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1. Introduction, Definitions and Notations.

For any two transcendental entire functions f and g defined in the open complex plane T, Clunie [3] proved that

a logT(r. f = g) — logT'(r, f = g)
imsup——————— == a imsup————
F—s P T{?"_. f] s P T{?"J ,g]

Singh [13] proved some comparative growth properties of logT (r.f = g) and T(r.f). He also raised the problem of
investigating the comparative growth of logT'(r. f = g} and T(r. gJ which he was unable to solve. However, some results on
the comparative growth of lagT (., f = g) and Tr. gJ are proved in [9].

=an,

In the paper we further investigate the question of Singh [13] and prove some new results relating to the growth
rates of composite entire and meromorphic functions improving some earlier results.

We do not explain the standard notations and definitions on the theory of entire and meromorphic functions
because those are available in [14] and [8].

To start our paper we just recall the following definitions.

Definition 1 The order Ps and lower order e of a meromorphic function f are defined as

logT(r. log T(r.
P =1i‘msupM and ¢ =1{minfu.
Fi . ]_DE-r = ].I:lg?"
If f is an entire function, one can easily verify that
log® M (r, logl® M(r,
p. = limsup -6 e 1) and ke = Hmi'ﬂf—E ( ﬂ.
I S lugr F—a IDB’?"

If Py <= then f is of finite order. Also p; = 0 means that f is of order zero. In this connection Liao and Yang [11] gave
the following definition.

Definition 2 [11] Let f be a meromorphic function of order zero. Then the quantities p; and i; of a meromorphic function f
are defined as:

: . logT{r f) - .. logT(r.f)
Pp = HmSap T ogmry O = i e,
If £ is entire, then
. logE M (r. ) o legBM@ P
Pp = Hmevp g, 7 = e

Datta and Biswas [6] gave an alternative definition of zero order and zero lower order of a meromorphic function in the
following way:

e Ll

Definition 3 [6] Let f be a meromorphic function of order zero. Then the quantities pf"and 2z of f are defined by:

Tir Tr.
p}:':limsup (1) and I-.;F' = liminf C f].

- ogr r==  logr

If f is an entire function then clearly
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pr = hmsupw and 17 =1l mmfw.
— logr S logr
Definition 4 The type oz and lower type &, of a meromorphic function f are defined as
gy = limsu M and oy = lim{nfM 0=p ==
1 r—:.:p rf f ram  pof Pr '
When f is entire, it can be easily verified that
. log M{r. ) logM >, £
oF = ht:l—f:pT and gy = llﬂ}tnfT, 0= pp < .

Datta and Jha [5] gave an definition of weak type of a meromorphic function of finite positive lower order in the
following way:

Definition 5 [5] The weak type - of a meromorphic function f of finite positive lower order % is defined by

T(r. f)
T —llﬂ}rnf - !
For entire f,
.. Jog M f) E
ki _hm}tnfTa 0 < ke = oo,

Similarly one can define the growth indicator 7 of a meromorphic function f of finite positive lower order %¢ as

Tir J_f)
Tp = limsup .
s r o
When f is entire, it can be easily verified that
logMir,f) )
T = hmsup— 0 <ip oo

p—— )

2. Lemmas.
In this section we present some lemmas which will be needed in the sequel.

Lemma 1 [1] Let £ be meromorphic and g be entire then for all sufficiently large values of ,

Tir, gl

T fog)={1 4= (1]}m

T(Mr.g). f).

Lemma 2 [2] Let f be meromorphic and g be entire and suppose that 0 <p< Py = 02 Then for a sequence of values of r
tending to infinity,

T(r.f = g) = T(exp(rt). f).

Lemma 3 [10] Let f be meromorphic and g be entire such that 0 << Py = 2 and 35 = 0. Then for a sequence of values

of » tending to infinity,
T(r.f ° g} = T(exp(r*). ).

Lemma 4 [7] Let f be a meromorphic function and g be an entire function such that %, < p < wand0 =< 3= Py < =
Then for a sequence of values of = tending to infinity,

T(r.f = g} <T(exp(r*). f).

Lemma 5 [7] Let f be a meromorphic function of finite order and g be an entire function with 0 < 3; < p < ==. Then fora
sequence of values of = tending to infinity,

T(r.f = g) < T(exp(r¥). g)

Lemma 6 [6] If f be any meromorphic function of order zero. Then (i) p; =1 and (ii) T-.f‘ =1.
Lemma 7 [4] Let £ be meromorphic and g be transcendental entire such that Pr. g and p, are both finite. Then Prg = p; Py
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Lemma 8 [12] Let f be entire and g be a transcendental entire function of finite lower order. Then for any & = 0,

M(r**, fog) 2 MMG.g). f) &r=n)
3. Theorems.

In this section we present the main results of the paper.
Theorem 1 Let £ be a meromorphic function and g be an entire function such that 0 = I = Pp <P, <o Then

" logTir. f= gl
imsup——————— = =.
et TG.f)

Proof. Since P; <P, Wecan choose &(= 0} in such a way that
pf+£~=:pg—s~=: Py (1)

Now in view of Lemma 2 we obtain for a sequence of values of + tending to infinity that
logT (., f = g) = logT (expr®s 2, F)

£

ie, logTlr.feglz (b — £)logexpr Fs "

iLe., 1ogllf o g) = (b —€)rPa™), @
Again from the definition of order, we have for arbitrary positive £ and for all sufficiently large values of r.
logT (r. f) = (p; + &)logr
ie, Tlr.f) < r¥r, (3)

Therefore from (2) and (3) it follows for a sequence of values of = tending to infinity,

logT(r, f = g) {I-f - E}TI:':E -:)
Te.p) - o9 @
Now in view of (1) it follows from (4) that
logT(r.fog)

limsup =,

F—m Tl:'i"'.- f]
This proves the theorem.

In the line of Theorem 1 the following corollary may be deduced:

Corollary 1 Let f be a meromorphic function and g be an entire function with 0 = i = Pr < ig = e Then

. logT(r, fo g)
limsup—————— = =.

F=ox T('i'"; f]
Remark 1 The condition 3 = 0 in Theorem 1 and Corollary 1 is necessary which is evident from the following example.

exp I

Examplel Letf =z%and g =
=1, fog = explz.

Then s = p; =0 and P,

Hence _
logT(r, fo g) < log® M(r.f o g) = logr + 0(1)
and
ATCr. f) = logM(r. f) = 2¢
2
e, T@2r.f) = 37 +0M)
Therefore
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logTlr. f = g.]

li =
Tl T

Theorem 2 Let f be a meromorphic function and g be an entire function such that (i) 0 = Pr< =, (i) Pr =Py (iii) o >

0 and (iv) @, <=. Then

logT(r, f = gJ G, G,
liminfe T8 % O
r T, f) f of 8 of

Proof. AsT (r.g) = log*M (r. g), we have from Lemma 1 for all sufficiently large values of ,
Tlr.fog) ={1 +o (ITWM (. g). F)
i.e. logTlr.f o g) < (p; + £) logM (r, g) +0(1)

logTlr, f = g) logM(r. g)

limi = {pf 1 £) hﬂ}:nf TG.)

r—sas TG f)
Also for all sufficiently large values of +

logM(r. g) = {Gg +z)rfs.
Again we obtain for a sequence of values of = tending to infinity that

Tlr. f) = (o7 — &) 7.
As Pr =Py WE get from (6) and (7) that

logMir.g} o
liminf —2 -8 %
r=x T(r, f) Gf

Since (= 07 is arbitrary and P; = Py from (5) and (8) we obtain that

logT (s, f o gl g g
liminf o] ° 82 P o B =p
3 T(?",f] f Of g Ty

This completes the proof.
In the line of Theorem 2 the following corollary can also be proved.

Corollary 2 Let f be a meromorphic function and g be an entire function such that (i) 0 = 2 = pr <=, (i) Pr =Py
(iii) &z > 0 and (iv) oz < ==. Then

% logT (r, f = g) ] dg . Gy
T S e

The following theorem can be proved in the line of Theorem 2 and so the proof is omitted.

(5)

(6)

(7

(8)

Theorem 3 Let f be a meromorphic function and g be an entire function such that (i) 0 = Pr < =, (i) Pr =Py (i) @ >

0 and (iv) g; <==. Then

logTlr. f = g) LA Oy
limsup————— = - = _ .
r—soc P T(‘P", f:] pf O PE Of
Theorem 4 Let f be a meromorphic function and g be an entire function such that 0 = g < Ps 0 <2 = Py <,
Py == and & >0 .Then
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. logT(r,feg) Pr Py
liminf————— = mins—,— .
T:__'.""Jf) Gf ij

r—roo

Proof. Since 2 = Py in view of Lemma 4 we obtain for a sequence of values of r tending to infinity that
logT (r, f = g) < logT{exp(r’F), )

ie, logTlr.fog) < {pf + )log exp(r™h)
i.e., logT(r.f = g) < (p; +2)rr. (9)

Again we have for arbitrary positive & and for all sufficiently large values of r,
TCr. f) = (5; — )rr. (10)
Therefore from (9) and (10) it follows for a sequence of values of = tending to infinity
logTr.fog)  (p; +2)r™
= o
TG, f) {Ef — E}?"P-F

logTlr, f = P
ogTlr. f gji:_—f. (11)

X" e

Similarly in view of Lemma 5 we have for a sequence of values of  tending to infinity
(12)

logT (v, fo g) < {pg + EJ rPr.

So combining (10) and (12) we get for a sequence of values of + tending to infinity
loghr.fog) _ (pg +2)7”

= 5
T(r. f) {Ef —&)rfs

logTi{r.feog) P
g2 Fy

Lo T 7

(13)

Thus the theorem follows from (11) and (13).
Using the notion of weak type, we may state the following three theorems without proof
Theorem 5 Let f be a meromorphic function and g be an entire function such that (i) 0 = 3. = P <=, (i) 2p =25, (iii)

1 > 0and (iv) 7;< =. Then
logT{r, f = g) T, T,
TiminF p i,:-1F .o 21,

e Tlr.f) Tag " Ha "l 7

~::-:v::,|:|EI = == and

Theorem 6 Let f be a meromorphic function and g be an entire function such that 0 = g < iy = Ps
> 0. Then
logT (r, F o g P P
liminfe 128 {—f,—y} .
r==  Tlrf) T T

Theorem 7 Let f be a meromorphic function and g be an entire function such that (i) 0 =< s = pp <=, (i1) 2 =13y, (iii)

7 > 0and (iv) 7;< . Then
logTlr. f = g) g
i — = p,—.
limsup TG ) =Py ¥

F—a
Theorem 8 Let f be a meromorphic function and g be an entire function such that 0 = A < p, <=, g = 0and fr<=.

Then
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logT(r. f = g) {:-f :-y}

limsup—————=m
r—;.-u:p T{?".-f]

— 4=

T

Proof. Suppose 0 < = < min{is .3 }.
Since 3¢ = Py in view of Lemma 2 we obtain for a sequence of values of r tending to infinity that

logT (. f o g) = logT(exp(r’'). f)
ie., logTlr.fegl) = {f-.;f — &) logexp (')
ie, logllr.fog)= (3 —2)rs. (14)
Again we have for arbitrary positive & and for all sufficiently large values of r,
TCr. ) = (5 + £)r'7. (15)
Therefore from (14) and (15) it follows for a sequence of values of r tending to infinity

lngT[?",f o g] - {?.?- — E]?";'f
T{?", f] ) {‘ff + E}?"}'-'F

logTlr,fegl 3
E fg}f

ie, I —_— = 16
1.e 1'::1_35;1}1 TG, f] % (16)
Similarly in view of Lemma 3 we have for a sequence of values of + tending to infinity
logT(r. f = g) = (35 — 2)#'. (17)
So combining (15) and (17) we get for a sequence of values of = tending to infinity
logT(r, f = g) {f-.g —g)rif
= =
T{?", f] {‘ff + E]'?""-'F
Since & (> 0) is arbitrary it follows that
logTlr.feo gl g
li —_— ==, 18
T TG 0% o

Thus the theorem follows from (16) and (18).

We may now state the following four corollaries without proof for the right factor g of the composite function f = g
based on type and weak type of an entire function.

Corollary 3 Let f be a meromorphic function and g be an entire function such that 0 = g < by = pp <®,p, <= and
1, >0. Then

IIP—I:LHf T(r, g)

K

logT (v, f = g) g {F‘f Pg}
———— =miny—.— (.
T T

Corollary 4 Let f be a meromorphic function and g be an entire function such that 0 = 2, = P, <2, Jp =0and ;<o
Then

logTir, f o g) e B
timsup oS 08 {_i}_l},
R T(’r,g] T; T

Corollary 3 and Corollary 4 can easily be proved in the line of Theorem 6 and Theorem 8 respectively. So the proof
is omitted.
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Remark 2 Under the same conditions of Corollary 4 if f be a meromorphic function with lower order zero, then with the

ER L)

help of 2" (> 0) and similar process of Theorem 8 one can easily verify that

Corollary 5 Let fbe a meromorphic function and g be an entire function such that (i) 0 = pr <, (i)

0 < 2 =p, <=, (0 = 5; =g; <=and(iV)0 = 7, =7, <. Then

i logTGr, f = g) ) { LA g }
imsup—————— = =
r'—:m:p T{?"J f:]

The proof is omitted as it can be carried out in the line of Theorem 3and Theorem 7.

Remark 3 In addition to the conditions of Corollary 5 if f be a meromorphic function with order zero and 0 =
=2 = then by Definition 3 and similar process of Theorem 3 and Theorem 7, one can verify that

f

< {1 40 (Wlp;".min {TA,T—”} .
% T

)

" T(r.f e g)
Imsup——
F—m P Tl:-r .-f]
Remark 4 If we take 0 = k¢ = = instead of 0 = p. = g2 in Corollary 5 and the other conditions remain the same then it
can be shown in the line of Corollary 2 and Theorem 5 that

. logT(r,feg) o 551
liminf—————— = minqhb;— .k —¢.
= Tir, f) [\ & j
Remark 5 In Remark 3, if we take 0 = 7" = c¢ instead of 0 = p:* = 22 and the other conditions remain the same then it
can be shown that

T::-‘_T"'_, f cg:l . Gy Tg 1
liminf————— = {1 4+ (1) }i ming —,— .
e IS ks Py
Corollary 6 Let f be a meromorphic function and g be an entire function such that that 0 < *- =p. <o, 0 =i, <p,
and ; >0. Then
logTi{r.f =gl (Pr Pp
liminfts 71280 10 P }
TS = Iv'-\g"l I'-.Gh- Gg 4

Corollary 6 can easily be proved in the line of Theorem 4. Hence the proof is omitted.

Theorem 9 Let f be a meromorphic function of order zero and g be an entire function of non zero order. Then

. logTir, feg) Ps
limsup =

raoo - logT(exp (rA), f1 ~ A
where 4 = [,

Proof. In view of Lemma 2 we obtain for a sequence of values of = tending to infinity that

logT{r, f = g) = logT(exprs =, F)

[] B —=)

ie, logT(r.feog) = (b3 — &) log~ expr'’s

P

ie, logflrfog) = (27 - £)ip. — &) logr. (19

|

Again from the definition of p;, we have for arbitrary positive £ and for all sufficiently large values of r,
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logT (exp(r*), f) < (p} + ) logWexp(r*)
i.e, logT{exp(+*),f) = A(p: + £) logr. (20}
Therefore from (19) and (20) we obtain for a sequence of values of  tending to infinity that

B ‘ e
logTlr.feg) iy —&l(p, — &) log

logTlexp vy, 17 Alps + &) logr

Since & (> 0) is arbitrary, by Lemma 6 the theorem follows from (21) .

Remark 6 If wetake 0 = A = Py instead of "4 = 0" in Theorem 9 and the other conditions remain the same then with the
help of p;* and :"the following holds:
' . T(rnfeg)
]]Eilp Tlexpir iy ). .

In the line of Theorem 9 the following corollary may be deduced:

Corollary 7 Let f be a meromorphic function of order zero and g be an entire function of non zero finite order. Then
{ logT{(r, f e g)
limsup——"———=1
. logTir, g)

Now we present the next two theorems which will be needed in the sequel.
Theorem 10 Let f be meromorphic and g be entire such thatp. =0 .. Then py. . = p_.
Proof. Let us choose & (> 0) such that p=(p — £).

Now from (19) we get for a sequence of values of + tending to infinity that

)

logTi(r.f=g) _ .. \
T L-".Jr — EJ (Pi - Ef_:l'

Since (> 0) is arbitrary, it follows from Lemma 6 and above that

_ logT(r.fog) _ .
limsup————=:
- logr

[

Le, PrgZ Py
Thus the theorem is established.
Theorem 11 Let f be an entire function with ».» = 0 and g be a transcendental entire function of finite lower order. Then

=

Al =
7 = '3

Proof. From Lemma 6 and Lemma 8 it follows that

M(+**%, fog)

ke = liminf— I
o8 =0 ]Qg'r-_-
L MM(r.g).p ... log®M(r.g)
= liminf——7—=—— . liminf-
r=w log't Mir. g} ro® logr
=helg = 1 by = g

This proves the theorem.
Theorem 12 Let f.h be two meromorphic functions and g. % be any two entire functions such that p, =0, py = o0 and

“.x=1: IS positive. Then for every positive constant A

) logT :::T"J feg
limsup

rovoe 10gT(r*, (R o kDY) ™ A dpape

)
DE

where! = 0.1, 2....
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Proof. Since T {(r. g} = log™M (r. g, we have from Lemma 1 for all sufficiently large values of r,
T feg) ={1 + (1IT(M (r. g). )

ie, Tlnfeog) = {1+ (VIGp; + ) logh(r g)

5[:]

ie, logf(r.fog) = log~ Mr.g) + O(1)

ie, logT{r.fog) = [p_ + 521 logr + 0{1). (22
Again for all sufficiently large values of r,

logT(+*, (h e k)') = { ip.p — £)logr
i.e., logT(r* (hek)l) = A( hpop — £)logr. (23)

Therefore from (22) and (23) we have for all sufficiently large values of r that

logT(r.fog) L pg + £ | logr + 0(1)
logT (r4, (hok)') AL haek — Sllogr
logT'lr,feg)  Pg

Le, ]]IEISU.p TR ALY
row - loglira,(hek) | 4 hek

Thus the theorem is established.

Remark 7 If we take ““ gy is positive” instead of “ %3z is positive” in Theorem 12 and the other conditions remain the
same then it can be carried out that

5 logT(r.feg) P,
imsu —— =
,-_.xp logT(r*, (hek)') ™ Ap,.,

1

Remark 8 Under the same conditions of Theorem 12 if & be an entire function with .z =0 and & be a transcendental
entire function of finite lower order, then with the help of Theorem 11 and in the line of Theorem 12 one can easily verify
that

-

L

=

. ]C'ET :::T'J f “g
limsup

rooe logT{r, (hek

el

1 Lo
J A Ay

)
)

Remark 9 Under the same conditions of Remark 7 if h be entire function with . = 0, then with the help of Theorem 10

and in the line of Theorem 12 one can easily verify that i
logT{r,fegl P,

<

limsu = i .
,-_.xp logTir, (hek)') ™ Ap,
Theorem 13 Let f.  be meromorphic functions and g. & be entire functions such that > =0, Py = gand 0 = pp.; < oo

Then for every positive constant A

limsup —— .
roce l0gT(r*, (hek)) ™ 4p,

where! = 0.1, 2. ..

Proof. Let us choose & (> 0) such that O<p<min{1, pé} and u={p_— .
Now for all sufficiently large values of r,
logT(+*, (h=k)!) = (p,., + £)logr

ie., logT(r (hek)!) = A( Prar T £)logr. (24)
Therefore from (19) and (24) we have for a sequence of values of r tending to infinity that
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logT (r.f = g) (3 — €)(p, — &) logr

logT ,::?.,L_J (hok) | Al ppor + €llogr

Since & (> 0) is arbitrary, by Lemma 6 the theorem follows from above.

Remark 10 In addition to the conditions of Theorem 13, if & be entire with p; < @ and p, = Othen with the help of
Lemma 6 and Lemma 7 and in the line of Theorem 13, one can easily verify that
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