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1. Introduction, Definitions and Notations. 

 We denote by  the set of all finite complex numbers. Let  be a meromorphic function and  be an entire 

function defined on .Also let )1(,..., 10 knnn kjjj be non-negative integers such that for each 



k

i

ijnj
0

.1, We call 

kjjj nknn

jj fffAfM )...()()(][ )()1( 10  where ),(),( frSArT j  to be a differential monomial generated by . The 





k

i

ijM n
i

0

  and 



k

i

ijM ni
i

0

)1( are called respectively the degree and weight of ][ fM j  {[3],[9]}. The expression  





s

j

j fMfP
1

][][  is called a differential polynomial generated by .The numbers 
jM

sj
fP 




1
][ max and 

jM
sj

fP 
1

][ max  are called respectively the degree and weight of ][ fP {[3],[9]}. Also we call the numbers 

jM
sjfP





1][

min  and k  (the order of the highest derivative of  ) the lower degree and the order of ][ fP respectively. If 

][ fP

 = ][ fP , ][ fP is called a homogeneous differential polynomial. 

 

 In the paper we establish some newly developed results based on the comparative growth of composite entire and 

meromorphic functions and differential polynomials generated by their factors on the basis of ),( qp th order and ),( qp th 

lower order where qp, are positive integers and qp  . Throughout the paper we consider only the non-constant 

differential polynomials and we denote by ][0 fP a differential polynomial not containing  i.e. for which 00 jn for 

.,......2,1 sj   We consider only those ][ fP , ][0 fP  singularities of whose individual terms do not cancel each other. 

 

 We use the standard notations and definitions in the theory of entire and meromorphic functions which are available 

in [12] and [4]. In the sequel we use the following notations: 

 

)log(loglog ]1[][ xx kk    for ,...3,2,1k  and ;log ]0[ xx   

and 

)exp(expexp ]1[][ xx kk    for ,...3,2,1k  and .exp ]0[ xx   

 

The following definitions are well known. 

Definition 1 The quantity );( fa of a meromorphic function  is defined as follows 
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Definition 2 [7]  For a }{ , let );,( farnp denote the number of zeros of af   a in rz  , where a zero of 

multiplicity p  is counted according to its multiplicity and a zero of multiplicity p  is counted exactly p  times; and 

);,( farN p  is defined in terms of );,( farnp  in the usual way .We define 

.
),(

);,(
suplim1);(

frT

farN
fa

p

r
p



  

Definition 3 [2]  ][ fP is said to be admissible if 

(i) ][ fP is homogeneous, or 

(ii) ][ fP  is non homogeneous and ).,(),( frSfrm   

Definition 4 The order f and lower order f  of an entire function f  are defined as 

.
log

),(log
inflim

log

),(log
suplim

]2[]2[

r
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and

r

frM

r
f

r
f



   

If f  is meromorphic then 

.
log

),(log
inflim

log

),(log
suplim ][][

r

frT
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frT

r

l

f
r

l

f


   

 Extending this notion, Sato [8] defined the generalized order and generalized lower order of an entire function as follows : 

Definition 5 [8] The generalized order 
][l

f and the generalized lower order 
][l

f of an entire function f  are defined as : 

.
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),(log
suplim

][
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If f   is meromorphic then 

.
log

),(log
inflim

log

),(log
suplim

]1[
][

]1[
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frT
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frT l

r
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Juneja, Kapoor and Bajpai[5] defined the ),( qp th order and ),( qp  th lower order of an entire function f   respectively as 

follows : 

,
log

),(log
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r
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where qp, are positive integers with .qp   

When f  is meromorphic, one can easily verify that 

,
log

),(log
inflim),(

log

),(log
suplim),(

][

]1[

][

]1[

r

frT
qpand

r

frT
qp

q

p

r
fq

p

r
f









   

where qp, are positive integers and .qp   

If 2p and 1q then we write ff qp  ),( and .),( ff qp    

2. Lemmas. 
In this section we present some lemmas which will be needed in the sequel. 

 

Lemma 1 [1] If f  be a meromorphic function and g  be an entire function then for all sufficiently large values of ,r  

).),,((
),(log

),(
)}1(1{),( fgrMT

grM

grT
gfrT    
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Lemma 2 [6] Let f  be an entire function of finite lower order. If there exists entire functions );,...2,1(  nnid i  

satisfying )},({),( frTodrT i  and 
n

i

i fd ,1),(  then  

.
1

),(log

),(
lim




 frM

frT

r
 

Lemma 3 Let g  be an entire function with g  and assume that );,...2,1(  nnid i  satisfying 

)},({),( grTodrT i  . If  
n

i

i gd ,1),(  then for any integer 2q , 

.1
),(log

),(log
lim

]1[

][


 frM

frT
q

q

r
 

Proof. In view of Lemma 2 we get for all sufficiently large values of r  that 

 

Now in view of Lemma 2 we obtain for a sequence of values of  tending to infinity that 
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Therefore we get from above that 
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This proves the lemma. 

Lemma 4 [2] Let ][0 fP be admissible. If f is of finite order or of non zero lower order and 



a

fa 2);( then 

.
),(

])[,(
lim ][

0

0 fP
r frT

fPrT



 

Lemma 5 [2Let f  be either of finite order or of non-zero lower order such that 



a

p fafa 1);();(  or 





a

fafa 1);();(  . Then for homogeneous ][0 fP , 

.
),(

])[,(
lim ][

0

0 fP
r frT

fPrT



 

Lemma 6 Let f  be a meromorphic function of finite order or of non zero lower order. If 



a

fa 2);( , then the order ( 

lower order) of homogeneous ][0 fP  is same as that of f . 

Proof. By Lemma 4, 
),(log

])[,(log
lim

][

0

][

frT

fPrT
p

p

r 
exists and is equal to 1. 

r

fPrT

r
fP

log

])[,(log
suplim 0

][0
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),(log

])[,(log
lim.

log

),(log
suplim 0

frT

fPrT

r

frT

rr 

  

1.f  

.f  

In a similar manner, ffP  ][0
. 

 

This proves the lemma. 

Lemma 7 Let f be a meromorphic function of finite order or of non zero lower order such 

that 



a

p fafa 1);();(  . Then the order (lower order) of homogeneous ][0 fP  and f are same. 

 

 We omit the proof of Lemma 7 because it can be carried out in the line of Lemma 6 and with the help of Lemma 5. 

 

 In a similar manner we can state the following lemma without proof. 

Lemma 8 Let f  be a meromorphic function of finite order or of non-zero lower order such that 





a

fafa 1);();(  .Then for every homogeneous ][0 fP  the order (lower order) of ][0 fP  is same as that of f . 

 In order to state our next lemma we need the following notion of sharing of values of meromorphic functions. 

 

 Let )( fS be the set of all meromorphic functions )(zaa  in z which satisfy )},({),( frToarT   as 

r .We consider 


C }{ as a subset of )( fS .We shall call any )( fSa as a small function (with respect 

to f ).  

Let }.0)()(:{)(  zazfzafE . 

 The meromorphic functions f  and h  are said to share ""a  if and only if ).()( ahEafE  We say that 

two meromorphic functions f  and h  share a value ""a  IM (CM) if af  and ah  have the same zeros ignoring 

multiplicities ( with the same multiplicity ). In addition, we introduce the following notations: 

 zzbnmS {))(,(  is a common zero of bf   and bf /
 with multiplicities m  and n  respectively} . 

)
)(

1
,)(,(

bf
rnmN





denotes the counting function of f  with respect to the set ))(,( bnmS . 

Lemma 9 [11] If f  and h  are any two meromorphic functions that share six small functions 

6,...2,1)()(  iforhSfSai ignoring multiplicities then outside a set of r  of finite linear measure, 

.1
),(

),(
lim 

 frT

hrT

r
 

Lemma 10 If f  and h are any two meromorphic functions with finite orders or of non zero lower orders and 
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hafa 2);();( . Also f and h  share six small functions 6,...2,1)()(  iforhSfSai ignoring 

multiplicities then outside a set of r of finite linear measure and for any positive integer p , 
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Proof. In view of Lemma 4 and Lemma 9 we get that 
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. 

Therefore from above for any positive integer p , 

])[,(log

])[,(log
lim

0

][

0

][

fPrT

hPrT
p

p

r 
 

exists and is equal to 1. 

Thus the lemma follows. 

Lemma 11 Let f and h be any two meromorphic functions with finite orders or of non zero lower orders such 





a

p fafa 1);();(   and 



a

p haha 1);();(  . Also let f  and h  share six small functions 

6,...2,1)()(  iforhSfSai ignoring multiplicities. Then outside a set of r  of finite linear measure and for any 

positive integer p  

.1
])[,(log

])[,(log
lim

0

][

0

][


 fPrT

hPrT
p

p

r
 

            We omit the proof of Lemma 11 because it can be carried out in the line of Lemma 10 and with the help of Lemma 5. 

  

 In a similar manner we can state the following lemma without proof. 

Lemma 12 Let f and h  be any two meromorphic functions with finite orders or of non zero lower orders such 





a

fafa 1);();(   and 



a

haha 1);();(  . If f  and h  share six small functions 

6,...2,1)()(  iforhSfSai ignoring multiplicities then outside a set of r  of finite linear measure and for any 

positive integer p  

.1
])[,(log

])[,(log
lim

0

][

0

][


 fPrT

hPrT
p

p

r
 

Lemma 13 [10] If f  be a non constant entire function, a  and b  two distinct small functions of f  with a  and 

b . If f  and 
/f share a  and b IM then

/ff  . 

 

3. Theorems. 
    In this section we present the main results of the paper. 

Theorem 1 Let f and h  be any two meromorphic functions of finite order or of non zero lower order such that 





aa

hafa 2);();( . Again g  be an entire function such that  hhg nm  ),( where 

nm, are positive integers with .nm   Also if f and h share six small functions 6,...2,1)()(  iforhSfSai  

ignoring multiplicities then outside a set of r  of finite linear measure, 

.0
])[,(

),(explog
lim

0

]1[]1[




 fPrT

gfrT nm

r


 

              

     Proof. Since hg nm  ),(  we can choose )0(  in such a way that 

 1),(   hg nm  

As ),(log),( grMgrT  , we have from Lemma 1 for all sufficiently large values of r ,  

 

)1()),,(exp(log),(explog ]1[]1[ OfgrMTgfrT nn     

 2).1(),(explog)(),(explog.,. ]1[]1[ OgrMgfrTei n

f

n     

Then for all sufficiently large values of r  we get from (2) that 

 3).1(),(explogexp)(),(explog ]1[][]1[]1[ OgrMgfrT nmm

f

n     
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Again for all sufficiently large values of r ,  

rnmgrM nn

g

nm ]1[][]1[][ explog)),((),(explog     

rnmgrMei g

nm log)),((),(explog.,. ]1[][  
 

)),((]1[][ log),(explog.,.
  

nmnm grgrMei  

)),((]1[]1[][]1[ logexp),(explogexp.,.
  

nmmnmm grgrMei  

 4.exp),(explogexp.,.
)),((]2[]1[][]1[   

nmmnmm grgrMei  

Now from (3) and (4) we have for all sufficiently large values of r ,  

)1(expexp)(),(explog
)),((]2[]1[]1[ OrgfrT

nmmm

f

n g 
 

  

)1(exp),(explog.,.
)),((]3[]1[]2[ OrgfrTei

nmmn g 
 

  

)1(explog),(explog.,.
)),((]3[]3[]1[]1[ OrgfrTei

nmmmnm g 
 

  

 5.)1(),(explog.,.
)),((]1[]1[ OrgfrTei

nmnm g 
 

  

For all sufficiently large values of r  we obtain in view of Lemma 6 that 

rhPrT hP log)(])[,(log ][0 0
   

rhPrTei h log)(])[,(log.,. 0    

)(

0 log])[,(log.,.
 

 hrhPrTei  

 6.])[,(log.,.
)(

0

 
 hrhPrTei  

Again combining (5) and (6) we obtain for all sufficiently large values of r  that 

 7.
)1(

])[,(log

),(explog
)(

)),((
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]1[]1[







 


h

g
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Now in view of (1) it follows from (7) that 

0
])[,(
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suplim

0
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gfrT nm
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 8.0
])[,(
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lim.,.

0
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 hPrT

gfrT
ei

nm

r


 

Since f and h share six small functions 6,...2,1)()(  iforhSfSai ignoring multiplicities then in view of 

Lemma 10 we may write outside a set of r  of finite linear measure, 

 9
])[,(

])[,(
lim

][

][

0

0

0

0

fP

hP

r fPrT

hPrT







 

Thus the theorem follows from (8) and (9). 

 

Remark 1 The conclusion of Theorem 1 can also be drawn under the hypothesis 



a

p fafa 1);();(   and 





a

p haha 1);();(   or 



a

fafa 1);();(   and 



a

haha 1);();(   instead of 

2);(



a

fa and



a

ha 2);( . 

 

Theorem 2 Let f and h  be any two meromorphic functions of finite order or non zero lower order such that 

2);(



a

fa and



a

ha 2);( . Again let g  be an entire function such that  hhg nm  ),( where 

nm, are positive integers with .nm   Also if f and h share six small functions 6,...2,1)()(  iforhSfSai  

ignoring multiplicities then outside a set of r  of finite linear measure, 
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     Proof. For a sequence of values of r  tending to infinity that 

rnmgrM nn

g

nm ]1[][]1[][ explog)),((),(explog     

rnmgrMei g

nm log)),((),(explog.,. ]1[][  
 

)),((]1[][ log),(explog.,.
  

nmnm grgrMei  

)),((]1[]1[][]1[ logexp),(explogexp.,.
  

nmmnmm grgrMei  

 10.exp),(explogexp.,.
)),((]2[]1[][]1[   

nmmnmm grgrMei  

Now from (3) and (10) we have for a sequence of values of r  tending to infinity that 

)1(expexp)(),(explog
)),((]2[]1[]1[ OrgfrT

nmmm

f

n g 
 

  

)1(exp),(explog.,.
)),((]3[]1[]2[ OrgfrTei

nmmn g 
 

  

)1(explog),(explog.,.
)),((]3[]3[]1[]1[ OrgfrTei

nmmmnm g 
 

  

 11.)1(),(explog.,.
)),((]1[]1[ OrgfrTei

nmnm g 
 

  

 

Combining (6) and (11) we obtain for a sequence of values of r  tending to infinity that 

 12.
)1(

])[,(log

),(explog
)(

)),((

0

]1[]1[







 


h

g

r

Or

hPrT

gfrT
nmnm 

 

Now in view of (1) it follows from (12) that 

 13.0
])[,(

),(explog
inflim

0

]1[]1[




 hPrT

gfrT nm

r


 

Thus the theorem follows from (9) and (13). 

Remark 2 The conclusion of Theorem 2 can also deduced if we replace 2);(



a

fa and



a

ha 2);(  by 





a

p fafa 1);();(   and 



a

p haha 1);();(   or 



a

fafa 1);();(   and 





a

haha 1);();(   respectively. 

Theorem 3 Let f and h  be any two meromorphic functions of finite order or non zero lower order such that 





a

fafa 1);();(   and 



a

haha 1);();(  . Also let g  be an entire function with .gf  Then if f  

and h  share six small functions 6,...2,1)()(  iforhSfSai  ignoring multiplicities then outside a set of r  of 

finite linear measure, and for every )0(A
 

.
])[,(log

),(log
lim

0


 fPrT

gfrT
Ar



 

 
Proof. Let us suppose that 

 

 

do not hold. Then we can find a constant 0 such that for a sequence of values of r  tending to infinity 

 14]).[,(log),(log 0 hPrTgfrT A  

Again from the definition of ][0 hP  it follows that for all sufficiently large values of r  


 ])[,(log

),(log
lim

0 hPrT

gfrT
Ar
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 15.log)(])[,(log 0 rAhPrT h

A    

Thus from (14) and (15) we have for a sequence of values of r tending to infinity that 

rAgfrT h log)(),(log    

r

rA

r

gfrT
ei h

log

log)(

log

),(log
.,.

 



 

.
log

),(log
inflim.,. 


gf
r r
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This is a contradiction. Therefore 

 16.
])[,(log

),(log
lim

0


 hPrT

gfrT
Ar


 

Since f and h  share six small functions 6,...2,1)()(  iforhSfSai  ignoring multiplicities then in view of 

Lemma 12 we may write outside a set of r of finite linear measure, 

 17.1
])[,(log

])[,(log
lim

0

0 
 fPrT

hPrT

r
 

Thus the theorem follows from (16) and (17). 

Remark 3 Theorem 3 is also valid with “limit superior” instead of “limit” if gf  is replaced by gf  . 

Corollary 1 Under the assumptions of Remark 3, 

.
])[,(

),(
suplim

0


 fPrT

gfrT
A
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Proof. From Remark 3 we obtain for all sufficiently large values of r  and for ,1K  

])[,(log),(log 0 fPrTKgfrT A  

,])}[,({log),(log.,. 0

KA fPrTgfrTei   

from which the corollary follows. 

 

Remark 4 Theorem 3, Remark 3 and Corollary 1 are all valid if we take 



aa

hafa 2);();( or 
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p fafa 1);();(   and 
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p haha 1);();(  instead of 



a

fafa 1);();(   and 





a

haha 1);();(  and the other conditions remain the same. 

Theorem 4 Let f and h  be any two meromorphic functions of finite order or of non zero lower order such that 
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fafa 1);();(   and 
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haha 1);();(  . Also let g  be entire such that ),( nmg where 

nm,   are positive integers with .nm   Also if f and h  share six small functions 6,...2,1)()(  iforhSfSai  

ignoring multiplicities then outside a set of r  of finite linear measure, 
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Proof. In view of Lemma 8 we have for all sufficiently large values of r  
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 18.log)(])[,(log.,. 0 rhPrTei h    

Now from (5) and (18) we obtain for all sufficiently large values of r that 
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As )0( is arbitrary, it follows from above that 
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Since f and h  share six small functions 6,...2,1)()(  iforhSfSai  ignoring multiplicities then in view of 

Lemma 12 we may write outside a set of r of finite linear measure, 
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Thus the theorem follows from (19) and (20). 

Remark 5 If we replace 
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a

ha 2);(  or 
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p fafa 1);();(   and 



a

p haha 1);();(   in Theorem 4 and the other conditions 

remain the same then also the conclusion of Theorem 4 holds. 

Theorem 5 Let f  be a meromorphic function such that ),( qpf is finite where qp, are any two positive integers with 

qp  and g and h be any two transcendental non constant entire functions of finite order or of non zero lower order such 

that 2);(
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ga and 
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ha 2);( .Also suppose that there exist entire functions );,...2,1(  nnid i  satisfying  

(A)  rasgrTodrT i )},({),(  and 

(B)  
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Now if g and h share six small functions 6,...2,1)()(  iforhSfSai ignoring multiplicities outside a set of 

r of finite linear measure. Also for any two distinct small functions b  and c of h  with b  and c if h and 
/h share b  and c IM, then 
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Proof. Since )0( is arbitrary and ),,(log),( grMgrT 
 
we have from Lemma 1 for all sufficiently large values of 
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Again from (21) we get for all sufficiently large values of r  that 
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Also from (21) it follows for a sequence of values of r  tending to infinity that 
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Since )0( is arbitrary by Lemma 2 and Lemma 4 it follows from (22) that 
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Since g and h share six small functions 6,...2,1)()(  iforhSfSai ignoring multiplicities then in view of 

Lemma 10 we may write from (25) outside a set of r of finite linear measure that 
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Thus in view of Lemma 13, the first part of Theorem 5 follows from (26). 

Again by Lemma 3 and Lemma 4 it follows from (23) that 
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Since g and h share six small functions 6,...2,1)()(  iforhSfSai ignoring multiplicities then in view of 

Lemma 10 we may write from (27) outside a set of r of finite linear measure that 
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Thus by Lemma 13 the second part of the theorem follows from (28). 

Similarly in view of Lemma 3 and Lemma 4 and as )0(  is arbitrary we obtain from (24) that 

])[,(log

)1(),(log
suplim)),((

])[,(log

),(log
inflim

0

]1[

][

0

]1[

]1[

gPrT

OgrM
qp

gPrT

gfrT
q

q

r
fq

p

r 









 



 

])[,(log

),(log
lim.

),(log

)1(),(log
suplim)),((

])[,(log

),(log
inflim.,.

0

]1[

]1[

]1[

][

0

]1[

]1[

gPrT

grT

grT

OgrM
qp

gPrT

gfrT
ei

q

q

rq

q

r
fq

p

r 













 



 

 29).,(
])[,(log

),(log
inflim.,.

0

]1[

]1[

qp
gPrT

gfrT
ei fq

p

r










 



Sanjib Kumar Datta, Tanmay Biswas, Soumen Kanti Deb / International Journal of Engineering 

Research and Applications (IJERA)      ISSN: 2248-9622   www.ijera.com 

Vol. 2, Issue 3, May-Jun 2012, pp.3229-3241 

3239 | P a g e  
 

As g and h share six small functions 6,...2,1)()(  iforhSfSai ignoring multiplicities then in view of Lemma 

10 we may write from (27) outside a set of r of finite linear measure that 
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In view of Lemma 13 the third part of Theorem 5 follows from (30). 

 In the line of Theorem 5 one may easily prove the following corollary. 

Corollary 2 Let f  be a meromorphic function such that ),( qpf is finite where qp, are any two positive integers with 
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Theorem 6 Let f  be a meromorphic function such that ),( qpf is finite where qp, are any two positive integers with 

qp  and g and h be any two transcendental non constant entire functions of finite order or of non zero lower order such 

that 



a

p gaga 1);();(   and 
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Proof. Since )0(  is arbitrary and ),,(log),( grMgrT  we have from Lemma 1 for all sufficiently large values 

of r , 
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Since g and h share six small functions 6,...2,1)()(  iforhSfSai ignoring multiplicities then in view of 

Lemma 11 we may write from (33) outside a set of r of finite linear measure that 
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Thus in view of Lemma 13, the first part of the theorem is established. 

Again by Lemma 3 and as )0( is arbitrary it follows from (32) that 
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Since g and h share six small functions 6,...2,1)()(  iforhSfSai ignoring multiplicities then in view of 

Lemma 11 we may write from (33) outside a set of r of finite linear measure that 
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In view of Lemma 13 the second part of the theorem follows from (36) . 

 Now in the line of Theorem 5 one may easily prove the third part of Theorem 6. 

 

Corollary 3 Let f  be a meromorphic function such that ),( qpf is finite where qp, are any two positive integers with 

qp  and g and h be any two transcendental non constant entire functions of finite order or of non zero lower order such 

that 2);(
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satisfying  



Sanjib Kumar Datta, Tanmay Biswas, Soumen Kanti Deb / International Journal of Engineering 

Research and Applications (IJERA)      ISSN: 2248-9622   www.ijera.com 

Vol. 2, Issue 3, May-Jun 2012, pp.3229-3241 

3241 | P a g e  
 

(A)  rasgrTodrT i )},({),(  and 

(B)  
n

i

i gd .1),(   

Now if g and h share six small functions 6,...2,1)()(  iforhSfSai ignoring multiplicities outside a set of 
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/h share b  and c IM, then 
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Proof. In view of Lemma 10, Corollary 3 follows from Theorem 6. 
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