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Abstract: Let G be a group and P be a prime integer. In this paper we prove a theorem on order of
Z(Aut(G)) when |Z(G)| =p.
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. INTRODUCTION

In this paper G is a group and P denotes prime number. The center of a group G, denoted Z(G) and
automorphism group of G denoted by Aut(G). We first give preliminary information and then we characterize

order center of Aut(G) when |Z(G)| = p.

1. PRELIMINARY RESULTS

Definition 2.1: Let G be a group. The set of elements that commute with every element of G called the
center of G and denoted by Z(G) . On the other hand,

Z(G)={zeG|z9=gz,vVg G}
For H <G, we define the centrlizer of H in G to be CG(H):{g eG|gh=hg,Vhe H}, then
Z(G)<C,(H)=<G

Definition 2.2: Suppose that X, g € G and write X° = g’lxg , this element is called the conjugate of

Xbyg.
Definition 2.3. If G is a group, an automorphism of G is an isomorphism fromG toG . The set of
automorphisms of G is denoted by Aut(G).

Theorem 2.4: : If H act on K. Then, to each h € H there corresponds a map ¢, : K - K,
defined by ¢, :k — k", and this is an automorphism of K .Moreover, the map ¢ : H — Aut(K),

defined by @ : h > ¢, isa homomorphism.
Proof: See [3-7] theorem 9.3.

1. MAIN THEOREM

Main Theorem : If G is a group with |Z(G)| = p, then Z(Aut(G))"*™ =(1).
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Proof: Let € Z(Aut(G)) then wy, =y foral geG, where
X > X°

have
iy, (9) =17, (r(0) = w(x®) = ()° = ()" =p(()° =" =) =[rx).wg)g]|=e

forall X,g € G, but w(G)=G so [G,y(9)g*|=|w(G).w(g)g*|=¢ ie w(g)g ™ € Z(G)
forall g eG.

Let € Z(Aut(G)) be fixand 8(g) =w(g)g " € Z(G) forall g € G, we have

O0xy) = (y)(xy) " =w(w(Y)y X =y (O(Y)X " = (x)x0(y) = (x)O(y)

0:.G—>G
forall X,y € G. Therefore

g9 y(9)9
By the above y/(g) = g&d(g), Vg € G, now by induction we can prove that

_, Is a homomorphism.

n n n

v™(g) = g("jﬁ(g)[lj---é'“)(@l)[i]--ﬂ(")(@J)(”j

because if

v (g) = @1("]6'(91)[1)--6"”(@J)(‘j---é"”)(g)[kj

then
k k k

v (9 =y (9)= w(g["jﬁ(g)[lj--ﬂ“) (g)[‘j--ﬂ‘“) (g)[kj)

k k

3 !//(g[OJ)W(G(Q)[J)---V/(Q(”(9)(i])---l//(6’(k’ (9)@)
= (g[Ojé’(g)["J)(ﬁ(g)[le‘” (g)(lj)---(é’“’ (g)[‘jﬁ““’ (g)[i])---(é"k’ (g)[kJe‘“” (g)[kJ)
_ g{OJQ(g)[OHJH_g(i) (g)(i1J+[iJ_.9(k)(g)[kJ{kJ@(kﬂ)(g)[kJ

k+1 k+1 k+1 k+1

— g{ 0 Je(g)( 1 ]_..e(i)(g)( i j...ﬁ(k)(g)( k jg(kﬂ)(g)[kﬂ)

o) ,2)

Hence w®(g) =90 (g) , [notice that 6(Q),...,0°°(g) €Z(G)] . We want to prove
w PP (g)=g forall geG.

Let g € G then we have three state:

i) If 6(g)=e then w(g)=g,s0 wPPD(g)=g.

If pisaprimeand |Z(G)| = p then
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ii) If 6%(g) =e then w°(g) =g6(g)*6® (g) = gd(g)?* and by using induction we can
prove that 1 ® (g) = g@(g)* for each k . Let k = p, then P (g) = gd(g)® = g, hence

l//(p(pfl)) (g) =g.
iii) In this state &(g) = e and 8@ (g) #e. Let (g) =a e Z(G) then 8P (g) =a' for some

k-1

1<i<p-1 , agan we can prove inductively 6% (g)=a' , SO

0™ (g)=a"" =a=06(g) ad y?(g)=9g0""(9)=9gO(g)=y(g) . and again
y*P(g)=9.50 y "V (g) =g.
The above statements deduce y"®™ (g) = | forevery y € Z(Aut(G)), therefore
Z(Aut(G))** =(I)
as required.

IV. CONCLUSION

In this paper we have proved a theorem on order of Z (Aut(G)) when |Z(G)| = P . Our results are in fair
agreement with other theoretical results reported by other research groups.
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