Let X be ngb-R, and let x£y& X.Suppose U is
a mgb-open set containing x but not y, then ye ngb-

cl{y}cX-U and hence x¢ mgb-cl{y}.Hence ngb-
cl{x}# ngb-cl{y}.

Conversely,let x#y€X such that mgb-cl{x}# ngb-
cl{y},.This implies ngb-cl{x}CX- ngb-
cl{y}=U(say),a mgb-open set in X. This is true for
every mgb-cl{x}.Thus Nzgb-cl{X}<SU where x¢&
ngb-cl{x}cUec nGBO(X).This Nngb-
cl{x}cU where xc Uc nGBO(X).Hence X is mgb-
Ro.

Theorem 5.11
equivalent

(1)X is mgb-Ro-space
(if)For each xeX,ngb-cl{x}cKer»{x}

(iii)For any mgb-closed set F and a point x&F,there
exists UenGBO(X) such that x¢U and FcU,

implies

The following statements are

(iv) Each ngb-closed F can be expressed as F=N{G:G
is tgb-open and FcG}

(v) ) Each ngb-open G can be expressed as G=U{A:A
is tgb-closed and AcG}

(vi) For each mgb-closed setx¢F implies ngb-
cl{x}NF=0.

Proof: (i)=(ii): For any x €X, we have Ker ,.,{x}=
N{U:UerGBO(X). Since X is mgb-Rothere exists
ngb-open set containing x contains ngb-cl{x}.Hence
ngb- cl{x}cKer ,{x}.

(if) = (iii): Let x gFenGBC(X). Then for any y €F,
ngb-cl{y}cF and so xé&mgb- -cl{y}=>y&ngb-
c{x}.That is there exists U,enGBO(X) such that y€
U, and xgU, for all yeF. Let U=u{U,enGBO(X)
such that ye U, and x & U,}.Then U is ngb-open such
that x¢U and FcU.

(iif)=(iv): Let F be any ngb-closed set and N=N{G:G
is tgb-open and FcG}.Then FcN---(1).Let x&F,then
by (iii) there exists GErGBO(X) such that x¢G and
FcG, hence x¢N which implies xeN =xeF. Hence
NcF.---(2).From (1) and (2),each mgb-closed
F=N{G:G is ngb-open and FcG}.

(iv)=(v) Obvious.

(V) =(vi) Let x¢FenGBC(X).Then X-F=G is a ngb-
open set containing X.Then by (v),G can be expressed
as the union of mgb-closed sets A €G and so there is
an MerGBC(X) such that xEMcG and hence mgb-
cl{x}cG implies ngb- cl{x} NF=.

(vi)=(i) Let x EGERGBO(X).Then x&(X-G) which is
ngb-closed set. By (vi) ngb- cl{x}.N(X-G)=®.=>ngb-
cl{x}<G.Thus X is mgb-R,-space.

Theorem 5.12 :A topological space (X, 1) is an ngb-
Ry space if and only if for any x and y in X, ngb-
cl({x})#ngb-cl({y}) implies mgb-cl({x}) Nngb-
cl({y}) =0.

Proof: Necessity. Suppose that (X, t ) is ngb-R and
X, Y € X such that mgb-cl({x}) #ngb-cl({y}). Then,
there exist z engb-cl({x}) such that z¢ngb-cl({y})
(or z ecl({y})) such that z &ngb-cl({x}). There
exists V enGBO(X) such that y € V and z €V
.Hence x € V . Therefore, we have x ¢ngb-cl({y}).
Thus x € (ngb-cl({y}) )°eEnGBO(X ), which implies
ngb-cl({x}) c(ngb-cl({y}) )°and ngb-cl({x}) Nngb-
cl({y}) =0.

Sufficiency. Let V enGBO(X) and let x €V .To show
that mgb-cl_({x}) cV. Lety &V , i.e., y €V°. Then x
#y and x €ngb-cl({y}). This showsthat ngb-cl({x})
#ngb-cl({y}). By assumption ,mgb-cl({x}) Nmgb-
cl({y}) =®. Hencey &ngb-cl({x}) and therefore ngb-
cl{x}) c V.

Theorem 5.13 : A topological space (X, t ) is an
ngb- Ry space if and only if for anypoints x and y in
X, Ker qg({x}) #Ker ({y}) implies Ker .({x})
NKer rgs( {y})=0.

Proof. Suppose that (X, t) is an mgb- Ry space. Thus
by Lemma 5.6, for any points x and y in X if
Keru({X}#Ker({y})  then  mgb-cl({x})#ngh-
cl({y}).Now to prove that Ker({x})NKerq({y})
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=@. Assume that z €Ker ,,,({x})NKer r({y}). By z
€ Kerg,({x}) and Lemma 5.5, it follows that xengb-
cl({z}). Since xemngb-cl({z}); ngb-cl({x})=ngb-
cl({z}). Similarly, we have ngb-cl({y}) = ngb-
cl({z})=ngb-cl({x}). This is a contradiction.
Therefore, we have Ker ,,({x}) NKer r({y})=
Conversely, let (X, 1) be a topological space such that
for any points x and y inX such that ngb-cl{x}#ngb-
cl{y}.Kerg({x}) #Kerg({y}) implies Ker ({x})
NKer r({y})=®.Since zengb-c{x}=>xeKer ..({z})
and therefore Ker ,4({x}) NKer ,4({y})#®.By
hypothesis,we have Ker,g({x})=Ker .({z}). Then z
engb-cl({x}) Nugb-cl({y}) implies that Ker,q({x}) =
Ker.s({z})=Ker({y}). This is a contradiction.
Hence  mgb-cl({x})Nngb-cl({y})=®;By  theorem
5.12, (X, 1) is an tgb-R, space.

Theorem 5.14 : For a topological space (X, t ), the
following properties are equivalent.

(1) (X, 1) is an tgb-R, space

(2) xengb-cl({y}) if and only if yengb-cl({x}), for
any points x and y in X.

Proof: (1) = (2): Assume that X is ngb- Ry. Let X
engb-cl({y}) and G be any mgb- open setsuch that
yeG. Now by hypothesis, x €G. Therefore, every
ngb- openset containing y contains X. Hence y €ngb-
CI({x}).

(2) = (1) : Let U be an ngb- open set and xeU.If y
¢U, then x éngb-cl({y}) and hence yé&ngb-cl({x}).
This implies that ngb-cl({x}) cU. Hence (X, 1) is
TEgb-Ro.

Theorem 5.15 : For a topological space (X, 1), the
following properties are equivalent:

(1) (X, t) is an gb-R, space;

(2) mgb-cl({x}) = Ker,g({x}) for all x € X.

Proof: (1) =(2) : Suppose that (X,7) is an ngb-Ry
space. By theorem 5.11,mgb-cl({x}) c Ker({X})
for each xeX. Let y €Kery,({x}), then xemngb-
cl({y})and so mgb-cl({x}) =ngb-cl({y}). Therefore, y
engb-cl({x}) and hence Ker,,({x}) cngb-cl({x}).
This shows that wgb- cl({x}) = Kerq({X}).

(ii) = (i) Obvious from 5.13E.

Theorem 5.16: For a topological space (X,t),the
following are equivalent.

(i) (X,7) is a mgb-R, space.

(i) If F is mgb-closed, then F=Ker,,(F).

(iii) If F is mgb-closed, and Xxe€F, then

Ker({x})cF.

(>iv) If xeX, then Ker,,({x})crgb-cl({x}).
Proof :(i)=(ii) Let F be a ngb-closed and x¢F.Then
X-F is mgb-open and contains x. Since (X,7) is a ngb-
Ro,ngb-cl({X})SX-F. Thus mgb-cl({x})NF=d. And
by lemma 5.4, xé&ngb-Ker(F).Therefore ngb-
Ker(F)=F.

(if)=(iii) If ASB, then Kerg(A)EKer,g(B).

From (ii),it follows that Ker ., ({X})SKer r4(F).
(iif)=(iv) Since xemgb-cl({x}) and wgb-cl({x}) is
ngb-closed.By(iii), Ker,q,({Xx}) crgb-cl({x}).
(iv)=(i)We prove the result using theorem 5.11.Let
X € mgb-cl{y}) and by theorem B)y €

Ker({x}).Since x € ngb-cl({x}) and ngb-cl({x}) is
ngb-closed,then by (iv) we gety € Kerq,({X})E ngb-
cl({x}), Therefore x € ngb-cl({y}) =y € ngb-cl({x}).
Conversely, let yengb-cl({x}).By lemma 5.5, x
eKerg({y}).Since yengb-cl({y})and ngb-cl({y}) is
ngb-closed,then by (iv) we get xeKer g ({y})Engb-
cl({y}).Thus yengb-cl({x})=>xengb-cl({y}).By
theorem 5.14, we prove that (X,1) is ngb-Ry space.
Remark 5.17: Every ngb-R; space is ngb-R, space.
Let U be a ngb-open set such that xeU. If ygU,then
since x&ngb-cl({y}),rgb-cl({x})#ngb-cl({y}).Hence
there exists an mgb-open set V such that yeV such
that wgb-cl({y})cV and x¢V=ye¢ngb-cl({x}).Hence
ngb-cl({x})SU. Hence (X,1) is tgb-Ry.

Theorem 5.18: A topological space (X, 1) is tgb-R;
iff for x,yeX, Ker({x})#ngb-cl({y})there exists
disjoint mgb-open sets U and V such that ngb-

cl({x})c andngb-cl({y}) cV.
Proof: It follows from lemma 5.5.
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